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Renewable & Clean Energy Standards
www.dsireusa.org / September 2020

WA: 15% x 2020*
(100% x 2045) 

OR: 50%x 2040* 
(large utilities)

CA: 60% 
x 2030

(100% x 2045)

MT: 15% x 2015

NV: 50% x
2030

(100% x 2050) UT: 20% x 
2025*†

AZ: 15% x 
2025*

ND: 10% x 2015

NM: 80%x 2040 
(IOUs)

(100% by 2045 
(IOUs))

HI: 100% x 2045

CO: 30% by 2020 
(IOUs) *†

(100% x 2050)

OK: 15% x 
2015

MN: 26.5% 
x 2025 (IOUs)

31.5% x 2020 
(Xcel)

MI: 15% x 
2021*†

WI: 10% 2015
(100% x 
2050)

MO:15% x 
2021

IA: 105 MW IN:
10% x 
2025†

IL: 25% 
x 2026

OH: 8.5% 
x 2026

NC: 12.5% x 2021 (IOUs)

VA: 100% x 
2045/2050KS: 20% x 2020

ME: 100% x 2050

30 States + DC have a 
Renewable Portfolio 
Standard, 5 states have a 
Clean Energy Standard
(8 states have renewable 
portfolio goals, 5 states have 
clean energy goals)

Renewable portfolio standard

Renewable portfolio goal Includes non-renewable alternative resources* Extra credit for solar or customer-sited renewables
†

U.S. Territories

DC

TX: 5,880 MW x 2015*

SD: 10% x 2015

SC: 2% 2021

NMI: 20% x 2016

PR: 100% x 2050

Guam: 25% x 2035

USVI: 30% x 2025

NH: 25.2% x 2025
VT: 75% x 2032
MA: 35% x 2030 + 1% each 
year thereafter (new resources) 
6.7% x 2020 (existing resources)
(80% x 2050)
RI: 38.5% x 2035; 100% x 
2030 Goal
CT: 40% x 2030; (100% x 
2040)

NY:70% x 2030
(100% x 2040) 

PA: 18% x 2021†

NJ: 50% x 2030; (100% x 
2050) 

DE: 25% x 2026*
MD: 50% x 2030
DC: 100% x 2032

Clean energy standard

Clean energy goal
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Present grid
• dispatchable generation
• high inertial response
• strong voltage support
• well known physics

  
 
 

______
[1] Lin et al. Research roadmap on grid-forming inverters. Technical report, National Renewable Energy Lab.(NREL), Golden CO, 2020 

*[1]

Future
• variable and distributed generation
• limited inertia levels
• weak voltage support
• proprietary control laws (black box)
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Future
• variable and distributed generation
• limited inertia levels
• weak voltage support
• proprietary control laws (black box)

*[1] Selected challenges
• increased system uncertainty
• sensitivity to disturbances
• new forms of instabilities, induced by inverter-

based resources
• need to compensate for reduced inertia

grid strength 

Research questions:

• How should we control a grid with limited 
inertial/voltage support?

• Should we try to mimic SGs response? Or find new 
and more efficient control paradigms, suitable for 
IBRs? 

 
______
[1] Lin et al. Research roadmap on grid-forming inverters. Technical report, National Renewable Energy Lab.(NREL), Golden CO, 2020 
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Virtual Synchronous Generator

Controller

Telecom Analogy

Current approach: Use inverter-based control to mimic generators response
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Virtual Synchronous Generator

Controller

Telecom Analogy

Current approach: Use inverter-based control to mimic generators response

It works, but perhaps 
there is 

something better…



• Merits and trade-offs of low inertia
• Control Perspective: Lighter systems are easier to control!

• Scale-free Stability Analysis of Grids
• Generalizes passivity notions using network information

• Analysis of Weakly-Connected Coherent Networks 
• Generalized Center of Inertia captures IBR dynamics
• Identification of coherent modes via spectral clustering

• Grid Shaping Control
• Grid-following/forming control framework for controlling future girds

Outline
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Merits and Trade-offs of Inertia
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Pros: Provides natural disturbance rejection Cons: Hard to regain steady-state

✓̈ = � d

m
✓̇ � g sin ✓ +

f

m
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Enrique Mallada (JHU) 7

Cons: Susceptible to disturbances Pros: Regains steady-sate faster

✓̈ = � d

m
✓̇ � g sin ✓ +

f

m
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What happens when one adds control?



Control of Low Inertia Pendulum
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Virtual Mass Control: m✓̈ = �d✓̇ �mg sin ✓ + f � ⌫✓̈
<latexit sha1_base64="V3wSRCzh/eUsUCykRx+lBk7i658="></latexit>

Pros: 
Provides disturbance rejection

Cons: 
Hard to regain steady-state  + excessive control effort

We can do better…
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Dynamic Droop:
<latexit sha1_base64="2x1d/1tq2WgDBKnHBDSFJ2u5eZE="></latexit>

m✓̈ = �d✓̇ �mg sin ✓ + f + x

⌧ 0ẋ = �x� (r�1
r ✓̇ + ⌧ 0⌫0✓̈)

[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021

Richard PatesYan Jiang
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Dynamic Droop:
<latexit sha1_base64="2x1d/1tq2WgDBKnHBDSFJ2u5eZE="></latexit>

m✓̈ = �d✓̇ �mg sin ✓ + f + x

⌧ 0ẋ = �x� (r�1
r ✓̇ + ⌧ 0⌫0✓̈)

[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021

Richard PatesYan Jiang
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Lij =

�
��

��

�Bij if ij � E
�

k Bik if i = j

0 o.w.

Laplacian Matrix

[Bergen Hill ‘81]

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020

w
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!P
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Bij = vivjbij cos(ω
→
i → ω→j )

Linearized Power Flows



Bus Dynamics
Generator: 
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gi : (!Pi → pe,i + xi) ↑↓ ωi

Model: Swing Equations + Turbine
<latexit sha1_base64="ggbbGQGT9O0bMybJJPSG1N25Iq8="></latexit>

gi :






ω̇i = εi

Miε̇i = →Diεi + qi + (!Pi → pe,i + xi)

ϑiq̇i = →R→1
g,iεi → qi

gi(s) =
1

Mis+Di +
R→1

g,i

ωis+1

inverter

generator

ci

+ !i

power 
imbalance

frequency

gi

piBus Dynamics

+

+

xi
inverter 

power injection

ui−pe,i
wi
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[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020

<latexit sha1_base64="gFaTfCgWja7gN9lhKJtGbMdJEw8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2J1j5OE+xEdKhEKRtFKD70bLpGSRl/0yxW36s5B/hIvJxXI0eiXP3uDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr94Sk6sMiBhrG0pJHP150RGI2MmUWA7I4ojs+zNxP+8borhpZ8JlaTIFVssClNJMCaz98lAaM5QTiyhTAt7K2EjqilDG1LJhuAtv/yXtM6qXq1auzuv1K/yOIpwBMdwCh5cQB1uoQFNYKDgCV7g1THOs/PmvC9aC04+cwi/4Hx8A9tXkGc=</latexit>

!Pi

<latexit sha1_base64="eieaeKkUQvWhJWdL53WxfZk5l9g=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6zfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gASCJAC</latexit>ωi



Bus Dynamics
Generator: 
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Model: Swing Equations + Turbine
<latexit sha1_base64="ggbbGQGT9O0bMybJJPSG1N25Iq8="></latexit>

gi :






ω̇i = εi

Miε̇i = →Diεi + qi + (!Pi → pe,i + xi)

ϑiq̇i = →R→1
g,iεi → qi

gi(s) =
1

Mis+Di +
R→1

g,i

ωis+1

inverter

generator

ci

+ !i

power 
imbalance

frequency

gi

piBus Dynamics

+

+

xi
inverter 

power injection

ui−pe,i
wi

<latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit>

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020

<latexit sha1_base64="gFaTfCgWja7gN9lhKJtGbMdJEw8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2J1j5OE+xEdKhEKRtFKD70bLpGSRl/0yxW36s5B/hIvJxXI0eiXP3uDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr94Sk6sMiBhrG0pJHP150RGI2MmUWA7I4ojs+zNxP+8borhpZ8JlaTIFVssClNJMCaz98lAaM5QTiyhTAt7K2EjqilDG1LJhuAtv/yXtM6qXq1auzuv1K/yOIpwBMdwCh5cQB1uoQFNYKDgCV7g1THOs/PmvC9aC04+cwi/4Hx8A9tXkGc=</latexit>

!Pi

<latexit sha1_base64="eieaeKkUQvWhJWdL53WxfZk5l9g=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6zfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gASCJAC</latexit>ωi

<latexit sha1_base64="Yg8Z31gdDVpCKRQwHOEWR4pioZg=">AAACG3icbVDLSgMxFM34tr6qLt0Ei6CoZaaIiquiLlxWsFbolOFOeltDk5khyYhl6H+48VfcuFDEleDCvzF9LNR6IHByzr0k54SJ4Nq47pczMTk1PTM7N59bWFxaXsmvrl3rOFUMqywWsboJQaPgEVYNNwJvEoUgQ4G1sHPW92t3qDSPoyvTTbAhoR3xFmdgrBTkS+2A0xO67Z+jMEAr9rZPkyDDPd6ju/Q+4Du+hESbmPqxxDYEPMgX3KI7AB0n3ogUyAiVIP/hN2OWSowME6B13XMT08hAGc4E9nJ+qjEB1oE21i2NQKJuZINsPbpllSZtxcqeyNCB+nMjA6l1V4Z2UoK51X+9vvifV09N67iR8ShJDUZs+FArFdQm7RdFm1whM6JrCTDF7V8puwUFzNg6c7YE72/kcXJdKnqHxcPLg0L5dFTHHNkgm2SbeOSIlMkFqZAqYeSBPJEX8uo8Os/Om/M+HJ1wRjvr5Becz29fwp84</latexit>

gi : (!Pi → pe,i + xi) ↑↓ ωi
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Grid Following Inverter: 
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<latexit sha1_base64="5yURGpwnWOPHF29W1rmCbq/gMa8=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZkRqeKq6MZlBfuAzjBk0kwbmseQZMRSCm78FTcuFHHrT7jzb0zbWWjrgcDhnHu5OSdOGdXG876dwtLyyupacb20sbm1vePu7jW1zBQmDSyZVO0YacKoIA1DDSPtVBHEY0Za8eB64rfuidJUijszTEnIUU/QhGJkrBS5Bzii8BIGkpMesjTgKNVGwoeIRm7Zq3hTwEXi56QMctQj9yvoSpxxIgxmSOuO76UmHCFlKGZkXAoyTVKEB6hHOpYKxIkOR9MMY3hslS5MpLJPGDhVf2+MENd6yGM7yZHp63lvIv7ndTKTXIQjKtLMEIFnh5KMQRtyUgjsUkWwYUNLEFbU/hXiPlIIG1tbyZbgz0deJM3Til+tVG/PyrWrvI4iOARH4AT44BzUwA2ogwbA4BE8g1fw5jw5L8678zEbLTj5zj74A+fzB8E2lvw=</latexit>ci : ωi →↑ xi

inverter

generator

ci

+ !i

power 
imbalance

frequency

gi

piBus Dynamics

+

+

xi
inverter 

power injection

ui−pe,i
wi

<latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit>

R�1
r,i

R�1
r,i /�i log �

|ci(i�)|dB

Droop Control and Virtual Inertia:
<latexit sha1_base64="NVOOyYLK4OE4eEwiA0dKPenYgMs="></latexit>

ci :
{
xi = →(ωiε̇i +R→1

r,i εi), ci(s) = →(ωis+R→1
r,i εi)

Closed-loop Bus Dynamics:
<latexit sha1_base64="AFzbyUcnWpZIktue8Y7FNCTei+w="></latexit>

pi :






ω̇i = εi

(Mi + ϑi)ε̇i = →(Di +R→1
r,i )εi + qi + (!Pi → pe,i)

ϖiq̇i = →qi →R→1
g,iεi

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020

<latexit sha1_base64="gFaTfCgWja7gN9lhKJtGbMdJEw8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2J1j5OE+xEdKhEKRtFKD70bLpGSRl/0yxW36s5B/hIvJxXI0eiXP3uDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr94Sk6sMiBhrG0pJHP150RGI2MmUWA7I4ojs+zNxP+8borhpZ8JlaTIFVssClNJMCaz98lAaM5QTiyhTAt7K2EjqilDG1LJhuAtv/yXtM6qXq1auzuv1K/yOIpwBMdwCh5cQB1uoQFNYKDgCV7g1THOs/PmvC9aC04+cwi/4Hx8A9tXkGc=</latexit>

!Pi

<latexit sha1_base64="eieaeKkUQvWhJWdL53WxfZk5l9g=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6zfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gASCJAC</latexit>ωi



Modal Decomposition for Multi-Rated Machines

Assumption: Let       be the machine relative inertia (                       ), and
gi(s) =

1

fi
g0(s)

ci(s) = fic0(s)
<latexit sha1_base64="TxqRLO+6KVgAxsY9N01lSv7mIFY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlU0I1QdOOygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwplz7mXuPUHCmdKO822trK6tb2yWtsrbO7t7+/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh26nceqVQsFg86S6gX4aFgISNYG8m3K8RnNXWKrlHoM0R8xzx8u+rUnRnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXY6kZ4XRS7qeKJpiM8ZD2DBU4osrLZ8tP0IlRBiiMpSmh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rwysuZSFJNBZl/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38eRl0j6ru+d15/6i2rgp4ijBERxDDVy4hAbcQRNaQCCDZ3iFN+vJerHerY9564pVzFTgD6zPH7Opkts=</latexit>

F -12 V T

F -12 V Tu
<latexit sha1_base64="LYJDVyBtnhrKKMLqGwfYwAHThnc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVt3lTqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A31WM8Q==</latexit>

û
<latexit sha1_base64="IPs4nrvxIQ5A+naC7HWB54DSdjI=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0VzDHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uyOKJO2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxUE1zIRKUuSKLRYNUklQk9nrpC8MZygnjlBmhLuVsBE1lKELqOhCCJZfXiXNy0pwVfHvr8u1ah5HAU7hDC4ggBuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBOhSO3A==</latexit>

ŵP
<latexit sha1_base64="p0oTvHeyMjYX29LbI8fH8hA3Ngk=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyoYJcFNy4r2Ae0Q8mkmTY0kxmTO0oZ+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTm9EkTz1G/1yxa26c5BV4uWkAjls/qs3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/N9p+TMKgMSxto+hWSu/p7IaGTMJApsMqI4MsveTPzP66YY1vxMqCRFrtjiozCVBGMyO54MhOYM5cQSyrSwuxI2opoytBWVbAne8smrpHVR9S6r7t1VpV7L6yjCCZzCOXhwDXW4hQY0gYGEZ3iFN+fBeXHenY9FtODkM8fwB87nD5UEj6E=</latexit>

wP
<latexit sha1_base64="/KursqvpIURNxa88qKr9fPLNgCo=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuyowKdllw47KCfUA7lEyaaUOTzJBklDL0F9y4UMStP+TOvzHTzkJbDwQO55xL7j1hIrixnveN1tY3Nre2Szvl3b39g8PK0XHbxKmmrEVjEetuSAwTXLGW5VawbqIZkaFgnXBym/udR6YNj9WDnSYskGSkeMQpsbmEnwbNQaXq1bw58CrxC1KFAi7/1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HFVEMhNk811n+NwpQxzF2j1l8Vz9PZERacxUhi4piR2bZS8X//N6qY3qQcZVklqm6OKjKBXYxjg/HA+5ZtSKqSOEau52xXRMNKHW1VN2JfjLJ6+S9mXNv6p599fVRr2oowSncAYX4MMNNOAOmtACCmN4hld4QxK9oHf0sYiuoWLmBP4Aff4AjJaN4A==</latexit>

Change of Vars.

F -12
<latexit sha1_base64="hLHgKpoC1RCppWkRjWPoKhjj0bY="></latexit>

V
<latexit sha1_base64="MNw+P1jnqTHKZVUqEaun+BAqs4g=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFo10YMHEi8eIZGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/8rDw28+gNA/lE04j8AI6knzIGUUjNVr9YsWpOkvYm8RNSYWkqPdLVrk3CFkcgEQmqNZd14nQS6hCzgTMCr1YQ0TZhI6ga6ikAWgvWV46sy+MMrCHoTIl0V6qfycSGmg9DXzTGVAc63VvIf7ndWMc3nkJl1GMINlq0TAWNob24m17wBUwFFNDKFPc3GqzMVWUoQknsyWWHHXmjWSkaDTm7CWragQuA8DXWaFgYnTXQ9skrauqe111GjeV2n0aaJ6ckXNySVxyS2rkkdRJkzAC5I28kw/r0/qy5tb3qjVnpTNlkoH18wtwgac+</latexit>

ŵ
<latexit sha1_base64="kGduxmCIeD4CCPrD+h1FaFgCx5Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48V7Ae0oWy2m3btJht2J0oJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4PxzcxvP3JthIrvcZJwP6LDWISCUbRSqzeiSJ765Ypbdecgq8TLSQVyNPrlr95AsTTiMTJJjel6boJ+RjUKJvm01EsNTygb0yHvWhrTiBs/m187JWdWGZBQaVsxkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Ww5mciTlLkMVssClNJUJHZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1l1764q9VoeRxFO4BTOwYNrqMMtNKAJDB7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AD0cjt4=</latexit>

w
<latexit sha1_base64="xd2rkYZVdSa78Fk7c08tHQmU/Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272YTdjVJCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB4l2M8w==</latexit>

Change of Vars.

[Paganini M ‘17 , Guo Low 18’]

fi fi =
Mi

maxj Mj
<latexit sha1_base64="06Y3EWGXN6LThPjEyY+WOQ7Qwt0=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAbBKuwmhTZC0MYmEME8ILsss5PZZJLZBzOzYlgWbMTSv7BR8IGd6EfY+TdOHoUmHrhwOOde7r3HjRgV0jC+tczc/MLiUnY5t7K6tr6hb27VRRhzTGo4ZCFvukgQRgNSk1Qy0ow4Qb7LSMPtnw79xiXhgobBhRxExPZRJ6AexUgqydF3PIceWx5HOKk4NE0sH105PVhxeqmj542CMQKcJeaE5Mull/fP27vHqqN/We0Qxz4JJGZIiJZpRNJOEJcUM5LmrFiQCOE+6pCWogHyibCT0Q8p3FdKG3ohVxVIOFJ/TyTIF2Lgu6rTR7Irpr2h+J/XiqV3ZCc0iGJJAjxe5MUMyhAOA4FtygmWbKAIwpyqWyHuIhWIVLHlVAjm9MuzpF4smKVC8dzMl0/AGFmwC/bAATDBISiDM1AFNYDBNbgHT+BZu9EetFftbdya0SYz2+APtI8f2o6cGA==</latexit>
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F = diag(fi)

<latexit sha1_base64="/Tg2bGag2Wu0a25f/8Ap2N1BlI8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKagLoSiIywr2Ae0wZDKZNjTJDElGqEPxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgYVRpx/m2CkvLK6trxfXSxubW9o69u9dScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheT/z2A5GKxuJejxLicdQXNKIYaSP59sHNZY8jPZA8CynqjyuRT098u+xUnSngInFzUgY5Gr791QtjnHIiNGZIqa7rJNrLkNQUMzIu9VJFEoSHqE+6hgrEifKyafoxPDZKCKNYmic0nKq/NzLElRrxwExOkqp5byL+53VTHZ17GRVJqonAs0NRyqCO4aQKGFJJsGYjQxCW1GSFeIAkwtoUVjIluPNfXiSt06pbq17c1cr1q7yOIjgER6ACXHAG6uAWNEATYPAInsEreLOerBfr3fqYjRasfGcf/IH1+QP/QJTz</latexit>

<latexit sha1_base64="OWUiVeAZ0Cf1urof7Ke5WehPcbE=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFXbisYB/QDpJJ77ShmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3POJfeeIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPR9dRvP6HSPJb3ZpygH9GB5CFn1Fip07tBYShpPJQrbtWdgSwTLycVyGHzX71+zNIIpWGCat313MT4GVWGM4GTUi/VmFA2ogPsWipphNrPZvtOyIlV+iSMlX3SkJn6eyKjkdbjKLDJiJqhXvSm4n9eNzXhpZ9xmaQGJZt/FKaCmJhMjyd9rpAZMbaEMsXtroQNqaLM2IpKtgRv8eRl0jqrerVq7e68Ur/K6yjCERzDKXhwAXW4hQY0gYGAZ3iFN+fReXHenY95tODkM4fwB87nD1x3j4s=</latexit>

!P
<latexit sha1_base64="a9HMYh0TLy2Js8EuozNSdB427qQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseiHjxWsLbQhLLZbtulmw92J4US+k+8eFDEq//Em//GTZuDtj4YeLw3w8y8IJFCo+N8W6W19Y3NrfJ2ZWd3b//APjx60nGqGG+xWMaqE1DNpYh4CwVK3kkUp2EgeTsY3+Z+e8KVFnH0iNOE+yEdRmIgGEUj9Ww78+64REq8EUXSnFV6dtWpOXOQVeIWpAoFmj37y+vHLA15hExSrbuuk6CfUYWCST6reKnmCWVjOuRdQyMacu1n88tn5MwofTKIlakIyVz9PZHRUOtpGJjOkOJIL3u5+J/XTXFw7WciSlLkEVssGqSSYEzyGEhfKM5QTg2hTAlzK2EjqihDE1Yegrv88ip5uqi59Vr94bLauCniKMMJnMI5uHAFDbiHJrSAwQSe4RXerMx6sd6tj0VrySpmjuEPrM8fQf6Sxw==</latexit>

!P̂
<latexit sha1_base64="muzUIeYxUeBoMDCCLI2QqUEOOxU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekrQIe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPk8OPJg==</latexit>ω

<latexit sha1_base64="UGt+jIipELn/B/9K5g0UkrQiv24=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAdml9A7mU2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1hb39jcKm6Xdnb39g/Kh0ctozJNaJMornQnBkM5k7RpmeW0k2oKIua0HY9uZ377iWrDlHyw45RGAgaSJYyAddJjOAQbKkEH0CtX/Ko/B14lQU4qKEejV/4K+4pkgkpLOBjTDfzURhPQlhFOp6UwMzQFMoIB7ToqQVATTeYXT/GZU/o4UdqVtHiu/p6YgDBmLGLXKcAOzbI3E//zuplNrqMJk2lmqSSLRUnGsVV49j7uM02J5WNHgGjmbsVkCBqIdSGVXAjB8surpHVRDWrV2v1lpX6Tx1FEJ+gUnaMAXaE6ukMN1EQESfSMXtGbZ7wX7937WLQWvHzmGP2B9/kDn3OQ5w==</latexit>

ω̂

w
<latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit>

<latexit sha1_base64="OWUiVeAZ0Cf1urof7Ke5WehPcbE=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFXbisYB/QDpJJ77ShmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3POJfeeIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPR9dRvP6HSPJb3ZpygH9GB5CFn1Fip07tBYShpPJQrbtWdgSwTLycVyGHzX71+zNIIpWGCat313MT4GVWGM4GTUi/VmFA2ogPsWipphNrPZvtOyIlV+iSMlX3SkJn6eyKjkdbjKLDJiJqhXvSm4n9eNzXhpZ9xmaQGJZt/FKaCmJhMjyd9rpAZMbaEMsXtroQNqaLM2IpKtgRv8eRl0jqrerVq7e68Ur/K6yjCERzDKXhwAXW4hQY0gYGAZ3iFN+fReXHenY95tODkM4fwB87nD1x3j4s=</latexit>

!P
<latexit sha1_base64="muzUIeYxUeBoMDCCLI2QqUEOOxU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekrQIe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPk8OPJg==</latexit>ω



Modal Decomposition for Multi-Rated Machines

Assumption: Let       be the machine relative inertia (                       ), and 

Center of Inertia
<latexit sha1_base64="ESgY9GT1XcrBCWCuZhb0xrtBkYY="></latexit>

ωCoI(t) =

∑n
i=1 Miωi(t)∑n

i=1 Mi

Sync Error
<latexit sha1_base64="vrKotLkj+BF2LYgSB9Dnq4yBuvM=">AAACHnicbZDLSgMxFIYz3q23qks3wSLowjIjWt0IohvdKdgLdErJpKc1NDMZkjNiGfokbnwVNy4UEVzp25i2s6jVHwJf/nMOyfmDWAqDrvvtTE3PzM7NLyzmlpZXVtfy6xsVoxLNocyVVLoWMANSRFBGgRJqsQYWBhKqQfdiUK/egzZCRbfYi6ERsk4k2oIztFYzf+SjkC2gvgqhw5piF/fo6fhtP2Mf4QHTC3XVt2YzX3CL7lD0L3gZFEim62b+028pnoQQIZfMmLrnxthImUbBJfRzfmIgZrzLOlC3GLEQTCMdrtenO9Zp0bbS9kRIh+74RMpCY3phYDtDhndmsjYw/6vVE2yfNFIRxQlCxEcPtRNJUdFBVrQlNHCUPQuMa2H/Svkd04yjTTRnQ/AmV/4LlYOiVyqWbg4LZ+dZHAtki2yTXeKRY3JGLsk1KRNOHskzeSVvzpPz4rw7H6PWKSeb2SS/5Hz9AIDqoYE=</latexit>

ω̃i(t) = ωi(t)→ ωCoI(t)

0 = �0  �1  · · ·  �n�1
<latexit sha1_base64="3QcZHjPxziT4FreJueeQVlPxHI0=">AAACHXicbVBNS8MwGE7n15xfVY9egkPw4mjnQC/C0IvHCe4D1lLSNN3C0rQmqTDK/ogX/4oXD4p48CL+G9Otgm4+EHje53nfJO/jJ4xKZVlfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHV7nfvSdC0pjfqnFC3AgNOA0pRkpLntmwLhym2wPkWQ4jdz+FnRfQCWIlZ6zQM35iTzyzatWsKeAisQtSBQVanvmhb8JpRLjCDEnZt61EuRkSimJGJhUnlSRBeIQGpK8pRxGRbjbdbgKPtBLAMBb6cAWn6u+JDEVSjiNfd0ZIDeW8l4v/ef1UheduRnmSKsLx7KEwZVDFMI8KBlQQrNhYE4QF1X+FeIgEwkoHWtEh2PMrL5JOvWaf1uo3jWrzsoijDA7AITgGNjgDTXANWqANMHgAT+AFvBqPxrPxZrzPWktGMbMP/sD4/AbidaHN</latexit>

Eigenvalues of: LF = F� 1
2LF� 1

2
<latexit sha1_base64="VxEYVluPJossDBfH4n2rJAJvwr4=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpJURTdCUSguuqhgH9DGMJlO2qGTSZiZCCXkC9z4K25cKOLWtTv/xmmbhbYeuHA4517uvceLGJXKsr6N3NLyyupafr2wsbm1vWPu7rVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ377gQhJQ36nxhFxAjTg1KcYKS25Zqnu1i5r98lxzxcIJ3aaVNK0Pi+4ZtEqW1PARWJnpAgyNFzzq9cPcRwQrjBDUnZtK1JOgoSimJG00IsliRAeoQHpaspRQKSTTN9JYUkrfeiHQhdXcKr+nkhQIOU48HRngNRQznsT8T+vGyv/wkkoj2JFOJ4t8mMGVQgn2cA+FQQrNtYEYUH1rRAPkY5B6QQLOgR7/uVF0qqU7ZPy2e1psXqVxZEHB+AQHAEbnIMquAEN0AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+AHjJm8Y=</latexit>

gi(s) =
1

fi
g0(s)

ci(s) = fic0(s)
<latexit sha1_base64="TxqRLO+6KVgAxsY9N01lSv7mIFY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlU0I1QdOOygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwplz7mXuPUHCmdKO822trK6tb2yWtsrbO7t7+/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh26nceqVQsFg86S6gX4aFgISNYG8m3K8RnNXWKrlHoM0R8xzx8u+rUnRnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXY6kZ4XRS7qeKJpiM8ZD2DBU4osrLZ8tP0IlRBiiMpSmh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rwysuZSFJNBZl/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38eRl0j6ru+d15/6i2rgp4ijBERxDDVy4hAbcQRNaQCCDZ3iFN+vJerHerY9564pVzFTgD6zPH7Opkts=</latexit>

fi fi =
Mi

maxj Mj
<latexit sha1_base64="06Y3EWGXN6LThPjEyY+WOQ7Qwt0=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAbBKuwmhTZC0MYmEME8ILsss5PZZJLZBzOzYlgWbMTSv7BR8IGd6EfY+TdOHoUmHrhwOOde7r3HjRgV0jC+tczc/MLiUnY5t7K6tr6hb27VRRhzTGo4ZCFvukgQRgNSk1Qy0ow4Qb7LSMPtnw79xiXhgobBhRxExPZRJ6AexUgqydF3PIceWx5HOKk4NE0sH105PVhxeqmj542CMQKcJeaE5Mull/fP27vHqqN/We0Qxz4JJGZIiJZpRNJOEJcUM5LmrFiQCOE+6pCWogHyibCT0Q8p3FdKG3ohVxVIOFJ/TyTIF2Lgu6rTR7Irpr2h+J/XiqV3ZCc0iGJJAjxe5MUMyhAOA4FtygmWbKAIwpyqWyHuIhWIVLHlVAjm9MuzpF4smKVC8dzMl0/AGFmwC/bAATDBISiDM1AFNYDBNbgHT+BZu9EetFftbdya0SYz2+APtI8f2o6cGA==</latexit>

11

F = diag(fi)

<latexit sha1_base64="/Tg2bGag2Wu0a25f/8Ap2N1BlI8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKagLoSiIywr2Ae0wZDKZNjTJDElGqEPxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgYVRpx/m2CkvLK6trxfXSxubW9o69u9dScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheT/z2A5GKxuJejxLicdQXNKIYaSP59sHNZY8jPZA8CynqjyuRT098u+xUnSngInFzUgY5Gr791QtjnHIiNGZIqa7rJNrLkNQUMzIu9VJFEoSHqE+6hgrEifKyafoxPDZKCKNYmic0nKq/NzLElRrxwExOkqp5byL+53VTHZ17GRVJqonAs0NRyqCO4aQKGFJJsGYjQxCW1GSFeIAkwtoUVjIluPNfXiSt06pbq17c1cr1q7yOIjgER6ACXHAG6uAWNEATYPAInsEreLOerBfr3fqYjRasfGcf/IH1+QP/QJTz</latexit>

Enrique Mallada (JHU)

F -12 V T

F -12 V Tu
<latexit sha1_base64="LYJDVyBtnhrKKMLqGwfYwAHThnc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVt3lTqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A31WM8Q==</latexit>

û
<latexit sha1_base64="IPs4nrvxIQ5A+naC7HWB54DSdjI=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0VzDHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uyOKJO2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxUE1zIRKUuSKLRYNUklQk9nrpC8MZygnjlBmhLuVsBE1lKELqOhCCJZfXiXNy0pwVfHvr8u1ah5HAU7hDC4ggBuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBOhSO3A==</latexit>

ŵP
<latexit sha1_base64="p0oTvHeyMjYX29LbI8fH8hA3Ngk=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyoYJcFNy4r2Ae0Q8mkmTY0kxmTO0oZ+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTm9EkTz1G/1yxa26c5BV4uWkAjls/qs3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/N9p+TMKgMSxto+hWSu/p7IaGTMJApsMqI4MsveTPzP66YY1vxMqCRFrtjiozCVBGMyO54MhOYM5cQSyrSwuxI2opoytBWVbAne8smrpHVR9S6r7t1VpV7L6yjCCZzCOXhwDXW4hQY0gYGEZ3iFN+fBeXHenY9FtODkM8fwB87nD5UEj6E=</latexit>

wP
<latexit sha1_base64="/KursqvpIURNxa88qKr9fPLNgCo=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuyowKdllw47KCfUA7lEyaaUOTzJBklDL0F9y4UMStP+TOvzHTzkJbDwQO55xL7j1hIrixnveN1tY3Nre2Szvl3b39g8PK0XHbxKmmrEVjEetuSAwTXLGW5VawbqIZkaFgnXBym/udR6YNj9WDnSYskGSkeMQpsbmEnwbNQaXq1bw58CrxC1KFAi7/1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HFVEMhNk811n+NwpQxzF2j1l8Vz9PZERacxUhi4piR2bZS8X//N6qY3qQcZVklqm6OKjKBXYxjg/HA+5ZtSKqSOEau52xXRMNKHW1VN2JfjLJ6+S9mXNv6p599fVRr2oowSncAYX4MMNNOAOmtACCmN4hld4QxK9oHf0sYiuoWLmBP4Aff4AjJaN4A==</latexit>

Change of Vars.

F -12
<latexit sha1_base64="hLHgKpoC1RCppWkRjWPoKhjj0bY="></latexit>

V
<latexit sha1_base64="MNw+P1jnqTHKZVUqEaun+BAqs4g=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFo10YMHEi8eIZGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/8rDw28+gNA/lE04j8AI6knzIGUUjNVr9YsWpOkvYm8RNSYWkqPdLVrk3CFkcgEQmqNZd14nQS6hCzgTMCr1YQ0TZhI6ga6ikAWgvWV46sy+MMrCHoTIl0V6qfycSGmg9DXzTGVAc63VvIf7ndWMc3nkJl1GMINlq0TAWNob24m17wBUwFFNDKFPc3GqzMVWUoQknsyWWHHXmjWSkaDTm7CWragQuA8DXWaFgYnTXQ9skrauqe111GjeV2n0aaJ6ckXNySVxyS2rkkdRJkzAC5I28kw/r0/qy5tb3qjVnpTNlkoH18wtwgac+</latexit>

ŵ
<latexit sha1_base64="kGduxmCIeD4CCPrD+h1FaFgCx5Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48V7Ae0oWy2m3btJht2J0oJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4PxzcxvP3JthIrvcZJwP6LDWISCUbRSqzeiSJ765Ypbdecgq8TLSQVyNPrlr95AsTTiMTJJjel6boJ+RjUKJvm01EsNTygb0yHvWhrTiBs/m187JWdWGZBQaVsxkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Ww5mciTlLkMVssClNJUJHZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1l1764q9VoeRxFO4BTOwYNrqMMtNKAJDB7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AD0cjt4=</latexit>

w
<latexit sha1_base64="xd2rkYZVdSa78Fk7c08tHQmU/Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272YTdjVJCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB4l2M8w==</latexit>

Change of Vars.

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020

[Paganini M ‘17 , Guo Low 18’]

<latexit sha1_base64="OWUiVeAZ0Cf1urof7Ke5WehPcbE=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFXbisYB/QDpJJ77ShmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3POJfeeIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPR9dRvP6HSPJb3ZpygH9GB5CFn1Fip07tBYShpPJQrbtWdgSwTLycVyGHzX71+zNIIpWGCat313MT4GVWGM4GTUi/VmFA2ogPsWipphNrPZvtOyIlV+iSMlX3SkJn6eyKjkdbjKLDJiJqhXvSm4n9eNzXhpZ9xmaQGJZt/FKaCmJhMjyd9rpAZMbaEMsXtroQNqaLM2IpKtgRv8eRl0jqrerVq7e68Ur/K6yjCERzDKXhwAXW4hQY0gYGAZ3iFN+fReXHenY95tODkM4fwB87nD1x3j4s=</latexit>

!P
<latexit sha1_base64="a9HMYh0TLy2Js8EuozNSdB427qQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseiHjxWsLbQhLLZbtulmw92J4US+k+8eFDEq//Em//GTZuDtj4YeLw3w8y8IJFCo+N8W6W19Y3NrfJ2ZWd3b//APjx60nGqGG+xWMaqE1DNpYh4CwVK3kkUp2EgeTsY3+Z+e8KVFnH0iNOE+yEdRmIgGEUj9Ww78+64REq8EUXSnFV6dtWpOXOQVeIWpAoFmj37y+vHLA15hExSrbuuk6CfUYWCST6reKnmCWVjOuRdQyMacu1n88tn5MwofTKIlakIyVz9PZHRUOtpGJjOkOJIL3u5+J/XTXFw7WciSlLkEVssGqSSYEzyGEhfKM5QTg2hTAlzK2EjqihDE1Yegrv88ip5uqi59Vr94bLauCniKMMJnMI5uHAFDbiHJrSAwQSe4RXerMx6sd6tj0VrySpmjuEPrM8fQf6Sxw==</latexit>

!P̂
<latexit sha1_base64="muzUIeYxUeBoMDCCLI2QqUEOOxU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekrQIe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPk8OPJg==</latexit>ω

<latexit sha1_base64="UGt+jIipELn/B/9K5g0UkrQiv24=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAdml9A7mU2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1hb39jcKm6Xdnb39g/Kh0ctozJNaJMornQnBkM5k7RpmeW0k2oKIua0HY9uZ377iWrDlHyw45RGAgaSJYyAddJjOAQbKkEH0CtX/Ko/B14lQU4qKEejV/4K+4pkgkpLOBjTDfzURhPQlhFOp6UwMzQFMoIB7ToqQVATTeYXT/GZU/o4UdqVtHiu/p6YgDBmLGLXKcAOzbI3E//zuplNrqMJk2lmqSSLRUnGsVV49j7uM02J5WNHgGjmbsVkCBqIdSGVXAjB8surpHVRDWrV2v1lpX6Tx1FEJ+gUnaMAXaE6ukMN1EQESfSMXtGbZ7wX7937WLQWvHzmGP2B9/kDn3OQ5w==</latexit>

ω̂

<latexit sha1_base64="4inUYbdZtHqEZ6xldewCa2SnwXE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJb3ZpKgH9Gh5CFn1FjpoXeDwlDS6Hv9csWtunOQv8TLSQVyNPrlz94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n84un5MQqAxLGypY0ZK7+nMhopPUkCmxnRM1IL3sz8T+vm5rw0s+4TFKDki0WhakgJiaz98mAK2RGTCyhTHF7K2EjqigzNqSSDcFbfvkvaZ1VvVq1dndeqV/lcRThCI7hFDy4gDrcQgOawEDCE7zAq6OdZ+fNeV+0Fpx85hB+wfn4BoZ3kC8=</latexit>

!P1

<latexit sha1_base64="Q8QsVWiKvQbjSB9Sq90c/gfcK/I=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiHjxWsB/YhrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+nvntR9BGxOoeJwn4ERsqEQrO0EoPvRuQyGijP+6XK27VnYP+JV5OKiRHo1/+7A1inkagkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+haqlgExs/mF0/piVUGNIy1LYV0rv6cyFhkzCQKbGfEcGSWvZn4n9dNMbz0M6GSFEHxxaIwlRRjOnufDoQGjnJiCeNa2FspHzHNONqQSjYEb/nlv6R1VvVq1drdeaV+lcdRJEfkmJwSj1yQOrklDdIknCjyRF7Iq2OcZ+fNeV+0Fpx85pD8gvPxDd5fkGk=</latexit>

!Pk

<latexit sha1_base64="MlJ+3GxHmw1j+v9VqAO9aICbQY8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2J1j5OE+xEdKhEKRtFKD70bLpGSRl/1yxW36s5B/hIvJxXI0eiXP3uDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr94Sk6sMiBhrG0pJHP150RGI2MmUWA7I4ojs+zNxP+8borhpZ8JlaTIFVssClNJMCaz98lAaM5QTiyhTAt7K2EjqilDG1LJhuAtv/yXtM6qXq1auzuv1K/yOIpwBMdwCh5cQB1uoQFNYKDgCV7g1THOs/PmvC9aC04+cwi/4Hx8A+LrkGw=</latexit>

!Pn

<latexit sha1_base64="s+v/kTXJTZqp8eZ99k/fgAN5OiM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmBjILmF20kmGzGOdmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1090VJ5wZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1hSZVXOl2TAxwJqFpmeXQTjQQEXN4jEe3M/9xDNowJR/sJIFIkIFkfUaJdVIUDonFoRIwIF3ZLVf8qj8HXiVBTiooR6Nb/gp7iqYCpKWcGNMJ/MRGGdGWUQ7TUpgaSAgdkQF0HJVEgImy+dFTfOaUHu4r7UpaPFd/T2REGDMRsesUxA7NsjcT//M6qe1fRxmTSWpB0sWifsqxVXiWAO4xDdTyiSOEauZuxXRINKHW5VRyIQTLL6+S1kU1qFVr95eV+k0eRxGdoFN0jgJ0heroDjVQE1H0hJ7RK3rzxt6L9+59LFoLXj5zjP7A+/wBgKGR8g==</latexit>

ω̂n

<latexit sha1_base64="ElQRp0elOXMROM0mWMuzQVbdTRE=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmBjILmF2MpsMmcc60xsIId/hxYMiXv0Yb/6Nk2QPmljQUFR1090Vp4Jb8P1vr7C2vrG5Vdwu7ezu7R+UD49aVmeGsibVQpt2TCwTXLEmcBCsnRpGZCzYYzy8nfmPI2Ys1+oBximLJOkrnnBKwElROCCAQy1Zn3SH3XLFr/pz4FUS5KSCcjS65a+wp2kmmQIqiLWdwE8hmhADnAo2LYWZZSmhQ9JnHUcVkcxGk/nRU3zmlB5OtHGlAM/V3xMTIq0dy9h1SgIDu+zNxP+8TgbJdTThKs2AKbpYlGQCg8azBHCPG0ZBjB0h1HB3K6YDYggFl1PJhRAsv7xKWhfVoFat3V9W6jd5HEV0gk7ROQrQFaqjO9RATUTRE3pGr+jNG3kv3rv3sWgtePnMMfoD7/MHfBWR7w==</latexit>

ω̂k

<latexit sha1_base64="+BxgpmjMtH+L9B1gN+io84XpAwY=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmBjILmF2MkmGzGOd6Q2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1090VJ4Jb8P1vr7C2vrG5Vdwu7ezu7R+UD49aVqeGsibVQpt2TCwTXLEmcBCsnRhGZCzYYzy6nfmPY2Ys1+oBJgmLJBko3ueUgJOicEgAh1qyAekG3XLFr/pz4FUS5KSCcjS65a+wp2kqmQIqiLWdwE8gyogBTgWblsLUsoTQERmwjqOKSGajbH70FJ85pYf72rhSgOfq74mMSGsnMnadksDQLnsz8T+vk0L/Osq4SlJgii4W9VOBQeNZArjHDaMgJo4Qari7FdMhMYSCy6nkQgiWX14lrYtqUKvW7i8r9Zs8jiI6QafoHAXoCtXRHWqgJqLoCT2jV/Tmjb0X7937WLQWvHzmGP2B9/kDJC2RtQ==</latexit>
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Dynamic Droop:
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m✓̈ = �d✓̇ �mg sin ✓ + f + x
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[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021

Richard PatesYan Jiang

Dynamic Droop Benefits
•  Overshoot Elimination in Nadir
•  Noise Attenuation

•  Disturbance Rejection
•  Reduce Inter-area Oscillations

Caveat
• Control design limited to co-located resources (SGs and GFL-IBRs)
• Restrictive assumptions: Proportional dynamics (𝑝! 𝑠 = 𝑓!𝑝"(𝑠))



• Merits and trade-offs of low inertia
• Control Perspective: Lighter systems are easier to control!

• Scale-free Stability Analysis of Grids
• Generalizes passivity notions using network information

• Analysis of Weakly-Connected Coherent Networks 
• Generalized Center of Inertia captures IBR dynamics
• Identification of coherent modes via spectral clustering

• Grid Shaping Control
• Grid-following/forming control framework for controlling future girds

Outline
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Decentralized Stability Analysis in Power Grids [TCNS 19]

Enrique Mallada (JHU) 13

Problem Setup:
• Linearized power flows, lossless 

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)
• Bus 𝑖: arbitrary siso transfer function:

           𝜔! = 𝑝! 𝑠 	Δ𝑃!     (SGs or GFM-IBRs)

[TCNS 19] Pates, M. Robust Scale Free Synthesis for Frequency Regulation in Power Systems. IEEE Transactions on Control of Network Systems, 2019

1.When does this 
interconnection is stable?

2. Can we analysis and control design 
based on local rules?

Richard Pates-

-



Standard Approach: Passivity
• If 𝑝!(𝑠) is strictly positive real (SPR), then the 

interconnection is stable for all networks 𝑳!

Decentralized Stability Analysis in Power Grids [TCNS 19]
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[TCNS 19] Pates, M. Robust Scale Free Synthesis for Frequency Regulation in Power Systems. IEEE Transactions on Control of Network Systems, 2019

1.When does this 
interconnection is stable?

2. Can we analysis and control design 
based on local rules?

Richard Pates-

-

`Positive Real (PR) TF
Re 𝑝! 𝑠 ≥ 0

 Strictly Positive Real TF
Re 𝑝! 𝑠 − 𝜀 ≥ 0Converse: for unknown network (𝑳), passivity is 

also necessary.[TCNS 19]

Can we use network information to relax 
passivity conditions?



Stable for 0 ≤ 𝐾 ≤ 𝑘∗?

Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then, yes!

Classical Result: Absolute Stability
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Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then, yes!

[TCNS 19] Pates, M. Robust Scale Free Synthesis for Frequency Regulation in Power Systems. IEEE Transactions on Control of Network Systems, 2019
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Stable for 0 ≤ 𝐾 ≤ 𝑘∗?

Classical Result: Absolute Stability
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Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then, yes!
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Scale-free Stability Analysis

Key Idea: Exploit limited network information to relax passivity condition 
• Let 𝛾- be a local connectivity bound:  ∑.∈/! 𝐿-. ≤
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Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then system is stable for all 0 ≤ 𝐾 ≤ 𝑘∗

Brockett & Willems ‘65

Assume: 𝑝"(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If  ℎ 𝑠 1 + 𝛾"
#
$
𝑝" 𝑠 ∈ 𝑆𝑃𝑅, ∀𝑖, then

system stable for networks ∑%∈'! 𝐿"% ≤
(!
)
, ∀𝑖

Pates & M 2019

[TCNS 19] Pates, M. Robust Scale Free Synthesis for Frequency Regulation in Power Systems. IEEE Transactions on Control of Network Systems, 2019

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)

𝐺(𝑠)
𝑟 𝑦

-
𝐾

-

<latexit sha1_base64="FvHAOEKN1HSNRnLpxy4EMVTfMOc=">AAAB9XicbVDLSsNAFL2pr1pfUZduBougm5K4qC6rgrisYB/QxjKZTtqhk0mYmSgl5D/cdKGIW//FnX/g2i9w+lho64ELh3Pu5d57/JgzpR3n08otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4GrsNx6oVCwSd3oYUy/EPcECRrA20n07kJikbpaqLO6wjl10Ss4EaJG4M1KsnDjXX9+ji2rH/mh3I5KEVGjCsVIt14m1l2KpGeE0K7QTRWNMBrhHW4YKHFLlpZOrM3RklC4KImlKaDRRf0+kOFRqGPqmM8S6r+a9sfif10p0cO6lTMSJpoJMFwUJRzpC4whQl0lKNB8agolk5lZE+tgEoU1QBROCO//yIqmfltxyqXzrFiuXMEUeDuAQjsGFM6jADVShBgQkPMEzvFiP1sh6td6mrTlrNrMPf2C9/wDH25Zp</latexit>

1
spi

<latexit sha1_base64="LYITmMYx612+uvNjLnMqfVRMBeA=">AAAB73icbZDLSgMxFIbP1Futt6pLRYJFcFVmXFSXRTcuW7AXaIeSSTNtaJIZk4xQhi59ATcuFHHrG/Q53PkMvoTpZaGtPwQ+/v8ccs4JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDm0neeKBKs0jemWFMfYF7koWMYGOtZruHhcAd1skX3KI7FVoGbw6F8vG4+v14Mq508p/tbkQSQaUhHGvd8tzY+ClWhhFOR7l2ommMyQD3aMuixIJqP53OO0Jn1umiMFL2SYOm7u+OFAuthyKwlQKbvl7MJuZ/WSsx4ZWfMhknhkoy+yhMODIRmiyPukxRYvjQAiaK2VkR6WOFibEnytkjeIsrL0P9ouiViqWqVyhfw0xZOIJTOAcPLqEMt1CBGhDg8AQv8OrcO8/Om/M+K804855D+CPn4wf19pOk</latexit>ωi



Scale-free Stability Analysis

Key Idea: Exploit limited network information to relax passivity condition 
• Let 𝛾- be a local connectivity bound:  ∑.∈/! 𝐿-. ≤

0!
1

Enrique Mallada (JHU) 15

Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then system is stable for all 0 ≤ 𝐾 ≤ 𝑘∗

Brockett & Willems ‘65

Assume: 𝑝"(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If  ℎ 𝑠 1 + 𝛾"
#
$
𝑝" 𝑠 ∈ 𝑆𝑃𝑅, ∀𝑖, then

system stable for networks ∑%∈'! 𝐿"% ≤
(!
)
, ∀𝑖

Pates & M 2019

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)

𝐺(𝑠)
𝑟 𝑦

-
𝐾



Scale-free Stability Analysis

Key Idea: Exploit limited network information to relax passivity condition 
• Let 𝛾- be a local connectivity bound:  ∑.∈/! 𝐿-. ≤

0!
1

Enrique Mallada (JHU) 15

Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then system is stable for all 0 ≤ 𝐾 ≤ 𝑘∗

Brockett & Willems ‘65

Assume: 𝑝"(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If  ℎ 𝑠 1 + 𝛾"
#
$
𝑝" 𝑠 ∈ 𝑆𝑃𝑅, ∀𝑖, then

system stable for networks ∑%∈'! 𝐿"% ≤
(!
)
, ∀𝑖

Pates & M 2019

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)

𝐺(𝑠)
𝑟 𝑦

-
𝐾 -

+ P

P = diag(pi)

1
sL



Scale-free Stability Analysis

Key Idea: Exploit limited network information to relax passivity condition 
• Let 𝛾- be a local connectivity bound:  ∑.∈/! 𝐿-. ≤

0!
1

Enrique Mallada (JHU) 15

Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then system is stable for all 0 ≤ 𝐾 ≤ 𝑘∗

Brockett & Willems ‘65

Assume: 𝑝"(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If  ℎ 𝑠 1 + 𝛾"
#
$
𝑝" 𝑠 ∈ 𝑆𝑃𝑅, ∀𝑖, then

system stable for networks ∑%∈'! 𝐿"% ≤
(!
)
, ∀𝑖

Pates & M 2019

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)

𝐺(𝑠)
𝑟 𝑦

-
𝐾 -

+

1
sL

<latexit sha1_base64="ToKOMFYe8GfIaETthIKlMP+9PVE=">AAACNXicbVA9SwNBEJ3z2/gVTWlzGARtwp2NlkFBLCwiGBNIguxt5pLFvb1jd06Mx/0NW/0X/hYLwUJs/QtuEguT+GDg8d4MM/OCRApDnvfmzM0vLC4tr6wW1tY3NreK2zs3Jk41xzqPZaybATMohcI6CZLYTDSyKJDYCO7Ohn7jHrURsbqmQYKdiPWUCAVnZKV2O9SMZ36emfzytlj2Kt4I7izxf0m5euidfwBA7XbbKbW7MU8jVMQlM6blewl1MqZJcIl5oZ0aTBi/Yz1sWapYhKaTjY7O3X2rdN0w1rYUuSP170TGImMGUWA7I0Z9M+0Nxf+8VkrhSScTKkkJFR8vClPpUuwOE3C7QiMnObCEcS3srS7vM5sD2ZwmtqRKkJl4I+tplvQFf5hUDaFQEdJjXijYGP3p0GbJzVHF9yr+lV+unsIYK7ALe3AAPhxDFS6gBnXgkMATPMOL8+q8O5/O17h1zvmdKcEEnO8f8Vqt7g==</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="BgDjVlDutAb1jNH2Adonjabvbbk=">AAACNXicbZC7TsNAEEXX4RXCKyEljUWERBXZNFBG0FBQBIk8pNiK1ptxssp6be2OEcHyb9DCX/AtFHSIll9g8yhIwpVWurozo5k9QSK4Rsf5sAobm1vbO8Xd0t7+weFRuXLc1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC+mdY7j6A0j+UDThLwIzqUPOSMook8L1SUZW6e6fyuX645dWcme924C1MjCzX7FavqDWKWRiCRCap1z3US9DOqkDMBeclLNSSUjekQesZKGoH2s9nRuX1mkoEdxso8ifYs/TuR0UjrSRSYzojiSK/WpuF/tV6K4ZWfcZmkCJLNF4WpsDG2pwTsAVfAUEyMoUxxc6vNRtRwQMNpaUsqOeqlb2RDRZMRZ0/LqUbgMgJ8zkslg9FdhbZu2hd116m7926tcb0AWiQn5JScE5dckga5JU3SIowk5IW8kjfr3fq0vqzveWvBWsxUyZKsn18jNawv</latexit>

�
1
2

<latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit><latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit><latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit><latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit>

�-12
<latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit>

�
1
2

<latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit><latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit><latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit><latexit sha1_base64="+M32wR+7le/yZZBvnqJZwCGX0Dk=">AAACPXicbZDPSgMxEMaz/rf+q/XoZbEInsquCHosetBjBatCW8tsOtsGk+ySzIp12Vfxqm/hc/gA3sSrV9Pag1U/CHx8M8NMflEqhaUgePVmZufmFxaXlksrq2vrG+XNyqVNMsOxyROZmOsILEqhsUmCJF6nBkFFEq+i25NR/eoOjRWJvqBhih0FfS1iwYFc1C1X2qegFNy0YwM8D4t8v+iWq0EtGMv/a8KJqbKJGt1Nb6vdS3imUBOXYG0rDFLq5GBIcIlFqZ1ZTIHfQh9bzmpQaDv5+PjC33VJz48T454mf5z+nMhBWTtUketUQAP7uzYK/6u1MoqPOrnQaUao+feiOJM+Jf6IhN8TBjnJoTPAjXC3+nwADgM5XlNbMi3ITn0j7xtIB4LfT6eWUGiF9FCUSg5j+BvaX3O5XwuDWnh+UK0fT4AusW22w/ZYyA5ZnZ2xBmsyzu7ZI3tiz96L9+a9ex/frTPeZGaLTcn7/AJL6a6v</latexit>

�-12
<latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit>

P

P =diag(pi)
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Scale-free Stability Analysis

Key Idea: Exploit limited network information to relax passivity condition 
• Let 𝛾- be a local connectivity bound:  ∑.∈/! 𝐿-. ≤

0!
1
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Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then system is stable for all 0 ≤ 𝐾 ≤ 𝑘∗

Brockett & Willems ‘65

Assume: 𝑝"(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If  ℎ 𝑠 1 + 𝛾"
#
$
𝑝" 𝑠 ∈ 𝑆𝑃𝑅, ∀𝑖, then

system stable for networks ∑%∈'! 𝐿"% ≤
(!
)
, ∀𝑖

Pates & M 2019

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)

𝐺(𝑠)
𝑟 𝑦

-
𝐾 -
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<latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit><latexit sha1_base64="9Xy0wzzqrQXVDfhjWE1aAdiIntE="></latexit>

L
<latexit sha1_base64="kJn49wo+g7sMLZzm2GSfbtYLbVg=">AAACKnicbVA9SwNBEJ3zM55fiZY2h0GwCnc22ohBGwuLCEYDMYS9zSRZsrd37M6J8QjY2+q/8H/Y24mtP8RNYuFFHww83pthZl6YSGHI9z+cufmFxaXlwoq7ura+sVksbV2bONUc6zyWsW6EzKAUCuskSGIj0ciiUOJNODgb+zd3qI2I1RUNE2xFrKdEV3BGVrq8aBfLfsWfwPtLgh9SPnlzjx8BoNYuOdu3nZinESrikhnTDPyEWhnTJLjEkXubGkwYH7AeNi1VLELTyiaXjrw9q3S8bqxtKfIm6u+JjEXGDKPQdkaM+mbWG4v/ec2UuketTKgkJVR8uqibSo9ib/y21xEaOcmhJYxrYW/1eJ9pxsmGk9uSKkEm90bW0yzpC36fVw2hUBHSw8h1bYzBbGh/yfVBJfArwWVQrp7CFAXYgV3YhwAOoQrnUIM6cEB4gmd4cV6dd+fD+Zy2zjk/M9uQg/P1DUUaqQI=</latexit><latexit sha1_base64="17WSgiMlLu/93M8etThQWUlUHeE=">AAACKnicbVC7TgJBFJ3FF64vkNJmIzGxIrs22hiJNhYWkMgjAUJmhwtMmJ3dzNw14oYvsNUvsPU/7G0MsfVDHB6FgCe5yck59+bee/xIcI2uO7ZSa+sbm1vpbXtnd2//IJM9rOowVgwqLBShqvtUg+ASKshRQD1SQANfQM0f3Ez82gMozUN5j8MIWgHtSd7ljKKRynftTN4tuFM4q8Sbk/zVh30ZvX3ZpXbWyjU7IYsDkMgE1brhuRG2EqqQMwEjuxlriCgb0B40DJU0AN1KppeOnBOjdJxuqExJdKbq34mEBloPA990BhT7etmbiP95jRi7F62EyyhGkGy2qBsLB0Nn8rbT4QoYiqEhlClubnVYnyrK0ISzsCWWHPXCG0lP0ajP2eOiqhG4DACfRrZtYvSWQ1sl1bOC5xa8spcvXpMZ0uSIHJNT4pFzUiS3pEQqhBEgz+SFvFrv1qc1tr5nrSlrPpMjC7B+fgGWkap2</latexit><latexit sha1_base64="17WSgiMlLu/93M8etThQWUlUHeE=">AAACKnicbVC7TgJBFJ3FF64vkNJmIzGxIrs22hiJNhYWkMgjAUJmhwtMmJ3dzNw14oYvsNUvsPU/7G0MsfVDHB6FgCe5yck59+bee/xIcI2uO7ZSa+sbm1vpbXtnd2//IJM9rOowVgwqLBShqvtUg+ASKshRQD1SQANfQM0f3Ez82gMozUN5j8MIWgHtSd7ljKKRynftTN4tuFM4q8Sbk/zVh30ZvX3ZpXbWyjU7IYsDkMgE1brhuRG2EqqQMwEjuxlriCgb0B40DJU0AN1KppeOnBOjdJxuqExJdKbq34mEBloPA990BhT7etmbiP95jRi7F62EyyhGkGy2qBsLB0Nn8rbT4QoYiqEhlClubnVYnyrK0ISzsCWWHPXCG0lP0ajP2eOiqhG4DACfRrZtYvSWQ1sl1bOC5xa8spcvXpMZ0uSIHJNT4pFzUiS3pEQqhBEgz+SFvFrv1qc1tr5nrSlrPpMjC7B+fgGWkap2</latexit><latexit sha1_base64="ApSPsF3a7JA9re3wmf7I9xV1TvE=">AAACKnicbVBNT8JAEN36ifUL5OilkZh4Iq0XPRK9ePAAiXwk0JDtMsCG7bbZnRqx4Rd41X/hr/FGvPpDXKAHC75kkpf3ZjIzL4gF1+i6c2tre2d3b79wYB8eHZ+cFktnLR0likGTRSJSnYBqEFxCEzkK6MQKaBgIaAeT+4XffgaleSSfcBqDH9KR5EPOKBqp8dgvVtyqu4SzSbyMVEiGer9klXuDiCUhSGSCat313Bj9lCrkTMDM7iUaYsomdARdQyUNQfvp8tKZc2mUgTOMlCmJzlL9O5HSUOtpGJjOkOJYr3sL8T+vm+Dw1k+5jBMEyVaLholwMHIWbzsDroChmBpCmeLmVoeNqaIMTTi5LYnkqHNvpCNF4zFnL3lVI3AZAr7ObNvE6K2Htkla11XPrXoNr1K7ywItkHNyQa6IR25IjTyQOmkSRoC8kXfyYX1aX9bc+l61blnZTJnkYP38Al75pzU=</latexit>
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<latexit sha1_base64="+3E4MbuUNHRXeWA8gpP8pS1/BaE=">AAACNXicbVBNS8NAEJ3U7/pV7dFLsAh6KYkXPRYF8VjBVqEpstlO2qWbTdidiDXkb3jVf+Fv8SB4EK/+BbetB6s+GHi8N8PMvDCVwpDnvTilufmFxaXllfLq2vrGZmVru22STHNs8UQm+jpkBqVQ2CJBEq9TjSwOJV6Fw9Oxf3WL2ohEXdIoxW7M+kpEgjOyUhBEmvHcL3JTNG8qNa/uTeD+Jf43qTUOvLM3AGjebDnVoJfwLEZFXDJjOr6XUjdnmgSXWJSDzGDK+JD1sWOpYjGabj45unD3rNJzo0TbUuRO1J8TOYuNGcWh7YwZDcxvbyz+53Uyio67uVBpRqj4dFGUSZcSd5yA2xMaOcmRJYxrYW91+YDZHMjmNLMlU4LMzBt5X7N0IPjdrGoIhYqR7oty2cbo/w7tL2kf1n2v7l/4tcYJTLEMO7AL++DDETTgHJrQAg4pPMAjPDnPzqvz7nxMW0vO90wVZuB8fgH4cq3y</latexit><latexit sha1_base64="VvaUbkFwVEouioY/DW5RuX4IAHc=">AAACNXicbVDLSgNBEJz1GeMrMUcvi0HQS9j1oseoIB4jmAckIcxOepMhs7PLTK8Yl/0Nb6J/4bd48CbiTfALnDwOJrGgoajqprvLiwTX6Dhv1tLyyuraemYju7m1vbOby+/VdBgrBlUWilA1PKpBcAlV5CigESmggSeg7g0uR379DpTmobzFYQTtgPYk9zmjaKRWy1eUJW6a6LTSyRWdkjOGvUjcKSmWj52rr5+n80onbxVa3ZDFAUhkgmrddJ0I2wlVyJmANNuKNUSUDWgPmoZKGoBuJ+OjU/vQKF3bD5UpifZY/TuR0EDrYeCZzoBiX897I/E/rxmjf9ZOuIxiBMkmi/xY2BjaowTsLlfAUAwNoUxxc6vN+tTkgCanmS2x5Khn3kh6ikZ9zu5nVY3AZQD4kGazJkZ3PrRFUjspuU7JvXGL5QsyQYbskwNyRFxySsrkmlRIlTASkUfyTF6sV+vd+rA+J61L1nSmQGZgff8C6aCvyg==</latexit><latexit sha1_base64="VvaUbkFwVEouioY/DW5RuX4IAHc=">AAACNXicbVDLSgNBEJz1GeMrMUcvi0HQS9j1oseoIB4jmAckIcxOepMhs7PLTK8Yl/0Nb6J/4bd48CbiTfALnDwOJrGgoajqprvLiwTX6Dhv1tLyyuraemYju7m1vbOby+/VdBgrBlUWilA1PKpBcAlV5CigESmggSeg7g0uR379DpTmobzFYQTtgPYk9zmjaKRWy1eUJW6a6LTSyRWdkjOGvUjcKSmWj52rr5+n80onbxVa3ZDFAUhkgmrddJ0I2wlVyJmANNuKNUSUDWgPmoZKGoBuJ+OjU/vQKF3bD5UpifZY/TuR0EDrYeCZzoBiX897I/E/rxmjf9ZOuIxiBMkmi/xY2BjaowTsLlfAUAwNoUxxc6vN+tTkgCanmS2x5Khn3kh6ikZ9zu5nVY3AZQD4kGazJkZ3PrRFUjspuU7JvXGL5QsyQYbskwNyRFxySsrkmlRIlTASkUfyTF6sV+vd+rA+J61L1nSmQGZgff8C6aCvyg==</latexit><latexit sha1_base64="CkSZvyZ0t0vrR4OsGrfIFMHiDjg=">AAACNXicbZC7TsNAEEXXPIN5JaSksYiQqCKbBsoIGsogkYeURNF6M05WWa+t3TEiWP4NWvgLvoWCDtHyC2wSFzjhSitd3ZnRzB4/Flyj635YG5tb2zu7pT17/+Dw6LhcOWnrKFEMWiwSker6VIPgElrIUUA3VkBDX0DHn97O651HUJpH8gFnMQxCOpY84Iyiifr9QFGWelmqs+awXHPr7kLOuvFyUyO5msOKVe2PIpaEIJEJqnXPc2McpFQhZwIyu59oiCmb0jH0jJU0BD1IF0dnzrlJRk4QKfMkOov070RKQ61noW86Q4oTvVqbh//VegkG14OUyzhBkGy5KEiEg5EzJ+CMuAKGYmYMZYqbWx02oYYDGk6FLYnkqAvfSMeKxhPOnoqpRuAyBHzObNtg9FahrZv2Zd1z6969V2vc5EBL5JSckQvikSvSIHekSVqEkZi8kFfyZr1bn9aX9b1s3bDymSopyPr5BSpNrDM=</latexit>

P =diag(pi)
<latexit sha1_base64="eyE++Zhv93OdAZPKot4Fx83bVAs="></latexit><latexit sha1_base64="eyE++Zhv93OdAZPKot4Fx83bVAs="></latexit><latexit sha1_base64="eyE++Zhv93OdAZPKot4Fx83bVAs="></latexit><latexit sha1_base64="eyE++Zhv93OdAZPKot4Fx83bVAs="></latexit>



Scale-free Stability Analysis

Key Idea: Exploit limited network information to relax passivity condition 
• Let 𝛾- be a local connectivity bound:  ∑.∈/! 𝐿-. ≤

0!
1
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Assume: 𝐺(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If   ℎ 𝑠 1 + 𝑘∗𝐺 𝑠 ∈ 𝑆𝑃𝑅  (strictly)
 then system is stable for all 0 ≤ 𝐾 ≤ 𝑘∗

Brockett & Willems ‘65

Assume: 𝑝"(𝑠) is stable

Define: ℎ 𝑠 ∈ 𝑃𝑅   (passive)

Test:  If  ℎ 𝑠 1 + 𝛾"
#
$
𝑝" 𝑠 ∈ 𝑆𝑃𝑅, ∀𝑖, then

system stable for networks ∑%∈'! 𝐿"% ≤
(!
)
, ∀𝑖

Pates & M 2019

𝐿!# = −𝑏!#𝑣!𝑣#cos(𝜃!∗ − 𝜃#∗)

𝐺(𝑠)
𝑟 𝑦

-
𝐾 -

+

L̄

0 � L̄ :=�-12L�-12 � I
<latexit sha1_base64="cg8f+Oq28RHocjg3FpgIVjUV2j0="></latexit><latexit sha1_base64="Tx9JGOevZCUxw2JkQhJSR9jH/Tg="></latexit><latexit sha1_base64="Tx9JGOevZCUxw2JkQhJSR9jH/Tg="></latexit><latexit sha1_base64="yL/sOgpRcV3iKibsvsnVyoizwtg="></latexit>
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<latexit sha1_base64="QTeinaj/nq+kSBIIvBcOgGl6X50=">AAACL3icbVDLbhNBEOwNkIQF8sBHLiusSJysXS7kEmGRAxwTKX5I9irqHffaQ2ZmVzO9KGZlKZ/AlfxFvoJPQLlEXPkLxo8DTlJSS6WqbnV3ZaWSjuP4Nth48vTZ5tb28/DFy1c7u3v7r7uuqKygjihUYfsZOlLSUIclK+qXllBninrZxfHc730j62RhznhaUqpxbGQuBbKXusPPqDWe7zXjVrxA9JAkK9L8+Cs8ugKAk/P9oDEcFaLSZFgodG6QxCWnNVqWQtEsHFaOShQXOKaBpwY1ubRenDuLDrwyivLC+jIcLdT/J2rUzk115js18sTd9+biY96g4vwwraUpKyYjlovySkVcRPPfo5G0JFhNPUFhpb81EhO0KNgntLalMpLd2hv12GI5keJyXXVM0mji77Mw9DEm90N7SLrvW0ncSk6TZvsTLLENb+AtvIMEPkAbvsAJdEDAV/gBP+E6uAl+B3fBn2XrRrCaacAagr//AHlsqyc=</latexit><latexit sha1_base64="MCOqrUKDofSRZQCC84nt9D+YUJw=">AAACL3icbVDLSgNBEJz1Gde3Hr0sBsFT2PWiFzHoQY8RTBSSIL2TTjI6M7vM9IpxyT941atf4Ff4CeJFvPoXThIPRi1oKKq66e6KUyksheGbNzE5NT0zW5jz5xcWl5ZXVtdqNskMxypPZGIuYrAohcYqCZJ4kRoEFUs8j6+PBv75DRorEn1GvRSbCjpatAUHclKtcQxKweVKMSyFQwR/SfRNigcv/n769OpXLle99UYr4ZlCTVyCtfUoTKmZgyHBJfb9RmYxBX4NHaw7qkGhbebDc/vBllNaQTsxrjQFQ/XnRA7K2p6KXacC6trf3kD8z6tn1N5r5kKnGaHmo0XtTAaUBIPfg5YwyEn2HAFuhLs14F0wwMklNLYl04Ls2Bt5x0DaFfx2XLWEQiuku77vuxij36H9JbWdUhSWotOoWD5kIxTYBttk2yxiu6zMTliFVRlnV+yePbBH79l79d69j1HrhPc9s87G4H1+AcrjrJs=</latexit><latexit sha1_base64="MCOqrUKDofSRZQCC84nt9D+YUJw=">AAACL3icbVDLSgNBEJz1Gde3Hr0sBsFT2PWiFzHoQY8RTBSSIL2TTjI6M7vM9IpxyT941atf4Ff4CeJFvPoXThIPRi1oKKq66e6KUyksheGbNzE5NT0zW5jz5xcWl5ZXVtdqNskMxypPZGIuYrAohcYqCZJ4kRoEFUs8j6+PBv75DRorEn1GvRSbCjpatAUHclKtcQxKweVKMSyFQwR/SfRNigcv/n769OpXLle99UYr4ZlCTVyCtfUoTKmZgyHBJfb9RmYxBX4NHaw7qkGhbebDc/vBllNaQTsxrjQFQ/XnRA7K2p6KXacC6trf3kD8z6tn1N5r5kKnGaHmo0XtTAaUBIPfg5YwyEn2HAFuhLs14F0wwMklNLYl04Ls2Bt5x0DaFfx2XLWEQiuku77vuxij36H9JbWdUhSWotOoWD5kIxTYBttk2yxiu6zMTliFVRlnV+yePbBH79l79d69j1HrhPc9s87G4H1+AcrjrJs=</latexit><latexit sha1_base64="hIqttjdjb+W4s/4+HUqlWs3M9j0=">AAACL3icbVDLSgNBEJz1bXwlevSyGARPYdeLHoMe9KhgYiAJ0jvpTUZnZpeZXjEu+Qev+hd+jXgRr/6Fk8fBVQsaiqpuuruiVApLQfDuzc0vLC4tr6yW1tY3NrfKle2mTTLDscETmZhWBBal0NggQRJbqUFQkcTr6O507F/fo7Ei0Vc0TLGroK9FLDiQk5qdM1AKbsrVoBZM4P8l4YxU2QwXNxVvp9NLeKZQE5dgbTsMUurmYEhwiaNSJ7OYAr+DPrYd1aDQdvPJuSN/3yk9P06MK03+RP05kYOydqgi16mABva3Nxb/89oZxcfdXOg0I9R8uijOpE+JP/7d7wmDnOTQEeBGuFt9PgADnFxChS2ZFmQLb+R9A+lA8IeiagmFVkiPo1LJxRj+Du0vaR7WwqAWXobV+sks0BW2y/bYAQvZEauzc3bBGoyzW/bEntmL9+q9eR/e57R1zpvN7LACvK9vk0upWg==</latexit>
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<latexit sha1_base64="+3E4MbuUNHRXeWA8gpP8pS1/BaE=">AAACNXicbVBNS8NAEJ3U7/pV7dFLsAh6KYkXPRYF8VjBVqEpstlO2qWbTdidiDXkb3jVf+Fv8SB4EK/+BbetB6s+GHi8N8PMvDCVwpDnvTilufmFxaXllfLq2vrGZmVru22STHNs8UQm+jpkBqVQ2CJBEq9TjSwOJV6Fw9Oxf3WL2ohEXdIoxW7M+kpEgjOyUhBEmvHcL3JTNG8qNa/uTeD+Jf43qTUOvLM3AGjebDnVoJfwLEZFXDJjOr6XUjdnmgSXWJSDzGDK+JD1sWOpYjGabj45unD3rNJzo0TbUuRO1J8TOYuNGcWh7YwZDcxvbyz+53Uyio67uVBpRqj4dFGUSZcSd5yA2xMaOcmRJYxrYW91+YDZHMjmNLMlU4LMzBt5X7N0IPjdrGoIhYqR7oty2cbo/w7tL2kf1n2v7l/4tcYJTLEMO7AL++DDETTgHJrQAg4pPMAjPDnPzqvz7nxMW0vO90wVZuB8fgH4cq3y</latexit><latexit sha1_base64="VvaUbkFwVEouioY/DW5RuX4IAHc=">AAACNXicbVDLSgNBEJz1GeMrMUcvi0HQS9j1oseoIB4jmAckIcxOepMhs7PLTK8Yl/0Nb6J/4bd48CbiTfALnDwOJrGgoajqprvLiwTX6Dhv1tLyyuraemYju7m1vbOby+/VdBgrBlUWilA1PKpBcAlV5CigESmggSeg7g0uR379DpTmobzFYQTtgPYk9zmjaKRWy1eUJW6a6LTSyRWdkjOGvUjcKSmWj52rr5+n80onbxVa3ZDFAUhkgmrddJ0I2wlVyJmANNuKNUSUDWgPmoZKGoBuJ+OjU/vQKF3bD5UpifZY/TuR0EDrYeCZzoBiX897I/E/rxmjf9ZOuIxiBMkmi/xY2BjaowTsLlfAUAwNoUxxc6vN+tTkgCanmS2x5Khn3kh6ikZ9zu5nVY3AZQD4kGazJkZ3PrRFUjspuU7JvXGL5QsyQYbskwNyRFxySsrkmlRIlTASkUfyTF6sV+vd+rA+J61L1nSmQGZgff8C6aCvyg==</latexit><latexit sha1_base64="VvaUbkFwVEouioY/DW5RuX4IAHc=">AAACNXicbVDLSgNBEJz1GeMrMUcvi0HQS9j1oseoIB4jmAckIcxOepMhs7PLTK8Yl/0Nb6J/4bd48CbiTfALnDwOJrGgoajqprvLiwTX6Dhv1tLyyuraemYju7m1vbOby+/VdBgrBlUWilA1PKpBcAlV5CigESmggSeg7g0uR379DpTmobzFYQTtgPYk9zmjaKRWy1eUJW6a6LTSyRWdkjOGvUjcKSmWj52rr5+n80onbxVa3ZDFAUhkgmrddJ0I2wlVyJmANNuKNUSUDWgPmoZKGoBuJ+OjU/vQKF3bD5UpifZY/TuR0EDrYeCZzoBiX897I/E/rxmjf9ZOuIxiBMkmi/xY2BjaowTsLlfAUAwNoUxxc6vN+tTkgCanmS2x5Khn3kh6ikZ9zu5nVY3AZQD4kGazJkZ3PrRFUjspuU7JvXGL5QsyQYbskwNyRFxySsrkmlRIlTASkUfyTF6sV+vd+rA+J61L1nSmQGZgff8C6aCvyg==</latexit><latexit sha1_base64="CkSZvyZ0t0vrR4OsGrfIFMHiDjg=">AAACNXicbZC7TsNAEEXXPIN5JaSksYiQqCKbBsoIGsogkYeURNF6M05WWa+t3TEiWP4NWvgLvoWCDtHyC2wSFzjhSitd3ZnRzB4/Flyj635YG5tb2zu7pT17/+Dw6LhcOWnrKFEMWiwSker6VIPgElrIUUA3VkBDX0DHn97O651HUJpH8gFnMQxCOpY84Iyiifr9QFGWelmqs+awXHPr7kLOuvFyUyO5msOKVe2PIpaEIJEJqnXPc2McpFQhZwIyu59oiCmb0jH0jJU0BD1IF0dnzrlJRk4QKfMkOov070RKQ61noW86Q4oTvVqbh//VegkG14OUyzhBkGy5KEiEg5EzJ+CMuAKGYmYMZYqbWx02oYYDGk6FLYnkqAvfSMeKxhPOnoqpRuAyBHzObNtg9FahrZv2Zd1z6969V2vc5EBL5JSckQvikSvSIHekSVqEkZi8kFfyZr1bn9aX9b1s3bDymSopyPr5BSpNrDM=</latexit>

P =diag(pi)
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Examples

Automatic Generation Control

Let                                            .

Given               , then, for any network such that                                     with

the delayed swing equations are stable for whenever  

Delay Robustness of Swing Equations

pi(s) =
1

Mis + Die��is
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[TCNS 19] Pates, M. Robust Scale Free Synthesis for Frequency Regulation in Power Systems. IEEE Transactions on Control of Network Systems, 2019
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• Merits and trade-offs of low inertia
• Control Perspective: Lighter systems are easier to control!

• Scale-free Stability Analysis of Grids
• Generalizes passivity notions using network information

• Analysis of Weakly-Connected Coherent Networks 
• Generalized Center of Inertia captures IBR dynamics
• Identification of coherent modes via spectral clustering

• Grid Shaping Control
• Grid-following/forming control framework for controlling future girds
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Coherence in Power Networks
•  Studied since the 70s
• Podmore, Price, Chow, Kokotovic, Verghese, 

Pai, Schweppe,…

•  Enables aggregation/model reduction
• Speed up transient stability analysis

• Many important questions
• How to identify coherent modes?
• How to accurately reduce them?
• What is the cause?

•  Many approaches
• Timescale separations (Chow, Kokotovic,)
• Krylov subspaces (Chaniotis, Pai ‘01)
• Balanced truncation (Liu et al ‘09)
• Selective Modal Analysis (Perez-Arriaga, 

Verghese, Schweppe ‘82)

Goal: Understand how IBR presence affect classical coherence studies
Enrique Mallada (JHU) 17



Case Study 1: Network Coherence

Key Questions:
• How does coherence emerge, and what does it depend on?
• How to characterize the coherent response in the presence of IBRs?

Enrique Mallada (JHU) 18



Case Study 2: Coherent Inter-area Modes

Key Questions:
• How to identify coherent areas?
• Can we model the inter-area oscillations?

Enrique Mallada (JHU) 19



Analysis of Coherent Dynamics [CDC 19, Auto 25]

• Problem Setup:
• Linearized power flows 𝐿!#
• Bus 𝑖: arbitrary siso tf:

 𝜔! = 𝑔! 𝑠 	Δ𝑃! (SGs or IBRs)

[CDC 19] Min, M. Dynamics concentration of large-scale tightly-connected networks. Conference on Decision and Control 2019 
[Automatica 25] Min, Pates, M. A frequency domain analysis of slow coherency in networked systems. Automatica 2025

?

1.When does this network 
exhibit coherence? 2.What is the exact coherent 

response of this network?

Richard PatesHancheng Min

𝑔" 𝑠 =
1

𝑚"𝑠 + 𝑑" +
𝑅"*#
𝜏𝑠 + 1

Example I: SG + Turbine

Enrique Mallada (JHU) 20

𝑔" 𝑠 =
1

𝜈"𝑠 + 𝑅"*#

Example II: IBRs



[CDC 19] Min, M. Dynamics concentration of large-scale tightly-connected networks. Conference on Decision and Control 2019 
[Automatica 25] Min, Pates, M. A frequency domain analysis of slow coherency in networked systems. Automatica 2025

Analysis of Coherent Dynamics [CDC 19, Auto 25]

1. Coherence can be understood as a low rank property the closed-loop 
transfer matrix

2. It emerges as the effective algebraic connectivity 𝟏
𝒔𝟎
𝝀𝟐(𝑳)  increases

3. The coherent dynamics is given by the harmonic sum of bus 
dynamics 

?

1.When does this network 
exhibit coherence? 2.What is the exact coherent 

response of this network?

<latexit sha1_base64="6XmK2BlYgDsqoDrivg29YjepCuU="></latexit>

ĝ(s) =

(
n∑

i=1

g−1
i (s)

)−1

Richard PatesHancheng Min

Enrique Mallada (JHU) 20



Generalized Center of Inertia [CDC 19, Auto 25]

[CDC 19] Min, M. Dynamics concentration of large-scale tightly-connected networks. Conference on Decision and Control 2019 
[LCSS 20] Min, Paganini, M. Accurate reduced-order models for heterogeneous coherent generators. IEEE LCSS 2020
[Auto 25] Min, Pates, M. A frequency domain analysis of slow coherency in networked systems. Automatica 2025

<latexit sha1_base64="6XmK2BlYgDsqoDrivg29YjepCuU="></latexit>

ĝ(s) =

(
n∑

i=1

g−1
i (s)

)−1

• Coherent Dynamics: %𝒈(𝒔)
• Representation of aggregate response
• Accuracy of approximation: 
• is frequency dependent
• increases with network connectivity

• Provides excellent template for reduced 
order models (via balance-truncations)

• More details [LCSS 20]

Richard PatesHancheng Min

Enrique Mallada (JHU) 21



Weakly-Connected Coherent Networks

???

• Aggregate each coherent area

• Inter-area oscillation can be 
modeled as the interaction 
among aggregate nodes

[L4DC 23] Min, M. Learning coherent clusters in weakly-connected network systems. Leaning for Dynamics and Control 2023

Hancheng Min

Enrique Mallada (JHU) 22



Structure-preserving Network Reduction

Step 1: Identifying coherent areas

Tightly-connected
Networks are coherent

⇓

Use spectral clustering 
algorithm to find 
tightly-connected 

subnetworks/areas

[L4DC 23] Min, M. Learning coherent clusters in weakly-connected network systems. Leaning for Dynamics and Control 2023

Hancheng Min

Enrique Mallada (JHU) 23



Structure-preserving Network Reduction

Step 2: Aggregate coherent areas

Coherent dynamics are 
given by

 :𝑔 𝑠 = ∑!%&' 𝑔!(& (𝑠)
(&

⇓

Aggregate each 
identified coherent area 

into its corresponding 
coherent dynamics "𝑔 𝑠

[L4DC 23] Min, M. Learning coherent clusters in weakly-connected network systems. Leaning for Dynamics and Control 2023

Hancheng Min

Enrique Mallada (JHU) 23



Structure-preserving Network Reduction

Step 3: Model the interaction among aggregate nodes 

Construct the reduced 
network 𝐿- by solving 

an optimization problem 
(it has closed-form 

solution)

[L4DC 23] Min, M. Learning coherent clusters in weakly-connected network systems. Leaning for Dynamics and Control 2023

Hancheng Min

Enrique Mallada (JHU) 23



Approximation Errors

Approximation error 
depends on:

• Whether the network 
has a multi-cluster 
structure

• Whether the SC 
algorithm finds the 
right clusters

• How well one model 
the interaction

𝑇 𝑠" − =𝑇)	(𝑠") * = 𝒪
1

𝜆)+& 𝐿
+ 𝒪 𝑉) 𝐿 − 𝑃 ,$ $%&

' 𝑆
*

[L4DC 23] Min, M. Learning coherent clusters in weakly-connected network systems. Leaning for Dynamics and Control 2023

Hancheng Min

Enrique Mallada (JHU) 24



Numerical validation – RTS 96 test case

• The IEEE reliability test system: 1996

• 3 areas, 33 generators in total

• Different rotor angles across each area 
at initialization 

• Solid lines: actual frequency response
Dashed lines: reduced model 

Hancheng Min

[L4DC 23] Min, M. Learning coherent clusters in weakly-connected network systems. Leaning for Dynamics and Control 2023
Enrique Mallada (JHU) 25
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Grid Shaping Control

Use model matching control to shape system response

Grid-following IBRs Grid-forming IBRs

Enrique Mallada (JHU) 26



Grid-shaping with GFL IBRs [TPS 21]

Enrique Mallada (JHU) 27
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Petr VorobevEliza CohnYan Jiang



Grid-shaping with GFL IBRs [TPS 21]

Enrique Mallada (JHU) 27
[TPS 21] Jiang, Cohn, Vorobev, M. Storage-based frequency shaping control Transactions on Power Systems 2021

Petr VorobevEliza CohnYan Jiang
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Grid-shaping with GFL IBRs [TPS 21]

Enrique Mallada (JHU) 27
[TPS 21] Jiang, Cohn, Vorobev, M. Storage-based frequency shaping control Transactions on Power Systems 2021
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Grid Shaping Control

Use model matching control to shape system response

Grid-following IBRs Grid-forming IBRs
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GFM Grid-shaping Through Lines [LCSS 23]

Enrique Mallada (JHU) 29

Turbine

+
−

𝜔!"#

𝑃!"#

𝑃$

𝜔 𝜔

𝑃%

+−

𝑃&

Grid Shaping

1

𝑚𝑠 + 𝑑 +
𝑟()*

𝝉′𝑠 + 1

𝑃%

𝑃!"# +
−

𝜔

𝜔!"#

−

+

+
−

𝜔!"#

𝑃!"#

𝜔 𝜔

𝑃%

Tunable Performance:
E.g.:          Turbine Time Constant = 𝝉0

[LCSS 23] Poolla, Lin, Bernstein, M, Groß. Frequency shaping control for weakly-coupled grid-forming IBRs IEEE Control Systems Letters 2023

D. GroßA. BernsteinY. LinB. K. Poolla
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GFM System-wide Grid-shaping [LCSS 20]

Enrique Mallada (JHU) 30
[LCSS 20] Jiang, Bernstein, Vorobev, M. Grid-forming frequency shaping control for low-inertia power systems IEEE Control Systems Letters 2020
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Grid Shaping Control

Use model matching control to shape system response

Grid-following IBRs Grid-forming IBRs

Grid Shaping

1
𝑎𝑠 + 𝑏
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Summary
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• Merits and trade-offs of low inertia
• Control Perspective: Lighter systems are easier to control!
• Smarter controller can provide multiple benefits in Nadir, RoCoF, inter-area oscillations, and disturbance 

rejection, with less effort

• Scale-free Stability Analysis of Grids
• Generalizes passivity notions using network information
• Decentralized test based on local models
• Compatible with 𝐻2-synthesis methods

• Analysis of Weakly-Connected Coherent Networks 
• Generalized Center of Inertia captures IBR dynamics
• Provide a new tunable target to meet system specs
• Coherent modes identified via spectral clustering

• Grid Shaping Control
• Grid-following/forming control framework for future girds
• Leverages IBRs to shape the coherent response
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Network Coherence: Heterogeneous Case

The effect of non-coherent dynamics vanishes as:  

• For               , a pole of 
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• Extensions for random network ensembles, 𝑔" 𝑠 ≔ 𝑔 𝑠, 𝑤"  (𝑤"  random), then   𝑔̅ 𝑠 = (𝐸1[	𝑔*# 𝑠, 𝑤 ])*#

• Convergence of transfer matrix is related to time-domain response by Inverse Laplace Transform

• We can further prove uniform convergence over a compact subset of complex plane, if it doesn’t contain any 
zero nor pole of 𝑔̅(𝑠)

• Excluding zeros: the limit holds at zero, but by different convergence result 



Connection to Time Domain

If 𝑔̅(𝑠) and 𝑇 𝑠  stable ( 𝑔̅ N, 𝑇 N ≤ 𝛾), then there is 𝜆̅ = 𝑂 ⁄0 O  such that: 

•  𝜺-approximation, for any network 𝐿, with 𝜆1 𝐿 ≥ 𝜆̅

where 6𝑦 𝑡  is the coherence dynamics response:

•  element-wise coherence, for any pair of nodes 𝑖 and 𝑗
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Step Disturbance
`

Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)
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Icelandic Grid
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Example: Effect of Network Algebraic Connectivity
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𝜆D 𝐿 ↑

Coherent dynamics acts as a more accurate version of the Center of Inertia (CoI)



Example: Sinusoidal Disturbances: sin(𝝎𝒅𝒕)
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Frequency-dependent Coherence from Coupling Dynamics
• Frequency dependent coherence:

A stable network responds coherently 
when subject to signal with its 
frequency component concentrated 
around pole of 𝑓 𝑠

• An Artificial Example: 
A stable heterogenous network with 

𝑓 𝑠 = P
P0QR10

 is “synchronized” by 

external sinusoidal input sin𝜔S𝑡
(Such coherence is robust to small 
changes in input frequency)

First order nodal dynamics 𝑔! 𝑠 = &
-$.+/$

20 nodes with 𝑚!~𝑈𝑛𝑖𝑓 1, 5 , 𝑑!~𝑈𝑛𝑖𝑓(0.1, 0.5)
12-regular graph with unit weights
Sin input to the first node(shown in blue) only
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