
Nonparametric Analysis and Control of Dynamical Systems
Stability, Safety, and Policy Improvement

Enrique Mallada

Shanghai Jiao Tong University
July 4th, 2025



Acknowledgements

Enrique Mallada (JHU) 2

Agustin Castellano

Hussein SibaiMaxim BichuchFernando Paganini Jared Markowitz

Roy SiegelmannYue Shen Sohrab Rezaei



A Dream World of Success Stories
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2017 AlphaZero – Chess, Shogi, Go 2019 AlphaStar – Starcraft II2017 Google DeepMind’s DQN

OpenAI – Rubik’s Cube

Boston Dynamics

Waymo



Reality Kicks In 
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Fundamental challenge: The curse of dimensionality

§ Statistical: No clear inductive bias

§ Computational: Verifying non-negativity of polynomials

Sample complexity:
<latexit sha1_base64="KTemZM15LkWtKQs4+JCK4gc5nB0=">AAACIXicZVDLSsNAFJ34rPUV7dJNsBTqwpJIUZdFN+6sYB/QxjKZTNqhk5kwMymG0G9x4UY/xZ24Ez/ErdM2SB8HLhzOuS+OF1EilW1/G2vrG5tb27md/O7e/sGheXTclDwWCDcQp1y0PSgxJQw3FFEUtyOBYehR3PKGtxO/NcJCEs4eVRJhN4R9RgKCoNJSzyzcl7sjKHAkCeXsKT33x2c9s2hX7CmsVeJkpAgy1Hvmb9fnKA4xU4hCKTuOHSk3hUIRRPE4340ljiAawj7uaMpgiKWbPk+/H1slLflWwIUupqypOj+SwlDKJPR0ZwjVQC57E/HfK82bnhcuHVfBtZsSFsUKMzQ7HcTUUtyahGP5RGCkaKIJRILo9y00gAIipSPML67m1B/rpJzlXFZJ86LiXFaqD9Vi7SbLLAdOwCkoAwdcgRq4A3XQAAgk4AW8gXfj1fgwPo2vWeuakc0UwAKMnz/pYqQr</latexit>

O("�d)

For 𝝐 = 𝟎. 𝟏 and 𝒅 = 𝟏𝟎𝟎, we 
would need 𝟏𝟎𝟏𝟎𝟎 points.

Atoms in the universe: 1078
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Copositive matrices: 

𝑥!"…𝑥#" 𝐴 𝑥!"…𝑥#"
$
≥ 0

Murty&Kadabi [1987]: Testing co-positivity is NP-Hard

Sum of Squares (SoS): 

 𝑧 𝑥 %𝑄𝑧(𝑥) ≥ 0,    𝑧& 𝑥 ∈ ℝ 𝑥 , 𝑥 ∈ ℝ# , 𝑄 ≽ 0
Artin [1927] (Hilbert’s 17th problem):

Non-negative polynomials are sum of square of rational functions

Sampling in 𝒅 dimension with resolution 𝝐:



Methodological challenges

• Focused on a design-then-deploy philosophy
• Most methods have a strict separation between 

control synthesis and deployment

• Synthesis usually aims for the best (optimal) 
controller 
•  Lack of exploration of the benefits of designing 

sub-optimal controllers
 

• Policy parameters can drastically affect the 
system's behavior
• The params to behavior maps are highly sensitive 

to perturbations
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<latexit sha1_base64="1jBk7sp3oiAUWbIXCHqxRxAEYCs="></latexit>

max
ω

J(ω) = Eω

[∑→
t=0 ε

t r(st, at)
]

s.t. st+1 → P (· | st, at), at → ω(· | st)
RL:

<latexit sha1_base64="QkW/l0fC7uLv6WR1SLbchNXIhc8="></latexit>

min
u(·)

J =
∫ T
0 L(x(t), u(t), t) dt+ !(x(T ))

s.t. ẋ(t) = f(x(t), u(t), t), x(0) = x0

Optimal Control:

analysis
synthesis

and
verification

deployment

𝑥!"(𝑡)

𝑥#"(𝑡)

𝑥$"(𝑡)

θ θ′ 𝑥$(𝑡)

𝑥#(𝑡)

𝑥!(𝑡)
Θ 𝒳ℬ: 	Θ → 𝒳



Research Goals

• To develop analysis and design methods that 
trade off complexity and performance.

• To allow for continual improvement, without the 
need for redesign, retune, or retrain

• To design control policies with controlled 
sensitivity to parameter changes
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𝑥$"(𝑡)

Θ

θ θ′ 𝑥$(𝑡)

𝑥#(𝑡)

𝑥!(𝑡)
𝒳ℬ: 	Θ → 𝒳 𝑥!"(𝑡)

𝑥#"(𝑡)



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier Functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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Problem setup
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Continuous time dynamical system:  �̇� 𝑡 = 𝑓(𝑥(𝑡))	
• Initial condition 𝑥! = 𝑥(0), solution at time 𝑡: 𝜙(𝑡, 𝑥!).

Asymptotic behavior: 𝛀-Limit Set Ω 𝑓
  

<latexit sha1_base64="zc6dVLxGDOkR83nCZe2ni+qsljs="></latexit>

x 2 ⌦(f) () 9 x0, {tn}n�0, s.t. lim
n!1

tn = 1 and lim
n!1

�(tn, x0) = x

<latexit sha1_base64="iBU5zThiUBfgSKyqEkvpbpxkzTM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+2y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKIo2e</latexit>x0

<latexit sha1_base64="TQD6M/aHN+6Xq6IsvnGOZzBEOlA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXqnkcBTiFM7gAD66hBndQhyYwQHiGV3hzHpwX5935WLSuOfnMCfyB8/kD5i+M+w==</latexit>x



Problem setup
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Continuous time dynamical system:  �̇� 𝑡 = 𝑓(𝑥(𝑡))	
• Initial condition 𝑥! = 𝑥(0), solution at time 𝑡: 𝜙(𝑡, 𝑥!).

𝛀-Limit Set Ω 𝑓 :
  

<latexit sha1_base64="zc6dVLxGDOkR83nCZe2ni+qsljs="></latexit>

x 2 ⌦(f) () 9 x0, {tn}n�0, s.t. lim
n!1

tn = 1 and lim
n!1

�(tn, x0) = x

equilibrium limit cycle limit torus chaotic  attractor

Types of 𝛀-limit set

Remark: invariance is a shared property, thus a natural tool for analysis



Invariant sets
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

Source: K. Ghorbal, K. and A. Sogokon, Characterizing positively invariant sets: Inductive and topological methods. Journal of Symbolic Computation, 2022



Invariant sets: Merits
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

• Invariant sets approximate regions of attraction
Compact invariant set 𝒮, containing only 𝑥∗ = Ω 𝑓 ∩ 𝒮 must be 
in the region of attraction 𝒜(𝑥∗) (𝒮 ⊂ 𝒜(𝑥∗))

𝒮: 

𝓐 𝒙∗ 	: 

Invariant Set



Invariant sets: Merits
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

• Invariant sets further certify asymptotic stability via 
Lyapunov’s direct method 
Asymptotic stability: solutions that start close enough, remain close 
enough, and eventually converge to equilibrium. 

• Invariant sets approximate regions of attraction
Compact invariant set 𝒮, containing only 𝑥∗ = Ω 𝑓 ∩ 𝒮 must be 
in the region of attraction 𝒜(𝑥∗) (𝒮 ⊂ 𝒜(𝑥∗))

• Invariant sets guarantee stability 
Lyapunov stability: solutions starting "close enough" to the 
equilibrium (within a distance 𝛿) remain "close enough" forever 
(within a distance 𝜀)  Lyapunov Functions

𝒮: 

𝓐 𝒙∗ 	: 

Invariant Set

ε

𝛿



Invariant sets: Challenges
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

•  𝓢 is topologically constrained
• If 𝒮 ∩ Ω 𝑓 = {𝑥∗}, then 𝒮 is connected

Basin of Ω(𝑓)

•  𝓢 geometry can be wild
• 𝒜(Ω(𝑓)) can be fractal

•  𝓢 is geometrically constrained
• 𝑓 should not point outwards for 𝑥 ∈ 𝜕𝒮

A not invariant trajectory:

𝒮	:

𝓐 𝒙∗ 	: 



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier Functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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Recurrent sets: Letting things go, and come back
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…

Property of Recurrent Sets
• ℛ need not be connected

• ℛ does not require 𝑓 to point inwards on all 𝜕ℛ

 

Recurrent sets, while not invariant, 
guarantee that solutions that start in this set, 
will come back infinitely often, forever!   Recurrent set	ℛ: 

A recurrent trajectory:

…
A set ℛ ⊆ ℝ" is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡2 ≥ 𝑡 s.t. 𝜙 𝑡2, 𝑥! ∈ ℛ. 



A set ℛ ⊆ ℝ" is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡2 ≥ 𝑡 s.t. 𝜙 𝑡2, 𝑥! ∈ ℛ. 

Recurrent sets: Letting things go, and come back

Enrique Mallada (JHU) 12

Previous two good inner approximations of 𝓐(𝒙∗)  are recurrent sets

[arXiv 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal preprint arXiv:2204.10372.



Recurrent sets: Letting things go, and come back
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…

Property of Recurrent Sets
• ℛ need not be connected

• ℛ does not require 𝑓 to point inwards on all 𝜕ℛ

 

Recurrent sets, while not invariant, 
guarantee that solutions that start in this set, 
will come back infinitely often, forever!   Recurrent set	ℛ: 

A recurrent trajectory:

…
A set ℛ ⊆ ℝ" is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡2 ≥ 𝑡 s.t. 𝜙 𝑡2, 𝑥! ∈ ℛ. 

Question: Can we use recurrent sets as functional substitutes of invariant sets?



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier Functions (RBFs)
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Outline



Nonparametric Stability Analysis
R. Siegelmann, Y. Shen, F. Paganini, and E. Mallada, “A recurrence-based direct method for stability analysis and 
GPU-based verification of non-monotonic Lyapunov functions”, CDC 2023
R. Siegelmann, Y. Shen, F. Paganini, and E. Mallada, “Recurrent Lyapunov Functions”, TAC 2025, submitted

Enrique Mallada (JHU) 13

Roy Siegelmann Yue Shen Fernando Paganini



Lyapunov’s Direct Method
Key idea: Make sub-level sets invariant to trap trajectories

Challenge: Couples shape of 𝑉 and vector field 𝑓
• Towards decoupling the 𝑉 − 𝑓 geometry

• Controlling regions where �̇� ≥ 0 [Karafyllis ‘09, Liu et al ‘20] 
• Higher order conditions: 𝑔(𝑉 ! , … , �̇�, 𝑉) ≤ 0 [Butz ‘69, Gunderson ’71, Ahmadi ’06, Meigoli ‘12]
• Discretization approach: 𝑉 𝑥 𝑇 ≤ 𝑉(𝑥(0)) [Coron et al ‘94, Aeyels et. al ‘98, Karafyllis ‘12]
• Multiple Lyapunov Functions: {𝑉": 𝑗 ∈ 𝑘 } [Ahmadi et al ‘14]

 

Enrique Mallada (JHU)

Theorem [Lyapunov ‘1892]. Given 𝑉:ℝ1 →
ℝ23	, with 𝑉 𝑥 > 0, ∀𝑥 ∈ ℝ1\ 𝑥∗ , then:
• �̇� ≤ 0 → 𝑥∗ stable
• �̇� < 0 → 𝑥∗ as. stable

14

            _
A Butz. Higher order derivatives of Lyapunov functions. IEEE Transactions on automatic control, 1969
Gunderson. A comparison lemma for higher order trajectory derivatives. Proceedings of the American Mathematical Society,  1971
Coron, Lionel Rosier. A relation between continuous time-varying and discontinuous feedback stabilization. J. Math. Syst., Estimation, Control, 1994
Aeyels, Peuteman. A new asymptotic stability criterion for nonlinear time-variant differential equations. IEEE Transactions on automatic control, 1998
Ahmadi. Non-monotonic Lyapunov functions for stability of nonlinear and switched systems: theory and computation, 2008
Karafyllis, Kravaris, Kalogerakis. Relaxed Lyapunov criteria for robust global stabilisation of non-linear systems. International Journal of Control, 2009
Meigoli, Nikravesh. Stability analysis of nonlinear systems using higher order derivatives of Lyapunov function candidates. Systems & Control Letters, 2012 
Karafyllis. Can we prove stability by using a positive definite function with non sign-definite derivative? IMA Journal of Mathematical Control and Information, 2012
Ahmadi, Jungers, Parrilo, Roozbehani. Joint spectral radius and path-complete graph Lyapunov functions. SIAM Journal on Control and Optimization, 2014
Liu, Liberzon, Zharnitsky. Almost Lyapunov functions for nonlinear systems. Automatica, 2020



Lyapunov’s Direct Method
Key idea: Make sub-level sets invariant to trap trajectories

Challenge: Couples shape of 𝑉 and vector field 𝑓
• Towards decoupling the 𝑉 − 𝑓 geometry

• Controlling regions where �̇� ≥ 0 [Karafyllis ‘09, Liu et al ‘20] 
• Higher order conditions: 𝑔(𝑉 ! , … , �̇�, 𝑉) ≤ 0 [Butz ‘69, Gunderson ’71, Ahmadi ’06, Meigoli ‘12]
• Discretization approach: 𝑉 𝑥 𝑇 ≤ 𝑉(𝑥(0)) [Coron et al ‘94, Aeyels et. al ‘98, Karafyllis ‘12]
• Multiple Lyapunov Functions: {𝑉": 𝑗 ∈ 𝑘 } [Ahmadi et al ‘14]

Question: Can we provide stability conditions based on recurrence? 
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Theorem [Lyapunov ‘1892]. Given 𝑉:ℝ1 →
ℝ23	, with 𝑉 𝑥 > 0, ∀𝑥 ∈ ℝ1\ 𝑥∗ , then:
• �̇� ≤ 0 → 𝑥∗ stable
• �̇� < 0 → 𝑥∗ as. stable

14



Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ" → ℝ4 is a Recurrent Lyapunov Function if

t

Preliminaries:
•  Sub-level sets {𝑉(𝑥) ≤ 𝑐} are 𝝉-recurrent sets.

𝑉"#… 𝑥$

𝜏

<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

Definition: A set ℛ ⊆ ℝ$  is 𝝉-recurrent if for any 𝑥% ∈ ℛ and 𝑡 ≥ 0, ∃𝑡& ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡&, 𝑥% ∈ ℛ. 

Time elapsed ≤ 𝝉

<latexit sha1_base64="5psOZhoN9AJPTjKKTGWwb/5VI/8="></latexit>

L(0,ω ]
f V (x) := min

t→(0,ω ]
V (ω(t, x))→ V (x)↑ 0 ↓x ↔ Rd

Enrique Mallada (JHU) 14



Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ" → ℝ4 is a Recurrent Lyapunov Function if

t

Preliminaries:
•  Sub-level sets {𝑉(𝑥) ≤ 𝑐} are 𝝉-recurrent sets.
•  When 𝑓 is 𝐿-Lipschitz, one can trap trajectories.

𝑉"#… 𝑥$

𝜏

<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

𝐹#𝜏𝑒'(

𝐹# = max
)∈++,

	| 𝑓 𝑥 |

<latexit sha1_base64="5psOZhoN9AJPTjKKTGWwb/5VI/8="></latexit>

L(0,ω ]
f V (x) := min

t→(0,ω ]
V (ω(t, x))→ V (x)↑ 0 ↓x ↔ Rd
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Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ" → ℝ4 is a Recurrent Lyapunov Function if
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t𝜏

<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

Theorem [CDC 23]: Let 𝑉:	ℝ"→ ℝJ! be a 
Recurrent Lyapunov Function and let 𝑓 be L-
Lipschitz
• Then, the equilibrium 𝑥∗ is stable.
 

<latexit sha1_base64="5psOZhoN9AJPTjKKTGWwb/5VI/8="></latexit>
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f V (x) := min
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V (ω(t, x))→ V (x)↑ 0 ↓x ↔ Rd
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<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

Theorem [CDC 23]: Let 𝑉:	ℝ"→ ℝJ! be a 
Recurrent Lyapunov Function and let 𝑓 be L-
Lipschitz
• Then, the equilibrium 𝑥∗ is stable.
• Further, if the inequality is strict, then 𝑥∗ is 

asymptotically stable! 

<latexit sha1_base64="h3c0dnEqRRFicGP3VC5D2JAw8IU="></latexit>

L(0,ω ]
f V (x) := min

t→(0,ω ]
V (ω(t, x))→ V (x)< 0 ↑x ↓ Rd



Exponential Stability Analysis

The function 𝑉:	ℝ" → ℝ4 is 𝜶-Exponential Recurrent Lyapunov Function if

Enrique Mallada (JHU) 15

<latexit sha1_base64="eeRW347caejL5707667Mru3pkx4="></latexit>

L(0,⌧ ]
f,↵ V (x) := min

t2(0,⌧ ]
e↵tV (�(t, x))� V (x)  0 8x 2 d

t𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

X

Theorem [CDC 23]: Let 𝑉:ℝ" → ℝJ! satisfy 
𝛼K 𝑥 − 𝑥∗ ≤ 𝑉 𝑥 ≤ 𝛼L 𝑥 − 𝑥∗ .

Then, if  𝑉 is 𝛼-Exponential Recurrent 
Lyapunov Function, 𝑥∗ is 𝛼-exponentially 
stable.

<latexit sha1_base64="Q1yNz3ZeUcyfbB5xuIGBQwgXCqo="></latexit>

V (x1)e
�↵t

<latexit sha1_base64="fKEZtW2l1Kav3miVcDiEwaWURRk="></latexit>

V (x2)e
�↵t

𝜏

<latexit sha1_base64="rEJBNo8dsYOCzueBgxdeaoAkpbA=">AAACNnicdVDLTsJAFJ3iC/EFutPNRGKCG9ISX0uiG5eYSCGBhkynUxiZdpqZqYE0/INb/RJ/xY0749ZPcApdSIk3meTknHtPzhw3YlQq0/wwCmvrG5tbxe3Szu7e/kG5cmhLHgtM2pgzLroukoTRkLQVVYx0I0FQ4DLSccd3qd55JkJSHj6qaUScAA1D6lOMlKZsuzYZNM4H5apZN+cDV4GVgSrIpjWoGMd9j+M4IKHCDEnZs8xIOQkSimJGZqV+LEmE8BgNSU/DEAVEOslknncGzzTlQZ8L/UIF5+zfkwQFUk4DV28GSI1kXkvJ/7TUUWoR6hYYTF04W9px3SCXT/k3TkLDKFYkxIt0fsyg4jBtDHpUEKzYVAOEBdU/hHiEBMJK95qz5syb6TatfHerwG7Urav65cNFtXmb9VoEJ+AU1IAFrkET3IMWaAMMnsALeAVvxrvxaXwZ34vVgpHdHIGlMX5+Ad1Uq1g=</latexit>

V (x2)

<latexit sha1_base64="PFku1giQSdarz5rZEbKcUm4bGF8="></latexit>

min
t2(0,⌧ ]

e↵tV (�(t, x1))

<latexit sha1_base64="vZ3bGU6i6sLfSXUjYtDj7gJylR4="></latexit>

min
t2(0,⌧ ]

e↵tV (�(t, x2))



Norm-based Converse Theorem
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Theorem: Assume 𝑥∗ is 𝜆-exponentially stable:  ∃	𝐾, 𝜆 > 0 such that:

𝜙 𝑡, 𝑥 − 𝑥∗ ≤ 𝐾𝑒MNO 𝑥 − 𝑥∗ , ∀𝑥 ∈ ℝ".

Then, 𝑉 𝑥 = 𝑥 − 𝑥∗  is 𝛼-Exponential Recurrent Lyapunov Function , i.e.,

min
O∈ !,P

	𝑒QO 𝜙 𝑡, 𝑥 − 𝑥∗ − 𝑥 − 𝑥∗ ≤ 0, ∀𝑥 ∈ ℝ",

whenever     𝛼 < 𝜆     and    𝜏 ≥ K
NMQ

ln𝐾.

Remarks:
• The rate 𝛼 must be strictly smaller than the rate of convergence 𝜆 (trading off optimality).
• Any norm is a Lyapunov function! 

Question: Is the struggle for its search over?



Nonparametric Verification of Exponential Stability

Enrique Mallada (JHU) 17

Proposition [CDC 23]: Let ⋅  be any norm and 𝑥∗ = 0. Then, whenever

for all 𝑦 with 𝑦 − 𝑥 ≤ 𝑟

min
O∈ !,P

𝑒QO 𝜙 𝑥, 𝑡 + 𝑟𝑒RO ≤ 𝑥 − 𝑟

min
O∈ !,P

𝑒QO 𝜙 𝑦, 𝑡 ≤ 𝑦

Remarks:
• Only requires a trajectory of length 𝜏
• Trades off between radius 𝒓 and verified performance 𝜶
• Amenable for parallel computations using GPUs



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |5
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points

Nonparametric Stability Verification via GPUs

Enrique Mallada (JHU) 18

ℓ

<latexit sha1_base64="mu+GUF+hyPFxkAfLt6mzF+XbiIg=">AAACM3icdVDLSgMxFM34rPXV6k43wSKIizIjvpZFNy4r2ge0Y8lkMm1oMhmSjLQM/QS3+iV+jLgTt/6DmXYWdooXAodz7j2cHC9iVGnb/rCWlldW19YLG8XNre2d3VJ5r6lELDFpYMGEbHtIEUZD0tBUM9KOJEHcY6TlDW9TvfVMpKIifNTjiLgc9UMaUIy0oR5GT6e9UsWu2tOBi8DJQAVkU++VrYOuL3DMSagxQ0p1HDvSboKkppiRSbEbKxIhPER90jEwRJwoNxlNw07gsaF8GAhpXqjhlP17kiCu1Jh7ZpMjPVB5LSX/01JHZURoKmAwdRFsbsfzeC6fDq7dhIZRrEmIZ+mCmEEtYFoX9KkkWLOxAQhLan4I8QBJhLUpNWctmD8xbTr57hZB86zqXFYv7s8rtZus1wI4BEfgBDjgCtTAHaiDBsCgD17AK3iz3q1P68v6nq0uWdnNPpgb6+cXLWSqig==</latexit>

x⇤

ℓ
ℓ/3

split
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Q: How many samples are needed?
If	𝑥∗	is	𝜆-exp.	stable

𝒪 𝑞61	log
𝑅
𝜀

with 𝑞 = ,-./ -./ 0

,0/ 12- 0 < 1.

𝑅ε



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |5
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points
• Exponentially expand to outer layer
• Repeat testing in new layer

• Two Alg. Variations:
• Alg. 1: Find largest 𝛼789 for region 𝒳
• Alg. 2: Find region 𝒳: for given 𝛼

Nonparametric Stability Verification via GPUs
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𝒳
𝒳!



Numerical Illustration – Find Best 𝜶
Consider the 2-d non-linear system:
with 𝐵de ∼ 𝒩(0, 𝜎L)

Enrique Mallada (JHU) 19

�̇� = 0 2
−1 −1 𝑥 + 𝐵

𝑥KL
𝑥K𝑥L
𝑥LL

𝜎 = 0.3 𝛼fgh = 0.470



Numerical Illustration – Find region 𝒳𝜶
Consider the system of n Kuramoto oscillators: 

Enrique Mallada (JHU) 20

<latexit sha1_base64="oPUrZcLcZO9KaGRpTPOxa+Lqb3Y=">AAACKXicbVDLSsNAFJ3Ud31FXboZLEJdWBKR6qZQdONSwWqhqWEyndhpJ5MwcyOUkN9x46+4UVDUrT/itEbwdWDgcM653LknSATX4DivVmlqemZ2bn6hvLi0vLJqr61f6DhVlLVoLGLVDohmgkvWAg6CtRPFSBQIdhkMj8f+5Q1TmsfyHEYJ60bkWvKQUwJG8u2m14sBe9BnQHyOcQN7oSI0G+aZzD2dRn42aLj5lcSe5rJaBAe7XxM7vl1xas4E+C9xC1JBBU59+9GspGnEJFBBtO64TgLdjCjgVLC87KWaJYQOyTXrGCpJxHQ3m1ya422j9HAYK/Mk4In6fSIjkdajKDDJiEBf//bG4n9eJ4XwsJtxmaTAJP1cFKYCQ4zHteEeV4yCGBlCqOLmr5j2iWkKTLllU4L7++S/5GKv5tZr9bP9SvOoqGMebaItVEUuOkBNdIJOUQtRdIvu0RN6tu6sB+vFevuMlqxiZgP9gPX+Ab+npvY=</latexit>

ω̇i =
k

n

n∑

j=1

sin(ωj → ωi)

Parameters: 𝑛 = 3 and  𝛼 = 1

System dimension: 𝑑 = 𝑛 − 1



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier Functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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Nonparametric Safety Verification using Recurrence
Y. Shen, H. Sibai, E. Mallada, “Generalized Barrier Functions: Integral Conditions and Recurrent Relaxations”, in 
60th Allerton Conference on Communication, Control, and Computing 2024

Hussein SibaiYue Shen
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Safety in Dynamical Systems

Consider the continuous-time dynamical system:  �̇� = 𝑓 𝑥
- 𝜙 𝑡, 𝑥3 : solution at time 𝑡 starting from 𝑥3
- 𝑋;: set of unsafe states

Goal: Find the safe set

Enrique Mallada (JHU) 22

𝑋;: unsafe set
(e.g., obstacles)

𝑥3
𝜙(𝑡, 𝑥3)

𝑋<	: 

<latexit sha1_base64="yK8YM0BVqrgbvEElcvqF20rp6aQ="></latexit>

Xs := {x0 2 Rd|�(t, x0) 62 Xu, 8t � 0}



Safety in Dynamical Systems via Invariant Sets

Consider the continuous-time dynamical system:  �̇� = 𝑓 𝑥
- 𝜙 𝑡, 𝑥3 : solution at time 𝑡 starting from 𝑥3
- 𝑋;: set of unsafe states

Goal: Find the safe set

General Approach: Use invariant sets!

<latexit sha1_base64="yK8YM0BVqrgbvEElcvqF20rp6aQ="></latexit>

Xs := {x0 2 Rd|�(t, x0) 62 Xu, 8t � 0}

A set 𝒮 ⊆ ℝ" is invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
System Limits
(e.g., speed)

Unsafe Regions
(e.g., obstacles)

Enrique Mallada (JHU) 23



Certifying Safety using Barrier Functions

Enrique Mallada (JHU) 24

Mitio Nagumo

Theorem - Nagumo’s Barrier Functions [Nagumo ‘42] :
Let ℎ:ℝ= → ℝ	be differentiable, with 0 being a regular value. 
Then ℎ is a Nagumo’s Barrier Function (NBF) satisfying:

if and only if ℎ23 ≔ 𝑥 ∈ ℝ1 ℎ 𝑥 ≥ 0  is invariant.

<latexit sha1_base64="fVmeZXOx4ZJ56+BgfbXPpq3OcYU="></latexit>

Lfh(x) := lim
t!0

h(�(t, x))� h(x)

t
� 0, 8x 2 h=0,

𝒉1𝟎 invariant

𝑿𝒖	
(Unsafe)

𝒉4𝟎

Time0
ℎ(𝑥5)

𝜙(𝑥5, 𝑡)

ℎ(𝑥,)

𝜙(𝑥,, 𝑡)

Then ℎJ! is a safe set whenever ℎJ!	 ∩ 𝑋l = ∅
______
M. Nagumo, “Über die lage der integralkurven gewöhnlicher differentialgleichungen,” Proceedings of the Physico-Mathematical Society of Japan 1942



Barrier functions provide a flexible framework to shape the behavior of trajectories

Zeroing Barrier Function Extended Class 𝒦𝒆: 
• 𝛾 ∈ 𝒦? iff  𝛾@ 𝑠 ≥ 0 and 𝛾 0 = 0

• Example:

Shaping Behavior using Barrier Functions (BFs)

Enrique Mallada (JHU) 25

<latexit sha1_base64="HmOPKFGbW3S7hp8DUUTNqOJsILk="></latexit>

Lfh(x) → ↑ω (h(x)) , ↓x ↔ h→↑c

𝜙(𝑥#, 𝑡)

𝒉$𝟎 invariant

𝒉&𝟎
𝜙(𝑥', 𝑡)

𝜙(𝑥(, 𝑡)

−𝑐

Time
0

ℎ(𝑥!)

ℎ(𝑥")

𝑒#$%ℎ(𝑥!)

𝑒#$%ℎ(𝑥&)

𝑒#$%ℎ(𝑥')

ℎ(𝑥&)

<latexit sha1_base64="zLZd7n3Tl0aOKiO2BKNUhzGDd2A=">AAACLXicdVDLSgMxFM34tr6qLt0Ei6CbMiOibgTRjcsKVoVOKXfS2zaYzAzJHbEM80Gu/BQXIlgQt/6Gae3C54HA4Zxzc5MTpUpa8v2BNzE5NT0zOzdfWlhcWl4pr65d2iQzAusiUYm5jsCikjHWSZLC69Qg6EjhVXRzOvSvbtFYmcQX1E+xqaEby44UQE5qlU/DLmgNrTwkvKPRfbnBdpGHoNIeFMU2t3yHH/F/A9y2yhW/6o/Af5NgTCpsjFqr/BS2E5FpjEkosLYR+Ck1czAkhcKiFGYWUxA30MWGozFotM18tLvgW05p805i3ImJj9SvEzloa/s6ckkN1LM/vaH4l9fIqHPYzGWcZoSx+FzUyRSnhA+b421pUJDqOwLCSPdWLnpgQJDrt1RyLQQ///ybXO5Wg/3q/vle5fhk3Mcc22CbbJsF7IAdszNWY3Um2D17ZC9s4D14z96r9/YZnfDGM+vsG7z3D0TJqcA=</latexit>

ωω(s) = εs

Other: Exponential BFs (EBFs), Minimal BFs (MBFs), Control BFs (CBFs), High Order CBFs (HOCBFs), …
______
S. Prajna, A. Jadbabaie. Safety Verification of Hybrid Systems Using Barrier Certificates. HSCC 2004
P. Wieland, F. Allgöwer. Constructive safety using control barrier functions. IFAC Proceedings Volumes 2007
A. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath, P. Tabuada. Control barrier functions: Theory and applications. IEEE ECC 2019
R. Konda, A. Ames, S. Coogan. Characterizing safety: Minimal control barrier functions from scalar comparison systems. IEEE L-CSS 2020
W. Xiao, C. Belta. High-order control barrier functions. IEEE TAC 2021

<latexit sha1_base64="VX5I3Kqc3cpLcUD75t/d2aDQckE=">AAACBHicbVDLSgNBEJz1GeNr1ZteBoPgKeyKRI9BLx4jmAckIcxOOsmQ2QczvWJYFjz5KZ4EBfHqT3jyb5xs9qCJBQ1FVff0dHmRFBod59taWl5ZXVsvbBQ3t7Z3du29/YYOY8WhzkMZqpbHNEgRQB0FSmhFCpjvSWh64+up37wHpUUY3OEkgq7PhoEYCM7QSD37MOkgPGD2UKKgnyYdJqMRS1Pas0tO2clAF4mbkxLJUevZX51+yGMfAuSSad12nQi7CVMouIS02Ik1RIyP2RDahgbMB91NstUpPTFKnw5CZSpAmqm/JxLmaz3xPdPpMxzpeW8q/ue1YxxcdhMRRDFCwGeLBrGkGNJpILQvFHCUE0MYV8L8lfIRU4yjia1YNCm48zcvksZZ2a2UK7fnpepVnkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB+c3mK8=</latexit>ω

<latexit sha1_base64="qCr9Cgekm9EHdtaBnFagGicBcWs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzU1INyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTalkU/BWf14n7auqV6vWmteV+l2eRxHO4BwuwYMbqMMDNKAFDBCe4RXenInz4rw7H8vWgpPPnMIfOJ8/ZSONEg==</latexit>s

<latexit sha1_base64="KZ8cnTAJytNEixWdgxVB5BIValk=">AAAB7nicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2dxN2N0Ip/Q+eBAXx6v/x5L9x2+agrQ8GHu/NMDMvSjnTxve/ncLa+sbmVnHb3dnd2z8oHR41dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLR7cxvPVGlWSIfzDilocCBZDEjaKzU7A5QCOyVyn7Fn8NbJUFOypCj3it9dfsJyQSVhnDUuhP4qQknqAwjnE7dbqZpimSEA9qxVKKgOpzMr516Z1bpe3GibEnjzdXfExMUWo9FZDsFmqFe9mbif14nM/F1OGEyzQyVZLEozrhnEm/2utdnihLDx5YgUcze6pEhKiTGBuS6NoVg+edV0ryoBNVK9f6yXLvJ8yjCCZzCOQRwBTW4gzo0gMAjPMMrvDmp8+K8Ox+L1oKTzxzDHzifPw9ajzA=</latexit>ω



Barrier functions provide a flexible framework to shape the behavior of trajectories

Zeroing Barrier Function Extended Class 𝒦𝒆: 
• 𝛾 ∈ 𝒦? iff  𝛾@ 𝑠 ≥ 0 and 𝛾 0 = 0

• Example:

Shaping Behavior using Barrier Functions (BFs)
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<latexit sha1_base64="HmOPKFGbW3S7hp8DUUTNqOJsILk="></latexit>

Lfh(x) → ↑ω (h(x)) , ↓x ↔ h→↑c

𝜙(𝑥#, 𝑡)

𝒉$𝟎 invariant

𝒉&𝟎
𝜙(𝑥', 𝑡)

𝜙(𝑥(, 𝑡)

−𝑐

Time
0

ℎ(𝑥!)

ℎ(𝑥")

𝑒#$%ℎ(𝑥!)

𝑒#$%ℎ(𝑥&)

𝑒#$%ℎ(𝑥')

ℎ(𝑥&)

<latexit sha1_base64="zLZd7n3Tl0aOKiO2BKNUhzGDd2A=">AAACLXicdVDLSgMxFM34tr6qLt0Ei6CbMiOibgTRjcsKVoVOKXfS2zaYzAzJHbEM80Gu/BQXIlgQt/6Gae3C54HA4Zxzc5MTpUpa8v2BNzE5NT0zOzdfWlhcWl4pr65d2iQzAusiUYm5jsCikjHWSZLC69Qg6EjhVXRzOvSvbtFYmcQX1E+xqaEby44UQE5qlU/DLmgNrTwkvKPRfbnBdpGHoNIeFMU2t3yHH/F/A9y2yhW/6o/Af5NgTCpsjFqr/BS2E5FpjEkosLYR+Ck1czAkhcKiFGYWUxA30MWGozFotM18tLvgW05p805i3ImJj9SvEzloa/s6ckkN1LM/vaH4l9fIqHPYzGWcZoSx+FzUyRSnhA+b421pUJDqOwLCSPdWLnpgQJDrt1RyLQQ///ybXO5Wg/3q/vle5fhk3Mcc22CbbJsF7IAdszNWY3Um2D17ZC9s4D14z96r9/YZnfDGM+vsG7z3D0TJqcA=</latexit>

ωω(s) = εs

Other: Exponential BFs (ZBFs), Minimal BFs (MBFs), Control BFs (CBFs), High Order CBFs (HOCBFs), …
______
S. Prajna, A. Jadbabaie. Safety Verification of Hybrid Systems Using Barrier Certificates. HSCC 2004
P. Wieland, F. Allgöwer. Constructive safety using control barrier functions. IFAC Proceedings Volumes 2007
A. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath, P. Tabuada. Control barrier functions: Theory and applications. IEEE ECC 2019
R. Konda, A. Ames, S. Coogan. Characterizing safety: Minimal control barrier functions from scalar comparison systems. IEEE L-CSS 2020
W. Xiao, C. Belta. High-order control barrier functions. IEEE TAC 2021

<latexit sha1_base64="VX5I3Kqc3cpLcUD75t/d2aDQckE=">AAACBHicbVDLSgNBEJz1GeNr1ZteBoPgKeyKRI9BLx4jmAckIcxOOsmQ2QczvWJYFjz5KZ4EBfHqT3jyb5xs9qCJBQ1FVff0dHmRFBod59taWl5ZXVsvbBQ3t7Z3du29/YYOY8WhzkMZqpbHNEgRQB0FSmhFCpjvSWh64+up37wHpUUY3OEkgq7PhoEYCM7QSD37MOkgPGD2UKKgnyYdJqMRS1Pas0tO2clAF4mbkxLJUevZX51+yGMfAuSSad12nQi7CVMouIS02Ik1RIyP2RDahgbMB91NstUpPTFKnw5CZSpAmqm/JxLmaz3xPdPpMxzpeW8q/ue1YxxcdhMRRDFCwGeLBrGkGNJpILQvFHCUE0MYV8L8lfIRU4yjia1YNCm48zcvksZZ2a2UK7fnpepVnkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB+c3mK8=</latexit>ω

<latexit sha1_base64="qCr9Cgekm9EHdtaBnFagGicBcWs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzU1INyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTalkU/BWf14n7auqV6vWmteV+l2eRxHO4BwuwYMbqMMDNKAFDBCe4RXenInz4rw7H8vWgpPPnMIfOJ8/ZSONEg==</latexit>s

<latexit sha1_base64="KZ8cnTAJytNEixWdgxVB5BIValk=">AAAB7nicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2dxN2N0Ip/Q+eBAXx6v/x5L9x2+agrQ8GHu/NMDMvSjnTxve/ncLa+sbmVnHb3dnd2z8oHR41dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLR7cxvPVGlWSIfzDilocCBZDEjaKzU7A5QCOyVyn7Fn8NbJUFOypCj3it9dfsJyQSVhnDUuhP4qQknqAwjnE7dbqZpimSEA9qxVKKgOpzMr516Z1bpe3GibEnjzdXfExMUWo9FZDsFmqFe9mbif14nM/F1OGEyzQyVZLEozrhnEm/2utdnihLDx5YgUcze6pEhKiTGBuS6NoVg+edV0ryoBNVK9f6yXLvJ8yjCCZzCOQRwBTW4gzo0gMAjPMMrvDmp8+K8Ox+L1oKTzxzDHzifPw9ajzA=</latexit>ωProblem: Finding Barrier Functions is 
usually difficult

Key Challenge: The invariance condition on ℎ`a couples the 
geometry of 𝑓 and the set ℎ`a



Recurrent Barrier Functions

Enrique Mallada (JHU) 26

𝒉2𝟎 invariant

𝒉4𝟎
𝜙(𝑥,, 𝑡)

𝜙(𝑥5, 𝑡)

𝒉6𝟎

Barrier Function:
Let ℎ be differentiable, 𝛾 ∈ 𝒦7, and

then, ℎ1% is invariant

<latexit sha1_base64="4C16GNHARyufLWZscWyxzf6Z94o=">AAACD3icbVA9SwNBEN3z2/h1ammzGIRYGO5EomXAxsJCwZhALoS9zdxlcffu3J0TQ8gvsPKnWAkKYmtt5b9xE1No4oOBx3szzMwLMykMet6XMzM7N7+wuLRcWFldW99wN7euTZprDjWeylQ3QmZAigRqKFBCI9PAVCihHt6cDv36HWgj0uQKexm0FIsTEQnO0Eptd++8HXVL9/s0iOGWHgQxU4oFEiIsDeVAi7iL+2236JW9Eeg08cekSMa4aLufQSfluYIEuWTGNH0vw1afaRRcwqAQ5AYyxm9YDE1LE6bAtPqjdwZ0zyodGqXaVoJ0pP6e6DNlTE+FtlMx7JpJbyj+5zVzjE5afZFkOULCfxZFuaSY0mE2tCM0cJQ9SxjXwt5KeZdpxtEmWCjYFPzJn6fJ9WHZr5Qrl0fFamWcxxLZIbukRHxyTKrkjFyQGuHkgTyRF/LqPDrPzpvz/tM644xntskfOB/fgPCa1g==</latexit>

Lfh(x) → ↑ω (h(x))



Recurrent Barrier Functions
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Recurrent Barrier Function:
Let ℎ be continuous, 𝛾 ∈ 𝒦7, and 

then, ℎ1% is 𝝉-recurrent

𝒉2𝟎 invariant

𝒉4𝟎
𝜙(𝑥,, 𝑡)

𝜙(𝑥5, 𝑡)

𝒉6𝟎

<latexit sha1_base64="L8lQC/Zzl/vJo5ms35SV/M1GHdI="></latexit>

max
t→(0,ω ]

h(ω(x, t))+

∫ t

0
ε(h(ω(x, s))ds → h(x)

Barrier Function:
Let ℎ be differentiable, 𝛾 ∈ 𝒦7, and

then, ℎ1% is invariant

<latexit sha1_base64="baYR0q11zaJH2XnfWDFxH5KDTtI=">AAACE3icbVA9SwNBEN3zM8avqKXNYhAShHAnEi0DNhYWEUwM5ELY28xdFnfvzt05MYT8Bit/ipWgILZWVv4bNzGFGh8MPN6bYWZekEph0HU/nbn5hcWl5dxKfnVtfWOzsLXdNEmmOTR4IhPdCpgBKWJooEAJrVQDU4GEq+D6dOxf3YI2IokvcZBCR7EoFqHgDK3ULZTPu2G/dFem9MCPmFLMlxBiaSz5WkR9LFM/ghvq0m6h6FbcCegs8aakSKaodwsffi/hmYIYuWTGtD03xc6QaRRcwijvZwZSxq9ZBG1LY6bAdIaTl0Z03yo9GibaVox0ov6cGDJlzEAFtlMx7Ju/3lj8z2tnGJ50hiJOM4SYfy8KM0kxoeN8aE9o4CgHljCuhb2V8j7TjKNNMZ+3KXh/f54lzcOKV61UL46Kteo0jxzZJXukRDxyTGrkjNRJg3ByTx7JM3lxHpwn59V5+26dc6YzO+QXnPcvGvybjA==</latexit>

Lfh(x) + ω (h(x)) → 0

𝒉2𝟎 𝜏-recurrent

𝒉4𝟎

𝒉6𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

𝜙(𝑥,, 𝑡)

𝜙(𝑥5, 𝑡)

As 𝜏 → 0

By definition

Question: Do we gain anything from relaxing 
the invariance condition in BFs?



Claim 1: Signed norms are Recurrent BFs!
Let ℎ be a Zeroing BF, with 𝛾8,:8 ∈ 𝒦7 given by 

𝛾8,:8 𝑠 = p
q𝛼𝑠, 𝑠 ≥ 0
𝛼𝑠, 𝑠 < 0

Then, for any set 𝑆 with ℎ1% ⊆ 𝒮 ⊆ ℎ1-#, the function:

cℎ 𝑥 ≔ −sd 𝑥, 𝒮
is a Recurrent BF with 𝛾8 = 𝛼𝑠, with 𝛼 < 𝛼 < q𝛼

Claim 2: Safety verification with RBFs

If tℎ = −sd(𝑥, 𝑆) is an RBF, then the set 𝑆 is a safe set 
whenever:

𝑆 ∩ ℛ -',% 𝒳; = ∅

Assessing Safety via Recurrent BFs
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𝒳𝒖
Known Unsafe

ℛ 6C,3 (𝑋;)

ℎ,- 𝜙(𝑥', 𝑡)

𝜙(𝑥#, 𝑡)

ℎ./0

𝒮

<latexit sha1_base64="qCr9Cgekm9EHdtaBnFagGicBcWs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzU1INyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTalkU/BWf14n7auqV6vWmteV+l2eRxHO4BwuwYMbqMMDNKAFDBCe4RXenInz4rw7H8vWgpPPnMIfOJ8/ZSONEg==</latexit>s

<latexit sha1_base64="KZ8cnTAJytNEixWdgxVB5BIValk=">AAAB7nicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2dxN2N0Ip/Q+eBAXx6v/x5L9x2+agrQ8GHu/NMDMvSjnTxve/ncLa+sbmVnHb3dnd2z8oHR41dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLR7cxvPVGlWSIfzDilocCBZDEjaKzU7A5QCOyVyn7Fn8NbJUFOypCj3it9dfsJyQSVhnDUuhP4qQknqAwjnE7dbqZpimSEA9qxVKKgOpzMr516Z1bpe3GibEnjzdXfExMUWo9FZDsFmqFe9mbif14nM/F1OGEyzQyVZLEozrhnEm/2utdnihLDx5YgUcze6pEhKiTGBuS6NoVg+edV0ryoBNVK9f6yXLvJ8yjCCZzCOQRwBTW4gzo0gMAjPMMrvDmp8+K8Ox+L1oKTzxzDHzifPw9ajzA=</latexit>ω
<latexit sha1_base64="ZawzzhnK2Vp48Dr1pSri8gqGj64=">AAAB8nicbVBNS8NAEN34WeNX1aOXxSJ4KolI9Vjw4rGC/cAmlMl22y7dbMLuRCih/8KToCBe/Tee/Ddu2xy09cHA470ZZuZFqRQGPe/bWVvf2NzaLu24u3v7B4flo+OWSTLNeJMlMtGdCAyXQvEmCpS8k2oOcSR5Oxrfzvz2E9dGJOoBJykPYxgqMRAM0EqPQQQ6AJmOoFeueFVvDrpK/IJUSIFGr/wV9BOWxVwhk2BM1/dSDHPQKJjkUzfIDE+BjWHIu5YqiLkJ8/nFU3pulT4dJNqWQjpXf0/kEBsziSPbGQOOzLI3E//zuhkObsJcqDRDrthi0SCTFBM6e5/2heYM5cQSYFrYWykbgQaGNiTXtSn4yz+vktZl1a9Va/dXlXqtyKNETskZuSA+uSZ1ckcapEkYUeSZvJI3B50X5935WLSuOcXMCfkD5/MHEUCQ4A==</latexit>

ω̄

<latexit sha1_base64="GCVhAdGXJhdqM0p02gzihD/qHUA=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g0VwVRKR6rLgxmUF+4A2lJvJpB06mYSZSaHE/okrQUHc+ieu/BsnbRbaemDgcM493DsnSDlT2nW/rcrG5tb2TnXX3ts/ODxyjk86KskkoW2S8ET2AlCUM0HbmmlOe6mkEAecdoPJXeF3p1QqlohHPUupH8NIsIgR0EYaOs4gEyGVRXwAPB3D0Km5dXcBvE68ktRQidbQ+RqECcliKjThoFTfc1Pt5yA1I5zO7UGmaApkAiPaN1RATJWfLy6f4wujhDhKpHlC44X6O5FDrNQsDsxkDHqsVr1C/M/rZzq69XMm0kxTQZaLooxjneCiBhwySYnmM0OASGZuxWQMEog2Zdm2acFb/fM66VzVvUa98XBdazbKPqroDJ2jS+ShG9RE96iF2oigKXpGr+jNerJerHfrYzlascrMKfoD6/MHbWuT3g==</latexit>ω

<latexit sha1_base64="T/SHr16/IzZeUq3PXAK1WLi/Xfs=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2AVXEiZEakuC25cVrAX6JRyJk3b0CQzJBmhDH0BVz6KK0FB3Lp35duYaWehrT8EPv5zTpLzhzFn2njet1NYWV1b3yhulra2d3b33P2Dpo4SRWiDRDxS7RA05UzShmGG03asKIiQ01Y4vsnqrQeqNIvkvZnEtCtgKNmAETDW6rknwRCEgF4aJLJPVXZNADwewXkQgprjtOeWvYo3E14GP4cyylXvuV9BPyKJoNIQDlp3fC823RSUYYTTaSlINI2BjGFIOxYlCKq76WybKT61Th8PImWPNHjm/p5IQWg9EaHtFGBGerGWmf/VOokZXHdTJuPEUEnmDw0Sjk2Es2hwnylKDJ9YAKKY/SsmI1BAjA2wVLIp+Is7L0PzouJXK9W7y3KtmudRREfoGJ0hH12hGrpFddRABD2iZ/SK3pwn58V5dz7mrQUnnzlEf+R8/gAH1Zx7</latexit>ωω,ω̄
<latexit sha1_base64="VX5I3Kqc3cpLcUD75t/d2aDQckE=">AAACBHicbVDLSgNBEJz1GeNr1ZteBoPgKeyKRI9BLx4jmAckIcxOOsmQ2QczvWJYFjz5KZ4EBfHqT3jyb5xs9qCJBQ1FVff0dHmRFBod59taWl5ZXVsvbBQ3t7Z3du29/YYOY8WhzkMZqpbHNEgRQB0FSmhFCpjvSWh64+up37wHpUUY3OEkgq7PhoEYCM7QSD37MOkgPGD2UKKgnyYdJqMRS1Pas0tO2clAF4mbkxLJUevZX51+yGMfAuSSad12nQi7CVMouIS02Ik1RIyP2RDahgbMB91NstUpPTFKnw5CZSpAmqm/JxLmaz3xPdPpMxzpeW8q/ue1YxxcdhMRRDFCwGeLBrGkGNJpILQvFHCUE0MYV8L8lfIRU4yjia1YNCm48zcvksZZ2a2UK7fnpepVnkeBHJFjckpcckGq5IbUSJ1w8kieySt5s56sF+vd+pi1Lln5zAH5A+vzB+c3mK8=</latexit>ω

<latexit sha1_base64="aMq14ZxjdxuwKcOnjFr5kC8q7vg=">AAACA3icbVDLSgMxFM3UVx1fVVfiJlgEV2VGpLosunFZwT6gU8qdTNqGJpkhyQhlKK78FFeCgrj1K1z5N6btLLT1wIXDOffm5p4w4Uwbz/t2Ciura+sbxU13a3tnd6+0f9DUcaoIbZCYx6odgqacSdowzHDaThQFEXLaCkc3U7/1QJVmsbw344R2BQwk6zMCxkq90lEweyNTNJrgYABCQC8AngyhVyp7FW8GvEz8nJRRjnqv9BVEMUkFlYZw0Lrje4npZqAMI5xO3CDVNAEyggHtWCpBUN3NZusn+NQqEe7HypY0eKb+nshAaD0Woe0UYIZ60ZuK/3md1PSvuhmTSWqoJPNF/ZRjE+NpHjhiihLDx5YAUcz+FZMhKCDGpua6NgV/8eZl0jyv+NVK9e6iXLvO8yiiY3SCzpCPLlEN3aI6aiCCHtEzekVvzpPz4rw7H/PWgpPPHKI/cD5/ADc5l64=</latexit>ωω

<latexit sha1_base64="quR3FEq1pV5FHiaZZ37vcUyXT5I="></latexit>

BF:

Lfh(x) + ωω,ω̄(h(x)) → 0

<latexit sha1_base64="nRE0lo+PfCP0ld0amwV467xGDEw="></latexit>

RBF: max
t→(0,ω ]

ĥ(ω(x, t))+

∫ t

0
εε(ĥ(ω(x, s))ds → ĥ(x)



Basic Algorithm

• Given unsafe region 𝒳l, precision 𝑟fwx
• Build initial grid of hypercubes 𝒢 = 𝐵d: = 𝐵y; 𝑥d
• Stage 1: 𝜏 −Backward reachability 
• Find 𝑆; =∪D 𝐵D such that: ℛ 6C,3 𝒳; ⊂ 𝑆; 

• Stage 2: Check RBF on ℎ 𝑥 = −sd 𝑥, 𝑆l z
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ℛ 6C,3 𝒳; 𝒳;: 
𝑆;:

𝒢



𝐵<

Basic Algorithm

• Given unsafe region 𝒳l, precision 𝑟fwx
• Build initial grid of hypercubes 𝒢 = 𝐵d: = 𝐵y; 𝑥d
• Stage 1: 𝜏 −Backward reachability 
• Find 𝑆; =∪D 𝐵D such that: ℛ 6C,3 𝒳; ⊂ 𝑆;

• Stage 2: Check RBF on ℎ 𝑥 = −sd 𝑥, 𝑆l z

• For 𝐵D ∈ 𝒢, while 𝒢 not empty:
• If: 𝐵1 satisfies RBF condition, continue
• Else if: 𝐵1 can never satisfy RBF condition, add 𝑩𝒊 to 𝑆3
• Else: refine grid
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Basic Algorithm

• Given unsafe region 𝒳l, precision 𝑟fwx
• Build initial grid of hypercubes 𝒢 = 𝐵d: = 𝐵y; 𝑥d
• Stage 1: 𝜏 −Backward reachability 
• Find 𝑆; =∪D 𝐵D such that: ℛ 6C,3 𝒳; ⊂ 𝑆; 

• Stage 2: Check RBF on ℎ 𝑥 = −sd 𝑥, 𝑆l z

• For	𝐵D ∈ 𝒢, while 𝒢 not empty:
• If:	𝐵1 satisfies RBF condition, continue
• Else if: 𝐵1 can never satisfy RBF condition, add	𝑩𝒊 to 𝑆3
• Else: refine grid

• Finish when:
• all points satisfy RBF condition, or precision 𝑟456 is reached

Claim:
•  The set 𝑆 = 𝑆; E satisfies: 𝑆 ∩ ℛ 6C,3 𝒳;
•  The function ℎ 𝑥 = −sd(𝑥, 𝑆) is an RBF

Enrique Mallada (JHU) 28

𝒳;: 
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𝑆 : 

𝑆; : 

Stage 1: 𝜏 −Backward reachability 
• Find 𝑆l with ℛ MP,! 𝒳l ⊂ 𝑆l 

Stage 2: RBF condition
• Check ℎ(𝑥) = −sd(𝑥, 𝑆) is RBF

𝑋;	: 

Nonparametric Safety Verification – Stage 1
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𝑆 : 

𝑆; : 

Stage 1: 𝜏 −Backward reachability 
• Find 𝑆l with ℛ MP,! 𝒳l ⊂ 𝑆l 

Stage 2: RBF condition
• Check ℎ(𝑥) = −sd(𝑥, 𝑆) is RBF

𝑋;	: 

Nonparametric Safety Verification – Stage 1
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𝑟 f
wx
=
𝟎.
𝟎𝟏

running time: 354.12s
97.4% safe set covered

running time: 20.68s
99.6% safe set covered

∼17x faster
+2.2% more area

Reachability Nagumo’s RBF

Numerical Validation: Reachability vs Recurrence
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𝑟 f
wx
=
𝟎.
𝟎𝟐
𝟕𝟏

running time: 23.15s
92.2% safe set covered

running time: 3.81s
98.6% safe set covered

∼6x faster
+6.4% more area

Reachability 

Numerical Validation: Reachability vs Recurrence
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Nagumo’s RBF



𝑟 f
wx
=
𝟎.
𝟎𝟕
𝟑𝟕

running time: 3.01s
83.3% safe set covered

running time: 1.56s
94.6% safe set covered

∼2x faster
+11.2% more area

Reachability 

Numerical Validation: Reachability vs Recurrence

Enrique Mallada (JHU) 30

Nagumo’s RBF



𝑟 f
wx
=
𝟎.
𝟐

running time: 1.86s
9.3% safe set covered

running time: 0.31s
71.2% safe set covered

6x faster
+61.9% more area

Reachability 

Numerical Validation: Reachability vs Recurrence
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Nagumo’s RBF



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations
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• Agent: at time 𝑡
• Receives state 𝑠7  and reward 𝑟7
• Performs action 𝑎7

• Environment:
• Receives action 𝑎7
• Provides state 𝑠78$ and reward 𝑟78$

• Goal: Find a policy 𝜋F that maximizes

• RL Language:

• Value function:

• Action value function:

Reinforcement Learning
Agent:	

Environment	

ac�on

<latexit sha1_base64="5DwjsBaZMdgITdirDzSxhsJGCeM="></latexit>

max
ω

J(ω) := Eεω,s0→ϑ

[∑↑
t=0 ε

tr(st, at)
]

<latexit sha1_base64="mUHzWJ3IOfNPZrgBQnM1Isn1giE="></latexit>

V ωω (st) := Eωω

[∑→
t→=t ω

t→↑tr(st→ , at→)
]
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• Agent: at time 𝑡
• Receives state 𝑠7  and reward 𝑟7
• Performs action 𝑎7

• Environment:
• Receives action 𝑎7
• Provides state 𝑠78$ and reward 𝑟78$

• Goal: Find a policy 𝜋F that maximizes

• RL Language:

• Value function:

• Action value function:

Reinforcement Learning
Agent:	

Environment	

ac�on

<latexit sha1_base64="mUHzWJ3IOfNPZrgBQnM1Isn1giE="></latexit>

V ωω (st) := Eωω

[∑→
t→=t ω

t→↑tr(st→ , at→)
]

<latexit sha1_base64="dD1UxzbEzhqDGWH+NSgo6++AK5U="></latexit>

Qωω (st, at) := Eωω

[∑→
t→=t ω

t→↑tr(st→ , at→)
]

<latexit sha1_base64="Cl5vsk7HXgvqzZDnKf93PjotNdM="></latexit>

max
ω

J(ω) := Es0→ε

[
V ϑω (s0)

]
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• Agent: at time 𝑡
• Receives state 𝑠7  and reward 𝑟7
• Performs action 𝑎7

• Environment:
• Receives action 𝑎7
• Provides state 𝑠78$ and reward 𝑟78$

• Goal: Find a policy 𝜋F that maximizes

• RL Language:

• Value function:

• Action value function:

Reinforcement Learning
Agent:	

Environment	

ac�on

<latexit sha1_base64="mUHzWJ3IOfNPZrgBQnM1Isn1giE="></latexit>

V ωω (st) := Eωω

[∑→
t→=t ω

t→↑tr(st→ , at→)
]

<latexit sha1_base64="dD1UxzbEzhqDGWH+NSgo6++AK5U="></latexit>

Qωω (st, at) := Eωω

[∑→
t→=t ω

t→↑tr(st→ , at→)
]

<latexit sha1_base64="Ck4ZQnq4vQPbfV6vvc3hm7ydxDQ="></latexit>

max
ω

J(ω) := Es0→ε,a0→ϑω(s0)

[
Qϑω (s0, a0)

]

Enrique Mallada (JHU) 31



Policy iteration = Policy evaluation + Policy improvement

Policy evaluation
• Given     , evaluate it to find 

Policy improvement
• Given              , define:
• Then:

Rinse and repeat until 

Classical policy improvement works in discrete spaces

<latexit sha1_base64="ru9vaTZsGlbeW0m/AZNydpLTJ7o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqM+Oiy4MZlC/YBnbFkMpk2NJMMSUYspb/ixoUibv0Rd/6N6XQW2nrgXg7n3EtuTpAwqrTjfFuFtfWNza3idmlnd2//wD4sd5RIJSZtLJiQvQApwignbU01I71EEhQHjHSD8e3c7z4Sqajg93qSED9GQ04jipE20sAutx68hFY9HAp9nvWzgV1xak4GuErcnFRAjubA/vJCgdOYcI0ZUqrvOon2p0hqihmZlbxUkQThMRqSvqEcxUT50+z2GTw1SggjIU1xDTP198YUxUpN4sBMxkiP1LI3F//z+qmO6v6U8iTVhOPFQ1HKoBZwHgQMqSRYs4khCEtqboV4hCTC2sRVMiG4y19eJZ2Lmntdu2pdVhr1PI4iOAYnoApccAMa4A40QRtg8ASewSt4s2bWi/VufSxGC1a+cwT+wPr8ARGmk8w=</latexit>

Q⇡(·, ·)<latexit sha1_base64="g93NorFqCnanh+WAN1dHLCWZvNg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgZLoYKURHx0WXDjsgX7gCaWyWTSDp1MwsxEKKEbf8WNC0Xc+hnu/BunaRZaPXAvh3PuZeYeP2FUKtv+Mkorq2vrG+VNc2t7Z3fP2j/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM+f3Mz93gMRksb8Tk0T4kVoxGlIMVJaGlpH1fa9m9Cai4NYneX91NTC0KrYdTsH/EucglRAgdbQ+nSDGKcR4QozJOXAsRPlZUgoihmZmW4qSYLwBI3IQFOOIiK9LD9gBqtaCWAYC11cwVz9uZGhSMpp5OvJCKmxXPbm4n/eIFVhw8soT1JFOF48FKYMqhjO04ABFQQrNtUEYUH1XyEeI4Gw0pmZOgRn+eS/pHted67ql+2LSrNRxFEGx+AE1IADrkET3IIW6AAMZuAJvIBX49F4Nt6M98VoySh2DsEvGB/fBViVYg==</latexit>⇡

<latexit sha1_base64="ACjwZU3LYWUUbOIipwrc1jdoMf0="></latexit>

⇡0 : S ! A : ⇡0(s) 2 argmax
a2A

Q⇡(s, a)
<latexit sha1_base64="ru9vaTZsGlbeW0m/AZNydpLTJ7o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqM+Oiy4MZlC/YBnbFkMpk2NJMMSUYspb/ixoUibv0Rd/6N6XQW2nrgXg7n3EtuTpAwqrTjfFuFtfWNza3idmlnd2//wD4sd5RIJSZtLJiQvQApwignbU01I71EEhQHjHSD8e3c7z4Sqajg93qSED9GQ04jipE20sAutx68hFY9HAp9nvWzgV1xak4GuErcnFRAjubA/vJCgdOYcI0ZUqrvOon2p0hqihmZlbxUkQThMRqSvqEcxUT50+z2GTw1SggjIU1xDTP198YUxUpN4sBMxkiP1LI3F//z+qmO6v6U8iTVhOPFQ1HKoBZwHgQMqSRYs4khCEtqboV4hCTC2sRVMiG4y19eJZ2Lmntdu2pdVhr1PI4iOAYnoApccAMa4A40QRtg8ASewSt4s2bWi/VufSxGC1a+cwT+wPr8ARGmk8w=</latexit>

Q⇡(·, ·)
<latexit sha1_base64="g+KiCySJs9AxfBnMzIHoKyudQ3U="></latexit>

V ⇡0
(s) � V ⇡(s) 8s 2 S

“Policy improvement” is a fundamental building block of classical RL

<latexit sha1_base64="r3aIe1jZqd+msc5R1zIYZ6eY4pE="></latexit>

V ⇡0
⌘ V ⇡ =) ⇡ = ⇡0 = ⇡?

• Can evaluate “separately” for each (s,a)
• Can store 𝒬 in a table

• Given s, maximize an array of size |𝒜| 
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Policy Optimization in Continuous Action Spaces

Based on Policy Gradient:
• Use experience to approximate 

Agent:	

Environment	

ac�on

update:

<latexit sha1_base64="T5fIN+d4tYOUNMuloyQTzQalwkA="></latexit>

ĝ := 1
N

∑N
i=1

∑T
t=0 →ω log ωω(a

(i)
t | s(i)t ) R̂(i)

t

<latexit sha1_base64="D7AlvSD1kMUYeoCB/OpjemvaUM4="></latexit>

R̂(i)
t =

∑T
k=t ω

k→tr(i)k

cumulative return

<latexit sha1_base64="MTo6d4fZAK8zNJ7fwX6Zra2oKho=">AAACD3icbZA9SwNBEIb3/Izx69RGsFkMSmzCnUVMGbQRKwWjgVwIc5tNsri3d+zOiTEE/AE2/hUbC0Vsbe0Ef4ybxEITX1h4eGeG2XnDRAqDnvfpTE3PzM7NZxayi0vLK6vu2vqFiVPNeIXFMtbVEAyXQvEKCpS8mmgOUSj5ZXh1NKhfXnNtRKzOsZvwegRtJVqCAVqr4e4GCkIJjQA7HIGe5EewF0CS6PiGBh1A2qYNN+cVvKHoJPg/kCtv3n4t3D0enjbcj6AZszTiCpkEY2q+l2C9BxoFk7yfDVLDE2BX0OY1iwoibuq94T19umOdJm3F2j6FdOj+nuhBZEw3Cm1nBNgx47WB+V+tlmKrVO8JlaTIFRstaqWSYkwH4dCm0Jyh7FoApoX9K2Ud0MDQRpi1IfjjJ0/CxX7BLxaKZ36uXCIjZcgW2SZ54pMDUibH5JRUCCP35JE8kxfnwXlyXp23UeuU8zOzQf7Ief8GCZ+e/g==</latexit>

→ωJ(ω) ↑ ĝ

Many Challenges:
• Estimation variance
• Non-smoothness
• Fractal landscape
• Mollification
• …

<latexit sha1_base64="11/3rSKHDX/55AV5XqRnHDe64Cc=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1E1JRKrLohtxVcFeoAllMp20QyeTMHMillDwVdy4UMStz+HOt3HaZqGtPwx8/Occzpk/SATX4Djf1tLyyuraemGjuLm1vbNr7+03dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXD60m99cCU5rG8h1HC/Ij0JQ85JWCsrn3oReSx68GAAcG35Rmcdu2SU3Gmwovg5lBCuepd+8vrxTSNmAQqiNYd10nAz4gCTgUbF71Us4TQIemzjkFJIqb9bHr+GJ8Yp4fDWJknAU/d3xMZibQeRYHpjAgM9HxtYv5X66QQXvoZl0kKTNLZojAVGGI8yQL3uGIUxMgAoYqbWzEdEEUomMSKJgR3/suL0DyruNVK9e68VLvK4yigI3SMyshFF6iGblAdNRBFGXpGr+jNerJerHfrY9a6ZOUzB+iPrM8fbpqVKA==</latexit>

max
ω

J(ω)
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Fundamental challenges of Policy Optimization

Challenge: Fractal Optimization Landscapes

• Goal:

• Approach:

Challenge: Mollification of Policy Gradient

• Goal:

• Policy:

Enrique Mallada (JHU) 34

.
Tao Wang, Sylvia Hebert, Sicun Gao, Fractal landscapes in policy optimization, NeurIPS 23
Tao Wang, Sylvia Hebert, Sicun Gao, Mollification effects of policy gradient, ICML 24

<latexit sha1_base64="+V3veptxPWVVksB3Bn8Ct7qThBk="></latexit>

maxω J(ω) := Eεω,s0→ϑ [
∑↑

t=0 ε
trt(st, at)]

<latexit sha1_base64="4qejmi8/KSeak0xgSDDZkwiXKwo="></latexit>

ωk+1 = ωk + ε →̂ωJ(ω)

fractal!

<latexit sha1_base64="Ck4ZQnq4vQPbfV6vvc3hm7ydxDQ="></latexit>

max
ω

J(ω) := Es0→ε,a0→ϑω(s0)

[
Qϑω (s0, a0)

]

<latexit sha1_base64="ICpbcfsgaEnrUxaA/ZU41IcxY2Q=">AAAB6HicbZDLSsNAFIZPvNZ4q7p0EyyCq5J0Ud2IBTcuW7AXaEOZTE/asZNJmJkIJfQJ3LhQxK0+hO/hRnwbp5eFtv4w8PH/5zDnnCDhTGnX/bZWVtfWNzZzW/b2zu7efv7gsKHiVFKs05jHshUQhZwJrGumObYSiSQKODaD4fUkb96jVCwWt3qUoB+RvmAho0Qbq0a6+YJbdKdylsGbQ+Hqw75M3r/sajf/2enFNI1QaMqJUm3PTbSfEakZ5Ti2O6nChNAh6WPboCARKj+bDjp2To3Tc8JYmie0M3V/d2QkUmoUBaYyInqgFrOJ+V/WTnV44WdMJKlGQWcfhSl3dOxMtnZ6TCLVfGSAUMnMrA4dEEmoNrexzRG8xZWXoVEqeuViueYVKiWYKQfHcAJn4ME5VOAGqlAHCggP8ATP1p31aL1Yr7PSFWvecwR/ZL39AAxVkA4=</latexit>a
<latexit sha1_base64="TbrsczcZFT9we3wcmoJKNw4cnO4=">AAAB9HicbVC7SgNBFJ2NrxhfMZY2g0GITdhNES0DNpYRzAOyS5idTJIhM7PrzN1AWPINljYWitj6EX6CnR9i7+RRaOKBC4dz7uXee8JYcAOu++VkNja3tneyu7m9/YPDo/xxoWmiRFPWoJGIdDskhgmuWAM4CNaONSMyFKwVjq5nfmvMtOGRuoNJzAJJBor3OSVgpcCXSdeHIQNSMhfdfNEtu3PgdeItSbFW8EvfHw9+vZv/9HsRTSRTQAUxpuO5MQQp0cCpYNOcnxgWEzoiA9axVBHJTJDOj57ic6v0cD/SthTgufp7IiXSmIkMbackMDSr3kz8z+sk0L8KUq7iBJiii0X9RGCI8CwB3OOaURATSwjV3N6K6ZBoQsHmlLMheKsvr5NmpexVy9Vbr1iroAWy6BSdoRLy0CWqoRtURw1E0T16RM/oxRk7T86r87ZozTjLmRP0B877DwFylT8=</latexit>

µω(s)

<latexit sha1_base64="xa4oH9qnuPLOHEswol2CMqwMRJc=">AAAB+XicbVDLSsNAFJ34rPUV69JNsAh1U5IuqsuCG5cV7AOaECbTSTt0ZhJmbgol9Bv8ATcuFHHrH/gJ7vwQ904fC209cOFwzr3ce0+UcqbBdb+sjc2t7Z3dwl5x/+Dw6Ng+KbV1kilCWyThiepGWFPOJG0BA067qaJYRJx2otHNzO+MqdIskfcwSWkg8ECymBEMRgpt29dsIHDow5ACrujL0C67VXcOZ514S1JulPzK98eD3wztT7+fkExQCYRjrXuem0KQYwWMcDot+pmmKSYjPKA9QyUWVAf5/PKpc2GUvhMnypQEZ67+nsix0HoiItMpMAz1qjcT//N6GcTXQc5kmgGVZLEozrgDiTOLwekzRQnwiSGYKGZudcgQK0zAhFU0IXirL6+Tdq3q1av1O6/cqKEFCugMnaMK8tAVaqBb1EQtRNAYPaJn9GLl1pP1ar0tWjes5cwp+gPr/QfEWZa9</latexit>

ωω(s)

<latexit sha1_base64="VD5poo33ASM/mdBuSGgG/SncYGs="></latexit>

a → N (µω(s),ω2
ωI)



Nonparametric policy improvement in 
continuous action spaces
A. Castellano, S. Rezaei, J. Markovitz, and E. Mallada, Nonparametric Policy Improvement for Continuous Action 
Spaces via Expert Demonstrations, 2025, submitted to Reinforcement Learning Conference.
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Problem Setup

Enrique Mallada (JHU) 36

<latexit sha1_base64="Ck4ZQnq4vQPbfV6vvc3hm7ydxDQ="></latexit>

max
ω

J(ω) := Es0→ε,a0→ϑω(s0)

[
Qϑω (s0, a0)

]
Goal: find optimal policy



Problem Setup

Enrique Mallada (JHU) 36

<latexit sha1_base64="0NnPgsLYNo5TsCev7lPtX5Citco="></latexit>

max
D

J(ωD) := Es0→ω,a0→εD(s0)

[
QεD (s0, a0)

]
Goal: find optimal nonparametric policy

Data set:
<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

Assumptions:
Optimal         is smooth:

<latexit sha1_base64="xLWAQDRJO5NNwwg+Y+7HW53myos="></latexit>

|Q?(s, a)�Q?(s0, a0)|  L
�
dS(s, s

0) + dA(a, a
0)
�

<latexit sha1_base64="3tMhqD8NWjbA7uw/gMvpL06K3w8=">AAACLXicbVDLSgMxFE3qq9ZXq0s3wSK4KjPia1lw47IF+4B2LJlM2obmMSQZoQz9CLf6EX6NC0Hc+htm2lnY1gOBwznnJjcnjDkz1vM+YWFjc2t7p7hb2ts/ODwqV47bRiWa0BZRXOluiA3lTNKWZZbTbqwpFiGnnXByn/mdZ6oNU/LRTmMaCDySbMgItk7qNJ/6xmI9KFe9mjcHWid+TqogR2NQgeV+pEgiqLSEY2N6vhfbIMXaMsLprNRPDI0xmeAR7TkqsaAmSOf7ztC5UyI0VNodadFc/TuRYmHMVIQuKbAdm1UvE//1IpNduPR6GrM1rZfY4V2QMhknlkqyWGiYcGQVykpCEdOUWD51BBPN3J8QGWONiXVVLm/DR8oFxmLmOvRXG1sn7cuaf1O7bl5V61d5m0VwCs7ABfDBLaiDB9AALUDABLyAV/AG3+EH/ILfi2gB5jMnYAnw5xfBHak8</latexit>

Q?

<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

<latexit sha1_base64="uHqQbYOyjzt903Pmi+lyXF4IeeY="></latexit>

ai = ⇡?(si);Qi = Q?(si, ai)Expert data: we have                                        , where

<latexit sha1_base64="/T3ToAQF6TUID/96oSetN/iI2pE=">AAACCnicbVDLSgNBEJz1bXytj5seRoOgIGHXg4ooBLx4VDCJkMSldzJJhszsLjO9Qlhy9iL4JV48KOLVL/DmJ/gXThIPvgoaiqpuurvCRAqDnvfujIyOjU9MTk3nZmbn5hfcxaWyiVPNeInFMtaXIRguRcRLKFDyy0RzUKHklbBz0vcr11wbEUcX2E14XUErEk3BAK0UuOvngaCHx7RmUhVk2Ku1QCm4Qr1lAtyBALcDN+8VvAHoX+J/kXxxfeV29mPt7ixw32qNmKWKR8gkGFP1vQTrGWgUTPJerpYangDrQItXLY1AcVPPBq/06KZVGrQZa1sR0oH6fSIDZUxXhbZTAbbNb68v/udVU2we1DMRJSnyiA0XNVNJMab9XGhDaM5Qdi0BpoW9lbI2aGBo08vZEPzfL/8l5d2Cv1fYO/fzxSMyxBRZJRtki/hknxTJKTkjJcLIDbknj+TJuXUenGfnZdg64nzNLJMfcF4/AZgInH4=</latexit>

Qi :=
∑

t ω
tr(st, at)

Deterministic dynamics:
<latexit sha1_base64="mlf7aGdDWoIDwfqwZQ6y1XM78vw=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CRahopREpHoRCl48VrAf0Iaw2W7apZtN2J2IJdSf4klQEK/+EU/+G7dtDtr6YODx3gwz84KEMwWO820UVlbX1jeKm+bW9s7unrVfaqk4lYQ2Scxj2QmwopwJ2gQGnHYSSXEUcNoORjdTv/1ApWKxuIdxQr0IDwQLGcGgJd8qKT+DU3dyHVaUD2fYhxPfKjtVZwZ7mbg5KaMcDd/66vVjkkZUAOFYqa7rJOBlWAIjnE7MXqpogskID2hXU4EjqrxsdvvEPtZK3w5jqUuAPVN/T2Q4UmocBbozwjBUi95U/M/rphBeeRkTSQpUkPmiMOU2xPY0CLvPJCXAx5pgIpm+1SZDLDEBHZdp6hTcxZ+XSeu86taqtbuLcr2W51FEh+gIVZCLLlEd3aIGaiKCHtEzekVvxpPxYrwbH/PWgpHPHKA/MD5/AEPQk6I=</latexit>

st+1 = f(st, at)



1. How can we use these transitions to learn a nonparametric policy?
2. What guarantees can we get when we add more transitions?
3. Where should we add transitions to improve performance?

<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

<latexit sha1_base64="uHqQbYOyjzt903Pmi+lyXF4IeeY="></latexit>

ai = ⇡?(si);Qi = Q?(si, ai)Expert data: we have                                        , where
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Overview of our method

Get dataset
Sufficient data?

(Thm. 4.1)

Yes

NoAdd expert trajectory

Greedy policy
Build lower bound
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1. How can we use these transitions
to learn a nonparametric policy?

Enrique Mallada (JHU) 39



• Use the data to define lower bounds on optimal values:

• Nonparametric Policy:

• Remark: Note argmax always gives actions in dataset 

• Question: What can we say about              ?

Building bounds & Nonparametric Policy

Expert data: we have                                        , where
<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

<latexit sha1_base64="uHqQbYOyjzt903Pmi+lyXF4IeeY="></latexit>

ai = ⇡?(si);Qi = Q?(si, ai)

<latexit sha1_base64="Xt5ei6FJJMc+QG2Soho0+uOxFUs="></latexit>

Vlb(s) , max
1i|D|

{Qi � L · dS(s, si)}
<latexit sha1_base64="0Pral7R2XhZPFgaOy+LAHDOk2MA="></latexit>

Qlb(s, a) , max
1i|D|

�
Qi � L ·

�
dS(s, si) + dA(a, ai)

� 

<latexit sha1_base64="Cy5G4sPGv8+AFYqoTYtoJK7lTx0="></latexit>

⇡(s) , argmax
a2A

Qlb(s, a)

<latexit sha1_base64="5dUy/vwSUdosXpUDlx/PhSBPHqE="></latexit>

V ⇡(s)
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<latexit sha1_base64="vE3mG/URXuBK2YbtVKCI+wzFJF4=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARK0hJRGqXBTcuW7APaEOYTCft0MkkzEyEErvwV9y4UMStv+HOv3GaZqHVA8M9nHMv987xY0alsu0vo7Cyura+UdwsbW3v7O6Z+wcdGSUCkzaOWCR6PpKEUU7aiipGerEgKPQZ6fqTm7nfvSdC0ojfqWlM3BCNOA0oRkpLnnlUkV5Kz2YXaFFaWTn3zLJdtTNYf4mTkzLkaHrm52AY4SQkXGGGpOw7dqzcFAlFMSOz0iCRJEZ4gkakrylHIZFumt0/s061MrSCSOjHlZWpPydSFEo5DX3dGSI1lsveXPzP6ycqqLsp5XGiCMeLRUHCLBVZ8zCsIRUEKzbVBGFB9a0WHiOBsNKRlXQIzvKX/5LOZdWpVWutq3KjnsdRhGM4gQo4cA0NuIUmtAHDAzzBC7waj8az8Wa8L1oLRj5zCL9gfHwDZUmVCw==</latexit>

(si→ , ai→ , Qi→)

<latexit sha1_base64="gZbK2rI6E65Sb+ajiYRNhSdee6g=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPoKeyKRA8KAS8eI5gHJEuYnUySIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRrdTv/nEtRGResBxzP2QDpToC0bRSq0bQrupOJ10iyW37M5AlomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJJoZMYHlM2ogPetlTRkBs/nd07ISdW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9Kz8VKk6QKzZf1E8kwYhMnyc9oTlDObaEMi3srYQNqaYMbUQFG4K3+PIyaZyXvUq5cn9Rql5nceThCI7hDDy4hCrcQQ3qwEDCM7zCm/PovDjvzse8NedkM4fwB87nDz8Yj3Q=</latexit>= ai→



Nonparametric policy improves over lower bound

Enrique Mallada (JHU) 41

Policy Evaluation:
•  Nonparametric 𝜋 satisfies                :

Policy Improvement: 
• Given data sets 𝒟, 𝒟′ with 𝒟 ⊂ 𝒟′

• Strict on neighbors of new data:  ∀𝑠 ∈ 𝑁(𝑠2) 

<latexit sha1_base64="DH2ORXK+Fu2DPeVo5xVverXi8p4="></latexit>

Vlb(s) → V ω(s) → V ε(s)

<latexit sha1_base64="XGJvVFp2UIgS6A35BLkSfa5nQfw=">AAACAnicbVBNS8NAFHypX7V+RT2Jl8UieCqJSO2x4MVjRVsLTSib7aZdutmE3Y1QQvHiX/HiQRGv/gpv/hs3bQ7aOrAwzLzHzpsg4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbYEU5E7Stmea0m0iKo4DT+2B8lfv3D1QqFos7PUmoH+GhYCEjWBupbx8hL4wl5hwpjwnkRViPCObZ7bRvV52aMwNaJm5BqlCg1be/vEFM0ogKTThWquc6ifYzLDUjnE4rXqpogskYD2nPUIEjqvxsdsIUnRplgEwU84RGM/X3RoYjpSZRYCbziGrRy8X/vF6qw4afMZGkmgoy/yhMOdIxyvtAAyYp0XxiCCaSmayIjLDERJvWKqYEd/HkZdI5r7n1Wv3motpsFHWU4RhO4AxcuIQmXEML2kDgEZ7hFd6sJ+vFerc+5qMlq9g5hD+wPn8AyCuXCQ==</latexit>

→s ↑ S

<latexit sha1_base64="EM0pDn5FEcoaPmRD+7ZVjxMAC8o="></latexit>

Vlb(s) → V →
lb(s) ↑s ↓ S

V ω(s→) → V ω→
(s→) ↑s→ ↓ D→\D

More data = better lower bounds

Improvement on 
added points
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Get dataset
Sufficient data?

(Thm. 4.1)

Yes

NoAdd expert trajectory

Greedy policy
Build lower bound



2. What guarantees with more transitions?

3. Where to add transitions?
• Only where sufficient improvement is guaranteed:
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1. How to learn a policy?

<latexit sha1_base64="EM0pDn5FEcoaPmRD+7ZVjxMAC8o="></latexit>

Vlb(s) → V →
lb(s) ↑s ↓ S

V ω(s→) → V ω→
(s→) ↑s→ ↓ D→\D

More data = better lower bounds

Improvement on 
added points

<latexit sha1_base64="4MrgixX17f9+IKNYqaLvLDKWSYo=">AAACKnicbZBbSwJBFMdn7WZ2s3rsZUgCe0h2QyyCQqiHHg3yAq7I7HhWB2cvzMwKsvh1euqj9FQUSK99kGZ1H0w7MPDndy5zzt8JOZPKNKdGZm19Y3Mru53b2d3bP8gfHjVkEAkKdRrwQLQcIoEzH+qKKQ6tUADxHA5NZ3if5JsjEJIF/rMah9DxSN9nLqNEadTNV+0H4IoU5fnNLW50Y9sjaiC8OHImEw0vFhmfM3yH7REREErGkxEFs2TOAq8KKxUFlEatm/+wewGNPPAV5UTKtmWGqhMToRjlMMnZkYSQ0CHpQ1tLn3ggO/Hs0gk+06SH3UDo5ys8o4sdMfGkHHuOrkyWlsu5BP6Xa0fKve7EzA8jBT6df+RGHKsAJ7bhHhNAFR9rQahgeldMB0QQqrS5uZx2wVq+eVU0LktWpVR5Kheq5dSPLDpBp6iILHSFqugR1VAdUfSC3tAn+jJejXdjanzPSzNG2nOM/oTx8wuKLaaE</latexit>

!(s) := Vub(s)→ Vlb(s) > ω
<latexit sha1_base64="RUWSQNlU1wRdYfW+z730ZFqbnHo=">AAACM3icbVDLSsNAFJ34rPEVdelmsAh1UxKR2mXBje4q2LTQ1DCZTtqhk4czE6GEfJMrv0RciKAgbv0HJ22gtfXAwLnn3sPce7yYUSFN801bWV1b39gsbenbO7t7+8bBoS2ihGPSwhGLeMdDgjAakpakkpFOzAkKPEba3ugq77cfCRc0Cu/kOCa9AA1C6lOMpJJc48Z2UydAcsiDlHlZVhFn0GHkAdr3TkzhfCkk4rN6ZkumNtcom1VzArhMrIKUQYGma7w4/QgnAQklZkiIrmXGspciLilmJNOdRJAY4REakK6iIQqI6KWTkzN4qpQ+9COuXijhRJ13pCgQYhx4ajJfUyz2cvG/XjeRfr2X0jBOJAnx9CM/YVBGMM8P9iknWLKxIghzqnaFeIg4wlKlrOsqBWvx5mVin1etWrV2e1Fu1Is8SuAYnIAKsMAlaIBr0AQtgMETeAUf4FN71t61L+17OrqiFZ4j8Afazy8u7anM</latexit>

Vlb(s) → V ω(s) → V ε(s) → Vub(s)



• We use the lqr_n_m environments from DeepMind’s Control Suite

Experiments
1st m actuated

Number of balls

lqr_2_1 lqr_6_2 

• Results on lqr_2_1:
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<latexit sha1_base64="fRpxxQ3fDYD3UW4YD3d7ZurZ/y0=">AAACHXicbZDLSsNAFIYnXmu8RV26GSxCXVgSLVUEoaALlxXsBZoQJtNJO3RyYWYilJAHceWjuBIUxI0L8W2ctFnU1h8Gfr5zDnPO78WMCmmaP9rS8srq2nppQ9/c2t7ZNfb22yJKOCYtHLGIdz0kCKMhaUkqGenGnKDAY6TjjW7yeueRcEGj8EGOY+IEaBBSn2IkFXKNc/uWMIkq4uTqGrbd1A6QHPIgTbwsU/B0lrEpg65RNqvmRHDRWIUpg0JN1/iy+xFOAhJKzJAQPcuMpZMiLilmJNPtRJAY4REakJ6yIQqIcNLJcRk8VqQP/YirF0o4obMTKQqEGAee6sz3FPO1HP5X6yXSv3RSGsaJJCGefuQnDMoI5knBPuUESzZWBmFO1a4QDxFHWKo8dV2lYM3fvGjaZ1WrXq3f18qNWpFHCRyCI1ABFrgADXAHmqAFMHgCL+ANvGvP2qv2oX1OW5e0YuYA/JH2/QsFN6EF</latexit> !
(s
)
:=

V
u
b
(s
)
→
V
lb
(s
)

D
at

as
et

 S
iz

e



• We use the lqr_n_m environments from DeepMind’s Control Suite

Experiments

• Results on lqr_2_1:
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• Remarks:
• Incremental learning: No catastrophic forgetting, or oscillations
• Improvement across the entire state space (not in expectation)
• Only valuable data is added (harder to find at times passes)

<latexit sha1_base64="fRpxxQ3fDYD3UW4YD3d7ZurZ/y0=">AAACHXicbZDLSsNAFIYnXmu8RV26GSxCXVgSLVUEoaALlxXsBZoQJtNJO3RyYWYilJAHceWjuBIUxI0L8W2ctFnU1h8Gfr5zDnPO78WMCmmaP9rS8srq2nppQ9/c2t7ZNfb22yJKOCYtHLGIdz0kCKMhaUkqGenGnKDAY6TjjW7yeueRcEGj8EGOY+IEaBBSn2IkFXKNc/uWMIkq4uTqGrbd1A6QHPIgTbwsU/B0lrEpg65RNqvmRHDRWIUpg0JN1/iy+xFOAhJKzJAQPcuMpZMiLilmJNPtRJAY4REakJ6yIQqIcNLJcRk8VqQP/YirF0o4obMTKQqEGAee6sz3FPO1HP5X6yXSv3RSGsaJJCGefuQnDMoI5knBPuUESzZWBmFO1a4QDxFHWKo8dV2lYM3fvGjaZ1WrXq3f18qNWpFHCRyCI1ABFrgADXAHmqAFMHgCL+ANvGvP2qv2oX1OW5e0YuYA/JH2/QsFN6EF</latexit> !
(s
)
:=

V
u
b
(s
)
→
V
lb
(s
)
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Incremental Learning

after 100 episode… after 1000 episodes…
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optimal controlafter 30K+

after 10 episode…



Incremental Learning
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optimal controlafter 30K+



Research Goals

• To develop analysis and design methods that 
trade off complexity and performance.

• To allow for continual improvement, without the 
need for redesign, retune, or retrain

• To design control policies with controlled 
sensitivity to parameter changes
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𝑥$"(𝑡)

Θ

θ θ′ 𝑥$(𝑡)

𝑥#(𝑡)

𝑥!(𝑡)
𝑋ℬ: 	Θ → 𝑋 𝑥!"(𝑡)

𝑥#"(𝑡)



Conclusions

• Takeaways
• Proposed a relaxed notion of invariance: recurrence.
• Nonparametric theory for dynamical systems analysis leading to:

• General Lyapunov and Barrier Function conditions satisfied by any norm!
• Algorithms that are parallelizable and progressive/sequential.

• Nonparametric policies: Guaranteed improvement with each demonstration.

• Ongoing work 
• Recurrence: Information theoretical lower bounds of control recurrence sets
• Lyapunov/CBF Theory: Generalize other Lyapunov notions, Control Lyapunov Functions, 

Control Barrier Functions, Contraction
• Nonparametric policies (NP): NP policy iteration, enforcing safety and stability using NP, 

exploring alternative inductive biases (beyond Lipschitz)

Enrique Mallada (JHU) 47

and Future work



Thanks!
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