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A Dream World of Success Stories
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2017 AlphaZero – Chess, Shogi, Go 2019 AlphaStar – Starcraft II2017 Google DeepMind’s DQN

OpenAI – Rubik’s Cube

Boston Dynamics

Waymo



Reality Kicks In 
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Fundamental challenge: The curse of dimensionality

§ Statistical: Sampling in 𝒅 dimension with resolution 𝝐

§ Computational: Verifying non-negativity of polynomials

Sample complexity:
<latexit sha1_base64="KTemZM15LkWtKQs4+JCK4gc5nB0=">AAACIXicZVDLSsNAFJ34rPUV7dJNsBTqwpJIUZdFN+6sYB/QxjKZTNqhk5kwMymG0G9x4UY/xZ24Ez/ErdM2SB8HLhzOuS+OF1EilW1/G2vrG5tb27md/O7e/sGheXTclDwWCDcQp1y0PSgxJQw3FFEUtyOBYehR3PKGtxO/NcJCEs4eVRJhN4R9RgKCoNJSzyzcl7sjKHAkCeXsKT33x2c9s2hX7CmsVeJkpAgy1Hvmb9fnKA4xU4hCKTuOHSk3hUIRRPE4340ljiAawj7uaMpgiKWbPk+/H1slLflWwIUupqypOj+SwlDKJPR0ZwjVQC57E/HfK82bnhcuHVfBtZsSFsUKMzQ7HcTUUtyahGP5RGCkaKIJRILo9y00gAIipSPML67m1B/rpJzlXFZJ86LiXFaqD9Vi7SbLLAdOwCkoAwdcgRq4A3XQAAgk4AW8gXfj1fgwPo2vWeuakc0UwAKMnz/pYqQr</latexit>

O("�d)

For 𝝐 = 𝟎. 𝟏 and 𝒅 = 𝟏𝟎𝟎, we 
would need 𝟏𝟎𝟏𝟎𝟎 points.

Atoms in the universe: 1078
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Copositive matrices: 

𝑥!"…𝑥#" 𝐴 𝑥!"…𝑥#"
$
≥ 0

Murty&Kadabi [1987]: Testing co-positivity is NP-Hard

Sum of Squares (SoS): 

 𝑧 𝑥 %𝑄𝑧(𝑥) ≥ 0,    𝑧& 𝑥 ∈ ℝ 𝑥 , 𝑥 ∈ ℝ# , 𝑄 ≽ 0
Artin [1927] (Hilbert’s 17th problem):

Non-negative polynomials are sum of square of rational functions



Methodological challenges

• Focused on a design-then-deploy philosophy
• Most methods have a strict separation between 

control synthesis and deployment

• Synthesis usually aims for the best (optimal) 
controller 
•  Lack of exploration of the benefits of designing 

sub-optimal controllers
 

• Policy parameters can drastically affect the 
system's behavior
• The params to behavior maps are highly sensitive 

to perturbations
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<latexit sha1_base64="1jBk7sp3oiAUWbIXCHqxRxAEYCs="></latexit>

max
ω

J(ω) = Eω

[∑→
t=0 ε

t r(st, at)
]

s.t. st+1 → P (· | st, at), at → ω(· | st)
RL:

<latexit sha1_base64="QkW/l0fC7uLv6WR1SLbchNXIhc8="></latexit>

min
u(·)

J =
∫ T
0 L(x(t), u(t), t) dt+ !(x(T ))

s.t. ẋ(t) = f(x(t), u(t), t), x(0) = x0

Optimal Control:

analysis
synthesis

and
verification

deployment

𝑥!"(𝑡)

𝑥#"(𝑡)

𝑥$"(𝑡)

θ θ′ 𝑥$(𝑡)

𝑥#(𝑡)

𝑥!(𝑡)
Θ 𝒳ℬ: 	Θ → 𝒳



Aspirational Goals

To design control policies as nature does…
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self improving, with each trialrefining post deployment avoiding poor decisions reinforcing good ones



Research Goals

• To develop analysis and design methods that 
trade off complexity and performance.

• To allow for continual improvement, without the 
need for redesign, retune, or retrain

• To design control policies with controlled 
sensitivity to parameter changes
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𝑥$"(𝑡)

Θ

θ θ′ 𝑥$(𝑡)

𝑥#(𝑡)

𝑥!(𝑡)
𝒳ℬ: 	Θ → 𝒳 𝑥!"(𝑡)

𝑥#"(𝑡)



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

•  Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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Problem setup
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Continuous time dynamical system:  �̇� 𝑡 = 𝑓(𝑥(𝑡))	
• Initial condition 𝑥! = 𝑥(0), solution at time 𝑡: 𝜙(𝑡, 𝑥!).

𝛀-Limit Set Ω 𝑓 :
  

<latexit sha1_base64="zc6dVLxGDOkR83nCZe2ni+qsljs="></latexit>

x 2 ⌦(f) () 9 x0, {tn}n�0, s.t. lim
n!1

tn = 1 and lim
n!1

�(tn, x0) = x

<latexit sha1_base64="iBU5zThiUBfgSKyqEkvpbpxkzTM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+2y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKIo2e</latexit>x0

<latexit sha1_base64="TQD6M/aHN+6Xq6IsvnGOZzBEOlA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXqnkcBTiFM7gAD66hBndQhyYwQHiGV3hzHpwX5935WLSuOfnMCfyB8/kD5i+M+w==</latexit>x



Problem setup
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Continuous time dynamical system:  �̇� 𝑡 = 𝑓(𝑥(𝑡))	
• Initial condition 𝑥! = 𝑥(0), solution at time 𝑡: 𝜙(𝑡, 𝑥!).

𝛀-Limit Set Ω 𝑓 :
  

<latexit sha1_base64="zc6dVLxGDOkR83nCZe2ni+qsljs="></latexit>

x 2 ⌦(f) () 9 x0, {tn}n�0, s.t. lim
n!1

tn = 1 and lim
n!1

�(tn, x0) = x

equilibrium limit cycle limit torus chaotic  attractor

Types of 𝛀-limit set

Remark: invariance is a shared property, thus a natural tool for analysis



Invariant sets
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

Source: K. Ghorbal, K. and A. Sogokon, Characterizing positively invariant sets: Inductive and topological methods. Journal of Symbolic Computation, 2022



Invariant sets: Merits
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

• Invariant sets approximate regions of attraction
Compact invariant set 𝒮, containing only 𝑥∗ = Ω 𝑓 ∩ 𝒮 must be 
in the region of attraction 𝒜(𝑥∗) (𝒮 ⊂ 𝒜(𝑥∗))

𝒮: 

𝓐 𝒙∗ 	: 

Invariant Set



Invariant sets: Merits
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

• Invariant sets further certify asymptotic stability via 
Lyapunov’s direct method 
Asymptotic stability: solutions that start close enough, remain close 
enough, and eventually converge to equilibrium. 

• Invariant sets approximate regions of attraction
Compact invariant set 𝒮, containing only 𝑥∗ = Ω 𝑓 ∩ 𝒮 must be 
in the region of attraction 𝒜(𝑥∗) (𝒮 ⊂ 𝒜(𝑥∗))

• Invariant sets guarantee stability 
Lyapunov stability: solutions starting "close enough" to the 
equilibrium (within a distance 𝛿) remain "close enough" forever 
(within a distance 𝜀)  Lyapunov Functions

𝒮: 

𝓐 𝒙∗ 	: 

Invariant Set

ε

𝛿



Invariant sets: Challenges
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A set 𝒮 ⊆ ℝ" is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

•  𝓢 is topologically constrained
• If 𝒮 ∩ Ω 𝑓 = {𝑥∗}, then 𝒮 is connected

Basin of Ω(𝑓)

•  𝓢 geometry can be wild
• 𝒜(Ω(𝑓)) can be fractal

•  𝓢 is geometrically constrained
• 𝑓 should not point outwards for 𝑥 ∈ 𝜕𝒮

A not invariant trajectory:

𝒮	:

𝓐 𝒙∗ 	: 



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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Recurrent sets: Letting things go, and come back
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…

Property of Recurrent Sets
• ℛ need not be connected

• ℛ does not require 𝑓 to point inwards on all 𝜕ℛ

 

Recurrent sets, while not invariant, 
guarantee that solutions that start in this set, 
will come back infinitely often, forever!   Recurrent set	ℛ: 

A recurrent trajectory:

…
A set ℛ ⊆ ℝ" is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡2 ≥ 𝑡 s.t. 𝜙 𝑡2, 𝑥! ∈ ℛ. 



A set ℛ ⊆ ℝ" is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡2 ≥ 𝑡 s.t. 𝜙 𝑡2, 𝑥! ∈ ℛ. 

Recurrent sets: Letting things go, and come back

Enrique Mallada (JHU) 13

Previous two good inner approximations of 𝓐(𝒙∗)  are recurrent sets

[arXiv 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal preprint arXiv:2204.10372.



Recurrent sets: Letting things go, and come back
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…

Property of Recurrent Sets
• ℛ need not be connected

• ℛ does not require 𝑓 to point inwards on all 𝜕ℛ

 

Recurrent sets, while not invariant, 
guarantee that solutions that start in this set, 
will come back infinitely often, forever!   Recurrent set	ℛ: 

A recurrent trajectory:

…
A set ℛ ⊆ ℝ" is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡2 ≥ 𝑡 s.t. 𝜙 𝑡2, 𝑥! ∈ ℛ. 

Question: Can we use recurrent sets as functional substitutes of invariant sets?
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Nonparametric Stability Analysis
R. Siegelmann, Y. Shen, F. Paganini, and E. Mallada, “A recurrence-based direct method for stability analysis and 
GPU-based verification of non-monotonic Lyapunov functions”, CDC 2023
R. Siegelmann, Y. Shen, F. Paganini, and E. Mallada, “Recurrent Lyapunov Functions”, TAC 2025, submitted
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Roy Siegelmann Yue Shen Fernando Paganini



Lyapunov’s Direct Method
Key idea: Make sub-level sets invariant to trap trajectories

Challenge: Couples shape of 𝑉 and vector field 𝑓
• Towards decoupling the 𝑉 − 𝑓 geometry

• Controlling regions where �̇� ≥ 0 [Karafyllis ‘09, Liu et al ‘20] 
• Higher order conditions: 𝑔(𝑉 ! , … , �̇�, 𝑉) ≤ 0 [Butz ‘69, Gunderson ’71, Ahmadi ’06, Meigoli ‘12]
• Discretization approach: 𝑉 𝑥 𝑇 ≤ 𝑉(𝑥(0)) [Coron et al ‘94, Aeyels et. al ‘98, Karafyllis ‘12]
• Multiple Lyapunov Functions: {𝑉": 𝑗 ∈ 𝑘 } [Ahmadi et al ‘14]

 

Enrique Mallada (JHU)

Theorem [Lyapunov ‘1892]. Given 𝑉:ℝ/ →
ℝ01	, with 𝑉 𝑥 > 0, ∀𝑥 ∈ ℝ/\ 𝑥∗ , then:
• �̇� ≤ 0 → 𝑥∗ stable
• �̇� < 0 → 𝑥∗ as. stable

15

            _
A Butz. Higher order derivatives of Lyapunov functions. IEEE Transactions on automatic control, 1969
Gunderson. A comparison lemma for higher order trajectory derivatives. Proceedings of the American Mathematical Society,  1971
Coron, Lionel Rosier. A relation between continuous time-varying and discontinuous feedback stabilization. J. Math. Syst., Estimation, Control, 1994
Aeyels, Peuteman. A new asymptotic stability criterion for nonlinear time-variant differential equations. IEEE Transactions on automatic control, 1998
Ahmadi. Non-monotonic Lyapunov functions for stability of nonlinear and switched systems: theory and computation, 2008
Karafyllis, Kravaris, Kalogerakis. Relaxed Lyapunov criteria for robust global stabilisation of non-linear systems. International Journal of Control, 2009
Meigoli, Nikravesh. Stability analysis of nonlinear systems using higher order derivatives of Lyapunov function candidates. Systems & Control Letters, 2012 
Karafyllis. Can we prove stability by using a positive definite function with non sign-definite derivative? IMA Journal of Mathematical Control and Information, 2012
Ahmadi, Jungers, Parrilo, Roozbehani. Joint spectral radius and path-complete graph Lyapunov functions. SIAM Journal on Control and Optimization, 2014
Liu, Liberzon, Zharnitsky. Almost Lyapunov functions for nonlinear systems. Automatica, 2020



Lyapunov’s Direct Method
Key idea: Make sub-level sets invariant to trap trajectories

Challenge: Couples shape of 𝑉 and vector field 𝑓
• Towards decoupling the 𝑉 − 𝑓 geometry

• Controlling regions where �̇� ≥ 0 [Karafyllis ‘09, Liu et al ‘20] 
• Higher order conditions: 𝑔(𝑉 ! , … , �̇�, 𝑉) ≤ 0 [Butz ‘69, Gunderson ’71, Ahmadi ’06, Meigoli ‘12]
• Discretization approach: 𝑉 𝑥 𝑇 ≤ 𝑉(𝑥(0)) [Coron et al ‘94, Aeyels et. al ‘98, Karafyllis ‘12]
• Multiple Lyapunov Functions: {𝑉": 𝑗 ∈ 𝑘 } [Ahmadi et al ‘14]

Question: Can we provide stability conditions based on recurrence? 
 

Enrique Mallada (JHU)

Theorem [Lyapunov ‘1892]. Given 𝑉:ℝ/ →
ℝ01	, with 𝑉 𝑥 > 0, ∀𝑥 ∈ ℝ/\ 𝑥∗ , then:
• �̇� ≤ 0 → 𝑥∗ stable
• �̇� < 0 → 𝑥∗ as. stable

15



Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ" → ℝ4 is a Recurrent Lyapunov Function if

Enrique Mallada (JHU) 16

t

Preliminaries:
•  Sub-level sets {𝑉(𝑥) ≤ 𝑐} are 𝝉-recurrent sets.

𝑉"#… 𝑥!

𝜏

<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

Definition: A set ℛ ⊆ ℝ$  is 𝝉-recurrent if for any 𝑥% ∈ ℛ and 𝑡 ≥ 0, ∃𝑡& ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡&, 𝑥% ∈ ℛ. 

Time elapsed ≤ 𝝉

<latexit sha1_base64="gkoES6J2ayfr4qcd6n8blreTT4Y="></latexit>

L(0,⌧ ]
f V (x) := min

t2(0,⌧ ]
V (�(t, x))� V (x)  0 8x 2 d



Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ" → ℝ4 is a Recurrent Lyapunov Function if

Enrique Mallada (JHU) 16

t

Preliminaries:
•  Sub-level sets {𝑉(𝑥) ≤ 𝑐} are 𝝉-recurrent sets.
•  When 𝑓 is 𝐿-Lipschitz, one can trap trajectories.

𝑉"#… 𝑥!

𝜏

<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

𝐹#𝜏𝑒'(

𝐹# = max
)∈++,

	| 𝑓 𝑥 |

<latexit sha1_base64="gkoES6J2ayfr4qcd6n8blreTT4Y="></latexit>

L(0,⌧ ]
f V (x) := min

t2(0,⌧ ]
V (�(t, x))� V (x)  0 8x 2 d



Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ" → ℝ4 is a recurrent Lyapunov function if

Enrique Mallada (JHU) 16

t𝜏

<latexit sha1_base64="zYguvhXzMP0xnVKEsHebvWRCAxA=">AAACN3icdVDLSgMxFM34rPXV6k43wSLUTZkpRV0W3bisYB/QDiWTybShmWRIMtIy9CPc6pf4Ka7ciVv/wEw7CzvFC4HDOfceTo4XMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJRIpaYtLFgQvY8pAijnLQ11Yz0IklQ6DHS9Sb3qd59JlJRwZ/0LCJuiEacBhQjbahupzod1q/gsFSxa/Zi4DpwMlAB2bSGZets4Asch4RrzJBSfceOtJsgqSlmZF4cxIpECE/QiPQN5Cgkyk2mi8BzeGkoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroFOvOde1xmOj0rzLei2Ac3ABqsABN6AJHkALtAEGE/ACXsGb9W59Wl/W93J1w8puTsHKWD+/PZirgQ==</latexit>

V (x2)

𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

<latexit sha1_base64="mrh/2teuN9lkyyoCVZKUZ5X9Tdk="></latexit>

min
t2(0,⌧ ]

V (�(t, x1))

<latexit sha1_base64="twQSiqKkyXoXl8U4voKcD6DKXTw="></latexit>

min
t2(0,⌧ ]

V (�(t, x2))

            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

Theorem [CDC 23]: Let 𝑉:	ℝ"→ ℝJ! be a 
recurrent Lyapunov function and let 𝑓 be L-
Lipschitz
• Then, the equilibrium 𝑥∗ is stable.
• Further, if the inequality is strict, then 𝑥∗ is 

asymptotically stable! 

<latexit sha1_base64="gkoES6J2ayfr4qcd6n8blreTT4Y="></latexit>

L(0,⌧ ]
f V (x) := min

t2(0,⌧ ]
V (�(t, x))� V (x)  0 8x 2 d



Exponential Stability Analysis

The function 𝑉:	ℝ" → ℝ4 is 𝜶-exponential recurrent Lyapunov function if

Enrique Mallada (JHU) 17

<latexit sha1_base64="eeRW347caejL5707667Mru3pkx4="></latexit>

L(0,⌧ ]
f,↵ V (x) := min

t2(0,⌧ ]
e↵tV (�(t, x))� V (x)  0 8x 2 d

t𝜏

<latexit sha1_base64="d6qZK8tpx7z97WzDNC/+/BPA0nM=">AAACN3icdVDLSgMxFM3UV62vVne6CRahbsqMFHVZdOOygn1AO5RMJtOGZpIhyUjL0I9wq1/ip7hyJ279AzPtLOwULwQO59x7ODlexKjStv1hFTY2t7Z3irulvf2Dw6Ny5bijRCwxaWPBhOx5SBFGOWlrqhnpRZKg0GOk603uU737TKSigj/pWUTcEI04DShG2lDdTm06dC7hsFy16/Zi4DpwMlAF2bSGFet04Asch4RrzJBSfceOtJsgqSlmZF4axIpECE/QiPQN5Cgkyk2mi8BzeGEoHwZCmsc1XLB/TxIUKjULPbMZIj1WeS0l/9NSR2VEaGpgMHURbGXH88JcPh3cugnlUawJx8t0QcygFjCtDPpUEqzZzACEJTU/hHiMJMLaFJuzFsyfmzadfHfroHNVd67rjcdGtXmX9VoEZ+Ac1IADbkATPIAWaAMMJuAFvII36936tL6s7+VqwcpuTsDKWD+/O8mrgA==</latexit>

V (x1)

            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

X
Theorem [CDC 23]: Let 𝑉:ℝ" → ℝJ! satisfy 

𝛼K 𝑥 − 𝑥∗ ≤ 𝑉 𝑥 ≤ 𝛼L 𝑥 − 𝑥∗ .
Then, if  𝑉 is 𝛼-exponential recurrent Lyapunov 
function, 𝑥∗ is 𝛼-exponentially stable.

<latexit sha1_base64="Q1yNz3ZeUcyfbB5xuIGBQwgXCqo="></latexit>

V (x1)e
�↵t

<latexit sha1_base64="fKEZtW2l1Kav3miVcDiEwaWURRk="></latexit>

V (x2)e
�↵t

𝜏

<latexit sha1_base64="rEJBNo8dsYOCzueBgxdeaoAkpbA=">AAACNnicdVDLTsJAFJ3iC/EFutPNRGKCG9ISX0uiG5eYSCGBhkynUxiZdpqZqYE0/INb/RJ/xY0749ZPcApdSIk3meTknHtPzhw3YlQq0/wwCmvrG5tbxe3Szu7e/kG5cmhLHgtM2pgzLroukoTRkLQVVYx0I0FQ4DLSccd3qd55JkJSHj6qaUScAA1D6lOMlKZsuzYZNM4H5apZN+cDV4GVgSrIpjWoGMd9j+M4IKHCDEnZs8xIOQkSimJGZqV+LEmE8BgNSU/DEAVEOslknncGzzTlQZ8L/UIF5+zfkwQFUk4DV28GSI1kXkvJ/7TUUWoR6hYYTF04W9px3SCXT/k3TkLDKFYkxIt0fsyg4jBtDHpUEKzYVAOEBdU/hHiEBMJK95qz5syb6TatfHerwG7Urav65cNFtXmb9VoEJ+AU1IAFrkET3IMWaAMMnsALeAVvxrvxaXwZ34vVgpHdHIGlMX5+Ad1Uq1g=</latexit>

V (x2)

<latexit sha1_base64="PFku1giQSdarz5rZEbKcUm4bGF8="></latexit>

min
t2(0,⌧ ]

e↵tV (�(t, x1))

<latexit sha1_base64="vZ3bGU6i6sLfSXUjYtDj7gJylR4="></latexit>

min
t2(0,⌧ ]

e↵tV (�(t, x2))



Norm-based Converse Theorem
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Theorem: Assume 𝑥∗ is 𝜆-exponentially stable:  ∃	𝐾, 𝜆 > 0 such that:

𝜙 𝑡, 𝑥 − 𝑥∗ ≤ 𝐾𝑒MNO 𝑥 − 𝑥∗ , ∀𝑥 ∈ ℝ".

Then, 𝑉 𝑥 = 𝑥 − 𝑥∗  is 𝛼-exponential recurrent Lyapunov function , i.e.,

min
O∈ !,P

	𝑒QO 𝜙 𝑡, 𝑥 − 𝑥∗ − 𝑥 − 𝑥∗ ≤ 0, ∀𝑥 ∈ ℝ",

whenever     𝛼 < 𝜆     and    𝜏 ≥ K
NMQ

ln𝐾.

Remarks:
• The rate 𝛼 must be strictly smaller than the rate of convergence 𝜆 (trading off optimality).
• Any norm is a Lyapunov function! 

Question: Is the struggle for its search over?



Nonparametric Verification of Exponential Stability

Enrique Mallada (JHU) 19

Proposition [CDC 23*]: Let ⋅  be any norm and 𝑥∗ = 0. Then, whenever

for all 𝑦 with 𝑦 − 𝑥 ≤ 𝑟

min
O∈ !,P

𝑒QO 𝜙 𝑥, 𝑡 + 𝑟𝑒RO ≤ 𝑥 − 𝑟

min
O∈ !,P

𝑒QO 𝜙 𝑦, 𝑡 ≤ 𝑦

Remarks:
• Only requires a trajectory of length 𝜏
• Trades off between radius 𝒓 and verified performance 𝜶
• Amenable for parallel computations using GPUs



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |3
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points

Nonparametric Stability Verification via GPUs

Enrique Mallada (JHU) 20

ℓ

<latexit sha1_base64="mu+GUF+hyPFxkAfLt6mzF+XbiIg=">AAACM3icdVDLSgMxFM34rPXV6k43wSKIizIjvpZFNy4r2ge0Y8lkMm1oMhmSjLQM/QS3+iV+jLgTt/6DmXYWdooXAodz7j2cHC9iVGnb/rCWlldW19YLG8XNre2d3VJ5r6lELDFpYMGEbHtIEUZD0tBUM9KOJEHcY6TlDW9TvfVMpKIifNTjiLgc9UMaUIy0oR5GT6e9UsWu2tOBi8DJQAVkU++VrYOuL3DMSagxQ0p1HDvSboKkppiRSbEbKxIhPER90jEwRJwoNxlNw07gsaF8GAhpXqjhlP17kiCu1Jh7ZpMjPVB5LSX/01JHZURoKmAwdRFsbsfzeC6fDq7dhIZRrEmIZ+mCmEEtYFoX9KkkWLOxAQhLan4I8QBJhLUpNWctmD8xbTr57hZB86zqXFYv7s8rtZus1wI4BEfgBDjgCtTAHaiDBsCgD17AK3iz3q1P68v6nq0uWdnNPpgb6+cXLWSqig==</latexit>

x⇤

ℓ
ℓ/3

split



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |3
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points
• Exponentially expand to outer layer
• Repeat testing in new layer

Nonparametric Stability Verification via GPUs
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• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |3
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points
• Exponentially expand to outer layer
• Repeat testing in new layer

Nonparametric Stability Verification via GPUs
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Q: How many samples are needed?
If	𝑥∗	is	𝜆-exp.	stable

𝒪 𝑞5/	log
𝑅
𝜀

with 𝑞 = ,-./ -./ 0

,0/ 12- 0 < 1.

𝑅ε



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |3
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points
• Exponentially expand to outer layer
• Repeat testing in new layer

• Two Alg. Variations:
• Alg. 1: Find largest 𝛼678 for region 𝒳
• Alg. 2: Find region 𝒳9 for given 𝛼

Nonparametric Stability Verification via GPUs
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𝒳
𝒳!



Numerical Illustration – Find Best 𝜶
Consider the 2-d non-linear system:
with 𝐵de ∼ 𝒩(0, 𝜎L)

Enrique Mallada (JHU) 21

�̇� = 0 2
−1 −1 𝑥 + 𝐵

𝑥KL
𝑥K𝑥L
𝑥LL

𝜎 = 0.3 𝛼fgh = 0.470



Numerical Illustration – Find region 𝒳𝜶
Consider the system of n Kuramoto oscillators: 

Enrique Mallada (JHU) 22

<latexit sha1_base64="oPUrZcLcZO9KaGRpTPOxa+Lqb3Y=">AAACKXicbVDLSsNAFJ3Ud31FXboZLEJdWBKR6qZQdONSwWqhqWEyndhpJ5MwcyOUkN9x46+4UVDUrT/itEbwdWDgcM653LknSATX4DivVmlqemZ2bn6hvLi0vLJqr61f6DhVlLVoLGLVDohmgkvWAg6CtRPFSBQIdhkMj8f+5Q1TmsfyHEYJ60bkWvKQUwJG8u2m14sBe9BnQHyOcQN7oSI0G+aZzD2dRn42aLj5lcSe5rJaBAe7XxM7vl1xas4E+C9xC1JBBU59+9GspGnEJFBBtO64TgLdjCjgVLC87KWaJYQOyTXrGCpJxHQ3m1ya422j9HAYK/Mk4In6fSIjkdajKDDJiEBf//bG4n9eJ4XwsJtxmaTAJP1cFKYCQ4zHteEeV4yCGBlCqOLmr5j2iWkKTLllU4L7++S/5GKv5tZr9bP9SvOoqGMebaItVEUuOkBNdIJOUQtRdIvu0RN6tu6sB+vFevuMlqxiZgP9gPX+Ab+npvY=</latexit>

ω̇i =
k

n

n∑

j=1

sin(ωj → ωi)

Parameters: 𝑛 = 3 and  𝛼 = 1

System dimension: 𝑑 = 𝑛 − 1



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline
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Nonparametric Safety Verification using Recurrence
Y. Shen, H. Sibai, E. Mallada, “Generalized Barrier Functions: Integral Conditions and Recurrent Relaxations”, in 
60th Allerton Conference on Communication, Control, and Computing 2024

Hussein SibaiYue Shen
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Safety in Dynamical Systems

Consider the continuous-time dynamical system:  �̇� = 𝑓 𝑥
- 𝜙 𝑡, 𝑥1 : solution at time 𝑡 starting from 𝑥1
- 𝑋:: set of unsafe states

Goal: Find the safe set

Enrique Mallada (JHU) 24

𝑋:: unsafe set
(e.g., obstacles)

𝑥1
𝜙(𝑡, 𝑥1)

𝑋;	: 

<latexit sha1_base64="yK8YM0BVqrgbvEElcvqF20rp6aQ="></latexit>

Xs := {x0 2 Rd|�(t, x0) 62 Xu, 8t � 0}



Safety in Dynamical Systems via Invariant Sets

Consider the continuous-time dynamical system:  �̇� = 𝑓 𝑥
- 𝜙 𝑡, 𝑥1 : solution at time 𝑡 starting from 𝑥1
- 𝑋:: set of unsafe states

Goal: Find the safe set

General Approach: Use invariant sets!

Enrique Mallada (JHU) 25

<latexit sha1_base64="yK8YM0BVqrgbvEElcvqF20rp6aQ="></latexit>

Xs := {x0 2 Rd|�(t, x0) 62 Xu, 8t � 0}

A set 𝒮 ⊆ ℝ" is invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
System Limits
(e.g., speed)

Unsafe Regions
(e.g., obstacles)



Certifying Safety using Barrier Functions

Enrique Mallada (JHU) 26

Mitio Nagumo

Theorem - Nagumo’s Barrier Functions [Nagumo ‘42] :
Let ℎ:ℝ< → ℝ	be differentiable, with 0 being a regular value. 
Then ℎ is a Nagumo’s Barrier Function (NBF) satisfying:

if and only if ℎ01 ≔ 𝑥 ∈ ℝ/ ℎ 𝑥 ≥ 0  is invariant.

<latexit sha1_base64="fVmeZXOx4ZJ56+BgfbXPpq3OcYU="></latexit>

Lfh(x) := lim
t!0

h(�(t, x))� h(x)

t
� 0, 8x 2 h=0,

𝒉1𝟎 invariant

𝑿𝒖	
(Unsafe)

𝒉4𝟎

Time0
ℎ(𝑥5)

𝜙(𝑥5, 𝑡)

ℎ(𝑥,)

𝜙(𝑥,, 𝑡)

Then ℎJ! is a safe set whenever ℎJ!	 ∩ 𝑋l = ∅
______
M. Nagumo, “Über die lage der integralkurven gewöhnlicher differentialgleichungen,” Proceedings of the Physico-Mathematical Society of Japan 1942



Barrier functions provide a flexible framework to shape the behavior of trajectories
Nagumo’s (NBF) Exponential Barrier Functions (EBF)

Shaping Safe Behavior using Barrier Functions (BFs)
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<latexit sha1_base64="4j+WGM9j1V3A320NRhXWxmjpTl8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoUkoiUt0IRTcuXFSwD2hCmEwn7dDJJJ2ZSEvoP7jxV9y4UMStG3f+jdPHQlsPXDiccy/33uPHjEplWd9GZml5ZXUtu57b2Nza3jF39+oySgQmNRyxSDR9JAmjnNQUVYw0Y0FQ6DPS8HvXY7/xQISkEb9Xw5i4IepwGlCMlJY88+TWC7qFwbHTIX1oOcUidPoJakMniARiDA4cymHXSy+tkWfmrZI1AVwk9ozkwQxVz/xy2hFOQsIVZkjKlm3Fyk2RUBQzMso5iSQxwj3UIS1NOQqJdNPJTyN4pJU21Ffo4gpO1N8TKQqlHIa+7gyR6sp5byz+57USFVy4KeVxogjH00VBwqCK4Dgg2KaCYMWGmiAsqL4V4i4SCCsdY06HYM+/vEjqpyW7XCrfneUrV7M4suAAHIICsME5qIAbUAU1gMEjeAav4M14Ml6Md+Nj2poxZjP74A+Mzx8WmJxz</latexit>

Lfh(x) → 0 , ↑x ↓ h=0
<latexit sha1_base64="S1R4Pmw9YN9a1iGsz+e/B2L581g="></latexit>

Lfh(x) → ↑ωh(x) , ↓x ↔ h→↑c

Time
0

ℎ(𝑥!)

ℎ(𝑥")

𝒉#𝟎 invariant

𝒉%𝟎

𝜙(𝑥&, 𝑡)

𝜙(𝑥', 𝑡)

𝜙(𝑥&, 𝑡)

𝒉#𝟎 invariant

𝒉%𝟎
𝜙(𝑥', 𝑡)

𝜙(𝑥(, 𝑡)

−𝑐

Time
0

ℎ(𝑥!)

ℎ(𝑥")

Other: Zeroing BFs (ZBFs), Minimal BFs (MBFs), Control BFs (CBFs), High Order CBFs (HOCBFs), …
______
S. Prajna, A. Jadbabaie. Safety Verification of Hybrid Systems Using Barrier Certificates. HSCC 2004
P. Wieland, F. Allgöwer. Constructive safety using control barrier functions. IFAC Proceedings Volumes 2007
A. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath, P. Tabuada. Control barrier functions: Theory and applications. IEEE ECC 2019
R. Konda, A. Ames, S. Coogan. Characterizing safety: Minimal control barrier functions from scalar comparison systems. IEEE L-CSS 2020
W. Xiao, C. Belta. High-order control barrier functions. IEEE TAC 2021

𝑒#$%ℎ(𝑥!)

𝑒#$%ℎ(𝑥&)

𝑒#$%ℎ(𝑥')

ℎ(𝑥&)

Problem: Finding Barrier Functions is usually 
a complex undertaking

Key Challenge: The invariance condition on ℎ]^ couples the 
geometry of 𝑓 and the set ℎ]^



Integral Nagumo’s Barrier Function (INBF)

Nagumo’s Barrier Functions [Nagumo ‘42]:
Let ℎ be differentiable, regular at zero, and

<latexit sha1_base64="Y4Kz8urRWgmDDE7yvmZS9ndUaOE="></latexit>

Lfh(x) → 0 , ↑x ↓ h=0

*
requires more 
conditions on  ℎ

The super-level set ℎ1% is invariant.

Integral Nagumo’s Barrier Function:
Let ℎ be continuous, and

<latexit sha1_base64="zpa7QordJACEI9qnirmQUjjMInY="></latexit>

h(ω(t, x)) → 0 , ↑x ↓ h=0 , t → 0

Time0

ℎ(𝑥)

ℎ(𝑥,)

ℎ(𝑥5)

𝒉0𝟎 invariant
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𝒉4𝟎

𝜙(𝑥5, 𝑡)

𝜙(𝑥,, 𝑡)
𝒉6𝟎



Nagumo’s Recurrent Barrier Function (RNBF)

Thm: Integral Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ1% is invariant

Time0

ℎ(𝑥)

ℎ(𝑥,)

ℎ(𝑥5)

𝒉0𝟎 invariant

<latexit sha1_base64="zSaZ5EGzGXBFwkIGj7YDL9J7Eug="></latexit>

h(ω(t, x)) → 0 , ↑x ↓ h=0 , t → 0
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Recall: A set ℛ ⊆ ℝ/ is 𝝉-recurrent if for any 𝑥1 ∈ ℛ and 𝑡 ≥ 0, ∃𝑡> ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡>, 𝑥1 ∈ ℛ. 

Thm: Nagumo’s Recurrent Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ1% is 𝝉-recurrent

<latexit sha1_base64="yH15PaSbEg9ki6TTEi1uajCuMtY="></latexit>

max
t→(0,ω ]

h(ω(t, x)) → 0 , ↑x ↓ h=0

𝒉4𝟎

𝜙(𝑥5, 𝑡)

𝜙(𝑥,, 𝑡)
𝒉6𝟎



Recurrent Nagumo’s Barrier Function (RNBF)

Thm: Integral Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ1% is invariant

𝒉0𝟎 𝜏-recurrent

<latexit sha1_base64="zSaZ5EGzGXBFwkIGj7YDL9J7Eug="></latexit>

h(ω(t, x)) → 0 , ↑x ↓ h=0 , t → 0
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Recall: A set ℛ ⊆ ℝ/ is 𝝉-recurrent if for any 𝑥1 ∈ ℛ and 𝑡 ≥ 0, ∃𝑡> ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡>, 𝑥1 ∈ ℛ. 

Thm: Recurrent Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ1% is 𝝉-recurrent

<latexit sha1_base64="yH15PaSbEg9ki6TTEi1uajCuMtY="></latexit>

max
t→(0,ω ]

h(ω(t, x)) → 0 , ↑x ↓ h=0

𝒉4𝟎
Time0

𝜙(𝑥5, 𝑡)

𝜙(𝑥,, 𝑡)

ℎ(𝑥)

𝒉6𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

ℎ(𝑥,)

ℎ(𝑥5)

As 𝜏 → 0

By definition



Integral Exponential Barrier Function (IEBF)

Exponential Barrier Functions:
Let ℎ be differentiable, and

<latexit sha1_base64="4aUDzxn7t290Sbe9UdqikOdYSBg="></latexit>

Lfh(x) → ↑ωh(x) , ↓x ↔ h→↑c

*
requires more 
conditions on  ℎ

The super-level set ℎ1% is invariant.

Integral Exponential Barrier Function:
Let ℎ be continuous, and

for all  𝑡 ≥ 0

<latexit sha1_base64="QFY7DDF9V67NQpI7fpq4d8dbIzE="></latexit>

h(ω(t, x)) → e→ωth(x) , ↑x ↓ h↑→c

ℎ(𝑥)

𝒉0𝟎 invariant
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Time0

𝑒-78ℎ(𝑥9)ℎ(𝑥9)

ℎ(𝑥,)

ℎ(𝑥5)

ℎ(𝑥:)

𝑒-78ℎ(𝑥,)
𝑒-78ℎ(𝑥:)

−𝑐

𝒉4𝟎

𝜙(𝑥5, 𝑡)

𝜙(𝑥,, 𝑡)

𝜙(𝑥9, 𝑡)

𝒉6𝟎



𝜶 −Exponential Recurrent Barrier Function (𝜶 −ERBF)

Thm: Integral Exponential Barrier Function:
Let ℎ be continuous. If:

for all 𝒕 ≥ 𝟎, then, ℎ1% is invariant

<latexit sha1_base64="QFY7DDF9V67NQpI7fpq4d8dbIzE="></latexit>

h(ω(t, x)) → e→ωth(x) , ↑x ↓ h↑→c
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Thm: 𝜶-Exponential Recurrent Barrier Function:
Let ℎ be continuous. If:

then, ℎ1% is 𝝉-recurrent

<latexit sha1_base64="V13jW1zkclBmjwngnxQ0ZyFyEu4="></latexit>

max
t→(0,ω ]

eεth(ω(t, x)) → h(x) , ↑x ↓ h↑↓c

ℎ(𝑥)

𝒉0𝟎 invariant

Time0

𝑒-78ℎ(𝑥9)ℎ(𝑥9)

ℎ(𝑥,)

ℎ(𝑥5)

ℎ(𝑥:)

𝑒-78ℎ(𝑥,)
𝑒-78ℎ(𝑥:)

−𝑐

𝒉4𝟎

𝜙(𝑥5, 𝑡)

𝜙(𝑥,, 𝑡)

𝜙(𝑥9, 𝑡)

𝒉6𝟎



𝜶 −Exponential Recurrent Barrier Function (𝜶 −ERBF)

𝒉0𝟎 𝜏-recurrent
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𝒉4𝟎

𝒉6𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

As 𝜏 → 0

By definition

Thm: Integral Exponential Barrier Function:
Let ℎ be continuous. If:

for all 𝒕 ≥ 𝟎, then, ℎ1% is invariant

<latexit sha1_base64="QFY7DDF9V67NQpI7fpq4d8dbIzE="></latexit>

h(ω(t, x)) → e→ωth(x) , ↑x ↓ h↑→c

Thm: 𝜶-Exponential Recurrent Barrier Function:
Let ℎ be continuous. If:

then, ℎ1% is 𝝉-recurrent

<latexit sha1_base64="V13jW1zkclBmjwngnxQ0ZyFyEu4="></latexit>

max
t→(0,ω ]

eεth(ω(t, x)) → h(x) , ↑x ↓ h↑↓c

𝜙(𝑥,, 𝑡)

𝜙(𝑥9, 𝑡)

Time0

𝑒-78ℎ(𝑥9)

𝑒-78ℎ(𝑥,)
𝑒-78ℎ(𝑥:)

ℎ(𝑥9)

ℎ(𝑥,)

Time elapsed ≤ 𝝉

Question: Do we gain anything from relaxing 
the invariance condition in BFs?



𝜶,𝜷 −Recurrent Exponential Barrier Functions
We first generalize REBF using different exponential rates 𝛼, 𝛽 > 0: 
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<latexit sha1_base64="/IqxnRNH/Fi6brQY7+USTE/OLPI="></latexit>

max
t→(0,ω ]

eεt[h(ω(t, x))]+ + eϑt[h(ω(t, x))]↑ → h(x) , ↑x ↓ h↓↑c

Time0

𝑒-;8ℎ(𝑥9)

𝑒-78ℎ(𝑥,)
𝑒-78ℎ(𝑥:)

ℎ(𝑥9)

ℎ(𝑥,)

Time elapsed ≤ 𝝉

𝒉4𝟎

𝒉6𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

𝜙(𝑥,, 𝑡)

𝜙(𝑥9, 𝑡)



Theorem: Assume there exists an Exponential BF (EBF) ℎ:

ℎ̇ 𝑥 ≥ −𝛼	ℎ 𝑥 , ∀𝑥 ∈ ℎ1-#

Then for any set 𝒮 with ℎ1% ⊆ 𝒮 ⊆ ℎ1-#, the function

vℎ 𝑥 ≔ −sd(𝑥, 𝒮)

is an y𝛼, 𝛼-ERBF, if 𝛼 < 𝛼 < y𝛼 and 𝜏 ≥ Ω ,
<7-7

+ ,
7- 7

ℎ05?

Signed Norms are Recurrent Barrier Functions!
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𝜙(𝑥), 𝑡)

𝒉*𝟎 𝜙(𝑥!, 𝑡)

𝜙(𝑥,, 𝑡)

𝒮
dℎ01

dℎ@1

𝒉*𝟎

Remarks:
• The rates 𝛼 < e𝛼	must be strictly smaller/bigger than 𝛼 (giving up optimality).
• Any signed norm for most sets is a Recurrent Barrier function! 

Question: How to use Recurrent Barriers for safety?



Certifying Safety using Recurrent Sets

Theorem - Consider a closed set 𝑆 that is 𝝉-recurrent. 
Then its 𝜏-reachable tube:

is invariant.  

Moreover, 𝑆 is safe when:
1.  ℛ[!,P](𝑆) ∩ 𝒳l = ∅, or
2.  𝑆 ∩ ℛ MP,! 𝒳l = ∅

𝑺

𝒳𝒖
(Known Unsafe)

ℛ[1,B](𝑆)
<latexit sha1_base64="HiWJISDPh+uQ6lT3bzQ+CHCG5dE="></latexit>

R[0,⌧ ](S) :=
[

x2S
t2[0,⌧ ]

�(t, x) ℛ 5B,1 (𝑋:)
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Basic Algorithm

• Given unsafe region 𝒳l, precision 𝑟f|}
• Build initial grid of hypercubes 𝒢 = 𝑔d ≔ 𝐵~8 𝑥d
• Stage 1: 𝜏 −Backward reachability 
• Find 𝑆: =∪D 𝐵(𝑥D, 𝑟D) such that: ℛ 5B,1 𝒳: ⊂ 𝑆: 

• Stage 2: Check RBF on ℎ 𝑥 = −sd 𝑥, 𝑆l �

Enrique Mallada (JHU) 36

ℛ 5B,1 𝒳: 𝒳:: 
𝑆::

𝒢



𝑔=

Basic Algorithm

• Given unsafe region 𝒳l, precision 𝑟f|}
• Build initial grid of hypercubes 𝒢 = 𝑔d ≔ 𝐵~8 𝑥d
• Stage 1: 𝜏 −Backward reachability 
• Find 𝑆: =∪D 𝐵(𝑥D, 𝑟D) such that: ℛ 5B,1 𝒳: ⊂ 𝑆:

• Stage 2: Check RBF on ℎ 𝑥 = −sd 𝑥, 𝑆l �

• For 𝑔D ∈ 𝒢, while 𝒢 not empty:
• If: 𝑔- satisfies 𝛼 −ERBF condition, continue
• Else if: 𝑔- can never satisfy 𝛼 −ERBF condition, add 𝒈𝒊 to 𝑆/
• Else: refine grid

Enrique Mallada (JHU) 36

𝒳:: 
𝑆::

𝒢

𝑔=



Basic Algorithm

• Given unsafe region 𝒳l, precision 𝑟f|}
• Build initial grid of hypercubes 𝒢 = 𝑔d ≔ 𝐵~8 𝑥d
• Stage 1: 𝜏 −Backward reachability 
• Find 𝑆: =∪D 𝐵(𝑥D, 𝑟D) such that: ℛ 5B,1 𝒳: ⊂ 𝑆: 

• Stage 2: Check RBF on ℎ 𝑥 = −sd 𝑥, 𝑆l �

• For 𝑔D ∈ 𝒢, while 𝒢 not empty:
• If: 𝑔- satisfies RBF condition, continue
• Else if: 𝑔- can never satisfy 𝛼 −ERBF condition, add 𝒈𝒊 to 𝑆/
• Else: refine grid

• Finish when:
• all points satisfy RBF condition, or precision 𝑟012 is reached

Claim:
•  The set 𝑆 = 𝑆: ? satisfies: 𝑆 ∩ ℛ 5B,1 𝒳:
•  The function ℎ 𝑥 = −sd(𝑥, 𝑆) is an 𝛼 −ERBF

Enrique Mallada (JHU) 36

𝒳:: 
𝑆::

𝒢



𝑆 : 

𝑆: : 

Stage 1: 𝜏 −Backward reachability 
• Find 𝑆l with ℛ MP,! 𝒳l ⊂ 𝑆l 

Stage 2: RBF condition
• Check ℎ(𝑥) = −sd(𝑥, 𝑆) is 𝛼−ERBF

𝑋:	: 

Nonparametric Safety Verification – Stage 1
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𝑆 : 

𝑆: : 

Stage 1: 𝜏 −Backward reachability 
• Find 𝑆l with ℛ MP,! 𝒳l ⊂ 𝑆l 

Stage 2: RBF condition
• Check ℎ(𝑥) = −sd(𝑥, 𝑆) is RBF

𝑋:	: 

Nonparametric Safety Verification – Stage 1
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𝑟 f
|}
=
𝟎.
𝟎𝟏

running time: 354.12s
97.4% safe set covered

running time: 20.68s
99.6% safe set covered

∼17x faster
+2.2% more area

Reachability Nagumo’s RBF

Numerical Validation: Reachability vs Recurrence
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𝑟 f
|}
=
𝟎.
𝟎𝟐
𝟕𝟏

running time: 23.15s
92.2% safe set covered

running time: 3.81s
98.6% safe set covered

∼6x faster
+6.4% more area

Reachability 

Numerical Validation: Reachability vs Recurrence
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Nagumo’s RBF



𝑟 f
|}
=
𝟎.
𝟎𝟕
𝟑𝟕

running time: 3.01s
83.3% safe set covered

running time: 1.56s
94.6% safe set covered

∼2x faster
+11.2% more area

Reachability 

Numerical Validation: Reachability vs Recurrence
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Nagumo’s RBF



𝑟 f
|}
=
𝟎.
𝟐

running time: 1.86s
9.3% safe set covered

running time: 0.31s
71.2% safe set covered

6x faster
+61.9% more area

Reachability 

Numerical Validation: Reachability vs Recurrence
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Nagumo’s RBF



Numerical Validation: 𝜶 −Exponential RBF

𝛼 = 4 𝛼 = 3 𝛼 = 2 𝛼 = 1
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•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline



•Relaxing Invariance: Merits and trade offs
• Recurrent Sets: Letting thing go and come back

•Nonparametric Analysis via Recurrent Sets
• Stability analysis: Recurrent Lyapunov Functions (RLFs)
• Safety verification: Recurrent Barrier functions (RBFs)

• Self-Improving via Nonparametric Control Policies
• Policy Improvement using Expert Demonstrations

Outline



Policy iteration = Policy evaluation + Policy improvement

Policy evaluation
• Given     , evaluate it to find 

Policy improvement
• Given              , define:
• Then:

Rinse and repeat until 

Classical policy improvement works in discrete spaces

<latexit sha1_base64="ru9vaTZsGlbeW0m/AZNydpLTJ7o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqM+Oiy4MZlC/YBnbFkMpk2NJMMSUYspb/ixoUibv0Rd/6N6XQW2nrgXg7n3EtuTpAwqrTjfFuFtfWNza3idmlnd2//wD4sd5RIJSZtLJiQvQApwignbU01I71EEhQHjHSD8e3c7z4Sqajg93qSED9GQ04jipE20sAutx68hFY9HAp9nvWzgV1xak4GuErcnFRAjubA/vJCgdOYcI0ZUqrvOon2p0hqihmZlbxUkQThMRqSvqEcxUT50+z2GTw1SggjIU1xDTP198YUxUpN4sBMxkiP1LI3F//z+qmO6v6U8iTVhOPFQ1HKoBZwHgQMqSRYs4khCEtqboV4hCTC2sRVMiG4y19eJZ2Lmntdu2pdVhr1PI4iOAYnoApccAMa4A40QRtg8ASewSt4s2bWi/VufSxGC1a+cwT+wPr8ARGmk8w=</latexit>

Q⇡(·, ·)<latexit sha1_base64="g93NorFqCnanh+WAN1dHLCWZvNg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgZLoYKURHx0WXDjsgX7gCaWyWTSDp1MwsxEKKEbf8WNC0Xc+hnu/BunaRZaPXAvh3PuZeYeP2FUKtv+Mkorq2vrG+VNc2t7Z3fP2j/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM+f3Mz93gMRksb8Tk0T4kVoxGlIMVJaGlpH1fa9m9Cai4NYneX91NTC0KrYdTsH/EucglRAgdbQ+nSDGKcR4QozJOXAsRPlZUgoihmZmW4qSYLwBI3IQFOOIiK9LD9gBqtaCWAYC11cwVz9uZGhSMpp5OvJCKmxXPbm4n/eIFVhw8soT1JFOF48FKYMqhjO04ABFQQrNtUEYUH1XyEeI4Gw0pmZOgRn+eS/pHted67ql+2LSrNRxFEGx+AE1IADrkET3IIW6AAMZuAJvIBX49F4Nt6M98VoySh2DsEvGB/fBViVYg==</latexit>⇡

<latexit sha1_base64="ACjwZU3LYWUUbOIipwrc1jdoMf0="></latexit>

⇡0 : S ! A : ⇡0(s) 2 argmax
a2A

Q⇡(s, a)
<latexit sha1_base64="ru9vaTZsGlbeW0m/AZNydpLTJ7o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqM+Oiy4MZlC/YBnbFkMpk2NJMMSUYspb/ixoUibv0Rd/6N6XQW2nrgXg7n3EtuTpAwqrTjfFuFtfWNza3idmlnd2//wD4sd5RIJSZtLJiQvQApwignbU01I71EEhQHjHSD8e3c7z4Sqajg93qSED9GQ04jipE20sAutx68hFY9HAp9nvWzgV1xak4GuErcnFRAjubA/vJCgdOYcI0ZUqrvOon2p0hqihmZlbxUkQThMRqSvqEcxUT50+z2GTw1SggjIU1xDTP198YUxUpN4sBMxkiP1LI3F//z+qmO6v6U8iTVhOPFQ1HKoBZwHgQMqSRYs4khCEtqboV4hCTC2sRVMiG4y19eJZ2Lmntdu2pdVhr1PI4iOAYnoApccAMa4A40QRtg8ASewSt4s2bWi/VufSxGC1a+cwT+wPr8ARGmk8w=</latexit>

Q⇡(·, ·)
<latexit sha1_base64="g+KiCySJs9AxfBnMzIHoKyudQ3U="></latexit>

V ⇡0
(s) � V ⇡(s) 8s 2 S

“Policy improvement” is a fundamental building block of classical RL

<latexit sha1_base64="r3aIe1jZqd+msc5R1zIYZ6eY4pE="></latexit>

V ⇡0
⌘ V ⇡ =) ⇡ = ⇡0 = ⇡?

• Can evaluate “separately” for each (s,a)
• Can store Q in a table

• Given a, maximize an array of size 
<latexit sha1_base64="MECRsXRVMdfJ+ZrW97oELsryf7Q="></latexit>

S
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Policy evaluation
• Approximately evaluate             &                w/ function approximation.
• E.g. using neural networks and Bellman Residual Minimization:

Policy improvement
• Given               , how can we do                                                                            ?
• Only works if      discrete and finite (e.g. DQN)

Policy iteration in continuous spaces is hard

<latexit sha1_base64="9bO15yrdPlZbPBYYU57mSJklBbE="></latexit>

V ⇡(s) Q⇡(s, a)

<latexit sha1_base64="ru9vaTZsGlbeW0m/AZNydpLTJ7o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqM+Oiy4MZlC/YBnbFkMpk2NJMMSUYspb/ixoUibv0Rd/6N6XQW2nrgXg7n3EtuTpAwqrTjfFuFtfWNza3idmlnd2//wD4sd5RIJSZtLJiQvQApwignbU01I71EEhQHjHSD8e3c7z4Sqajg93qSED9GQ04jipE20sAutx68hFY9HAp9nvWzgV1xak4GuErcnFRAjubA/vJCgdOYcI0ZUqrvOon2p0hqihmZlbxUkQThMRqSvqEcxUT50+z2GTw1SggjIU1xDTP198YUxUpN4sBMxkiP1LI3F//z+qmO6v6U8iTVhOPFQ1HKoBZwHgQMqSRYs4khCEtqboV4hCTC2sRVMiG4y19eJZ2Lmntdu2pdVhr1PI4iOAYnoApccAMa4A40QRtg8ASewSt4s2bWi/VufSxGC1a+cwT+wPr8ARGmk8w=</latexit>

Q⇡(·, ·)
<latexit sha1_base64="ACjwZU3LYWUUbOIipwrc1jdoMf0="></latexit>

⇡0 : S ! A : ⇡0(s) 2 argmax
a2A

Q⇡(s, a)
<latexit sha1_base64="EyYdSAGggq3jW8mLTrxvIrrtAIg="></latexit>

A
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E.g. Trust region methods (TRPO, PPO).
• Given initial state distribution    , the “value” of policy     is:

• Guarantees are usually of the form:

   provided the new policy is not too far away from the old one.

Drawbacks:[1],[2]

• Need to take small steps.
• Sensitivity to hyperparameter tuning.

Modern RL alg’s. guarantee improvement on average

<latexit sha1_base64="VVIVZRSlQvHK7R+mu9b1uCUL+WU="></latexit>

⌘(⇡) = Es0⇠⇢,a⇠⇡(·|s)

" 1X

t=0

�tr(st, at)

#
<latexit sha1_base64="kVbTysZj2aT+IB1P00Yg7NHhetI="></latexit>⇢ <latexit sha1_base64="Ypaz+Xjxt+ddEfm1NruukHrtUGs="></latexit>⇡

<latexit sha1_base64="FuB5htWZIqJgt+Ll6ccONzSj3RA="></latexit>

⌘(⇡0) � ⌘(⇡)

______
[1] Wang, Tao, Sylvia Herbert, and Sicun Gao, "Fractal landscapes in policy optimization," NeurIPS, 2023
[2] Wang, Tao, Sylvia Herbert, and Sicun Gao, “Mollification effects of policy gradient methods,” arXiv preprint arXiv:2405.17832, 2024
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Nonparametric policy improvement in 
continuous action spaces
A. Castellano, S. Rezaei, J. Markovitz, and E. Mallada, Nonparametric Policy Improvement for Continuous Action 
Spaces via Expert Demonstrations, 2025, submitted to RLC.
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Agustin Castellano Sohrab Rezaei Jared Markowitz



Markov Decision Process:

Goal: find optimal policy

• Assumption:       is L-Lipschitz: 

• This is satisfied, e.g.,  if                and                 are Lipschitz and 

• Fact: If         is L-Lipschitz then         is L-Lipschitz 

Problem Setup
<latexit sha1_base64="XvULTozqf/+EVPKeEmfCV7sdy2g="></latexit>

hS,A,R, f, ⇢, �i

<latexit sha1_base64="5beHcBX9DMQdODjDDTXR7Fr0KG8=">AAACOnicbVDLSsNAFJ3UV62vtC7dBItQUUoiProRCm5cVrAPaEOYTCft0MmDmRuxhPyKW/0If8StO3HrBzhps7CtBwYO55w7c+e4EWcSTPNDK6ytb2xuFbdLO7t7+wd6udKRYSwIbZOQh6LnYkk5C2gbGHDaiwTFvstp153cZX73iQrJwuARphG1fTwKmMcIBiU5ekU6CZxZ6a1Xkw6cYwdOHb1q1s0ZjFVi5aSKcrScsqYPhiGJfRoA4VjKvmVGYCdYACOcpqVBLGmEyQSPaF/RAPtU2sls+dQ4UcrQ8EKhTgDGTP07kWBfyqnvqqSPYSyXvUz81xvK7MKF15OIrWj9GLyGnbAgioEGZL6QF3MDQiNrzBgyQQnwqSKYCKb+ZJAxFpiA6nVxGz4KVWDsp6pDa7mxVdK5qFvX9auHy2qzkbdZREfoGNWQhW5QE92jFmojgp7RC3pFb9q79ql9ad/zaEHLZw7RArSfXxeXrU4=</latexit>

st+1 = f(st, at)Deterministic transitions

Continuous

Initial state distribution

<latexit sha1_base64="mO/QsBrmg+uZT1fMU4mK7wxOCyw="></latexit>

Q?(s, a) = max
⇡

 
Q⇡(s, a) , E⇡

" 1X

t=0

�tr(st, at) | s0 = s, a0 = a

#!

<latexit sha1_base64="3tMhqD8NWjbA7uw/gMvpL06K3w8=">AAACLXicbVDLSgMxFE3qq9ZXq0s3wSK4KjPia1lw47IF+4B2LJlM2obmMSQZoQz9CLf6EX6NC0Hc+htm2lnY1gOBwznnJjcnjDkz1vM+YWFjc2t7p7hb2ts/ODwqV47bRiWa0BZRXOluiA3lTNKWZZbTbqwpFiGnnXByn/mdZ6oNU/LRTmMaCDySbMgItk7qNJ/6xmI9KFe9mjcHWid+TqogR2NQgeV+pEgiqLSEY2N6vhfbIMXaMsLprNRPDI0xmeAR7TkqsaAmSOf7ztC5UyI0VNodadFc/TuRYmHMVIQuKbAdm1UvE//1IpNduPR6GrM1rZfY4V2QMhknlkqyWGiYcGQVykpCEdOUWD51BBPN3J8QGWONiXVVLm/DR8oFxmLmOvRXG1sn7cuaf1O7bl5V61d5m0VwCs7ABfDBLaiDB9AALUDABLyAV/AG3+EH/ILfi2gB5jMnYAnw5xfBHak8</latexit>

Q?

<latexit sha1_base64="xLWAQDRJO5NNwwg+Y+7HW53myos="></latexit>

|Q?(s, a)�Q?(s0, a0)|  L
�
dS(s, s

0) + dA(a, a
0)
�

<latexit sha1_base64="6zdT7JWvk+dKY+3tG8qL67Z9qB4=">AAACR3icbVDLSsNAFJ3UV62vVJcuHCyFClKS4mtZcOOygn1AG8pkMmmHTjJhZiKU0KVf41Y/wk/wK9yJSydpFqb1wAyHc+6dufe4EaNSWdanUdrY3NreKe9W9vYPDo/M6nFP8lhg0sWccTFwkSSMhqSrqGJkEAmCApeRvju7T/3+MxGS8vBJzSPiBGgSUp9ipLQ0Ns/8xgh7XF1m90WlDkVBGJs1q2llgOvEzkkN5OiMq4Y58jiOAxIqzJCUQ9uKlJMgoShmZFEZxZJECM/QhAw1DVFApJNkmyxgXSse9LnQJ1QwU/92JCiQch64ujJAaipXvVT81/Nk+mDh9ySia9owVv6dk9AwihUJ8XIgP2ZQcZjGBz0qCFZsrgnCguqdIJ4igbDSIRenYROuC6bBQmdorya2Tnqtpn3TvH68qrVbeZplcArOQQPY4Ba0wQPogC7A4AW8gjfwbnwYX8a38bMsLRl5zwkooGT8AnLJsNA=</latexit>

f(·, ·)
<latexit sha1_base64="6pHZK2ReKQqpgfgv6lzrJ/zOoCQ=">AAACR3icbVDLSsNAFJ3UV62vVJcuHCyFClKS4mtZcOOygn1AG8pkMmmHTjJhZiKU0KVf41Y/wk/wK9yJSydpFqb1wAyHc+6dufe4EaNSWdanUdrY3NreKe9W9vYPDo/M6nFP8lhg0sWccTFwkSSMhqSrqGJkEAmCApeRvju7T/3+MxGS8vBJzSPiBGgSUp9ipLQ0Ns9EY4Q9ri6z+6JSh0VhbNasppUBrhM7JzWQozOuGubI4zgOSKgwQ1IObStSToKEopiRRWUUSxIhPEMTMtQ0RAGRTpJtsoB1rXjQ50KfUMFM/duRoEDKeeDqygCpqVz1UvFfz5Ppg4Xfk4iuacNY+XdOQsMoViTEy4H8mEHFYRof9KggWLG5JggLqneCeIoEwkqHXJyGTbgumAYLnaG9mtg66bWa9k3z+vGq1m7laZbBKTgHDWCDW9AGD6ADugCDF/AK3sC78WF8Gd/Gz7K0ZOQ9J6CAkvELiVWw3A==</latexit>

r(·, ·)
<latexit sha1_base64="JFbM81zBG4r76ScGfyfypoXQDn0="></latexit>

�Lf < 1

<latexit sha1_base64="bcFg+Myo1XwI5wjOA53us+jIvlY="></latexit>

V ?
<latexit sha1_base64="3tMhqD8NWjbA7uw/gMvpL06K3w8=">AAACLXicbVDLSgMxFE3qq9ZXq0s3wSK4KjPia1lw47IF+4B2LJlM2obmMSQZoQz9CLf6EX6NC0Hc+htm2lnY1gOBwznnJjcnjDkz1vM+YWFjc2t7p7hb2ts/ODwqV47bRiWa0BZRXOluiA3lTNKWZZbTbqwpFiGnnXByn/mdZ6oNU/LRTmMaCDySbMgItk7qNJ/6xmI9KFe9mjcHWid+TqogR2NQgeV+pEgiqLSEY2N6vhfbIMXaMsLprNRPDI0xmeAR7TkqsaAmSOf7ztC5UyI0VNodadFc/TuRYmHMVIQuKbAdm1UvE//1IpNduPR6GrM1rZfY4V2QMhknlkqyWGiYcGQVykpCEdOUWD51BBPN3J8QGWONiXVVLm/DR8oFxmLmOvRXG1sn7cuaf1O7bl5V61d5m0VwCs7ABfDBLaiDB9AALUDABLyAV/AG3+EH/ILfi2gB5jMnYAnw5xfBHak8</latexit>

Q?

<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

<latexit sha1_base64="uHqQbYOyjzt903Pmi+lyXF4IeeY="></latexit>

ai = ⇡?(si);Qi = Q?(si, ai)Expert data: we have                                        , where
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1. How can we use these transitions to learn a nonparametric policy?
2. What guarantees can we get when we add more transitions?
3. Where should we add transitions to improve performance?

<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

<latexit sha1_base64="uHqQbYOyjzt903Pmi+lyXF4IeeY="></latexit>

ai = ⇡?(si);Qi = Q?(si, ai)Expert data: we have                                        , where
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Overview of our method

Get dataset
Sufficient data?

(Thm. 4.1)

Yes

NoAdd expert trajectory

Greedy policy
Build lower bound
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1. How can we use these transitions
to learn a nonparametric policy?
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• Use the data to define lower bounds on optimal values:

• Define: greedy policy w.r.t. lower bound

• Note argmax always gives actions in dataset, and
•What can we say about              ?

Building bounds & Nonparametric Policy

Expert data: we have                                        , where
<latexit sha1_base64="F2oMGiMOgNtrXQ1I8Nkm91JdqZo="></latexit>

D = {(si, ai, Qi)}|D|
i=1

<latexit sha1_base64="uHqQbYOyjzt903Pmi+lyXF4IeeY="></latexit>

ai = ⇡?(si);Qi = Q?(si, ai)

<latexit sha1_base64="Xt5ei6FJJMc+QG2Soho0+uOxFUs="></latexit>

Vlb(s) , max
1i|D|

{Qi � L · dS(s, si)}
<latexit sha1_base64="0Pral7R2XhZPFgaOy+LAHDOk2MA="></latexit>

Qlb(s, a) , max
1i|D|

�
Qi � L ·

�
dS(s, si) + dA(a, ai)

� 

<latexit sha1_base64="Cy5G4sPGv8+AFYqoTYtoJK7lTx0="></latexit>

⇡(s) , argmax
a2A

Qlb(s, a)

<latexit sha1_base64="sJLv/V2CcV5dizMqvlx6VJRMZNY="></latexit>

Qlb(s,⇡(s)) = Vlb(s)
<latexit sha1_base64="5dUy/vwSUdosXpUDlx/PhSBPHqE="></latexit>

V ⇡(s)
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Nonparametric policy improves over lower bound
(Made up of optimal trajectories)

More data = better lower bounds

Improvement on added points
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Get dataset
Sufficient data?

(Thm. 4.1)

Yes

NoAdd expert trajectory

Greedy policy
Build lower bound
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2. What guarantees with more transitions?

3. Where to add transitions?
• Any new trajectory improves the bound…  
• However, adding points close to other trajectories won’t help much…
• We need a notion of performance

Enrique Mallada (JHU) 50

1. How to learn a policy?



• Given             , we want guarantees of the form:

•More reasonable:

1. Sample initial state
2. If we know                                        , our policy is good enough, don’t add data

Performance metric          guides where to sample data

<latexit sha1_base64="qvjnAIg/0H9qz1BmDHvug6ndqg4="></latexit>

Gap True bound-based distance-based
�(s) V ?(s)� V ⇡(s) Vub(s)� Vlb(s) 2L · min

1i|D|
dS(s, si)

Less conservative

Easier to compute

<latexit sha1_base64="ox3Vvo5fHla+r2AihX+7ZB7Utk4="></latexit>

V ?(s)� V ⇡(s)  "

<latexit sha1_base64="uUD+pdWDQC01+rJkUyGmu9tboNY=">AAACM3icbVDLSgMxFM3UV62vVpdugkVwVWbER1dScOOygn1AO5RMJtOGZpKYZApl6He41Y/wY8SduPUfzLSzsK0HAodzzk1uTiAZ1cZ1P5zCxubW9k5xt7S3f3B4VK4ct7VIFCYtLJhQ3QBpwignLUMNI12pCIoDRjrB+D7zOxOiNBX8yUwl8WM05DSiGBkr+f0JUkRqygS/cwflqltz54DrxMtJFeRoDipOuR8KnMSEG8yQ1j3PlcZPkTIUMzIr9RNNJMJjNCQ9SzmKifbT+dYzeG6VEEZC2cMNnKt/J1IUaz2NA5uMkRnpVS8T//VCnV249Hoq6ZrWS0xU91PKZWIIx4uFooRBI2BWFQypItiwqSUIK2r/BPEIKYSNLXR5GzYUNjCKZ7ZDb7WxddK+rHk3tevHq2qjnrdZBKfgDFwAD9yCBngATdACGDyDF/AK3px359P5cr4X0YKTz5yAJTg/v78aq8Q=</latexit>

" > 0
<latexit sha1_base64="XuFLGMf3MxTmRpgEb27HhKMRhd4="></latexit>

8s 2 S ?
<latexit sha1_base64="eNxodpsZDcYLEtQiJsbvDwS24Ec="></latexit>

8s 2 Supp(⇢) ?

Too much to ask!

<latexit sha1_base64="eQ8OSUkYURkruFzKVJzc/qzua6A="></latexit>

Es⇠⇢ [V
?(s)� V ⇡(s)]  "

<latexit sha1_base64="12LLbpbYQlDL+w5E5Llii2L0wjU="></latexit>

Ps⇠⇢ [V
?(s)� V ⇡(s)  "] � por

<latexit sha1_base64="Ofq275MpIy9PjCtVAxuwmXhFaIU="></latexit>

�(s)

<latexit sha1_base64="96CCHXgYHXScUOngDhaaEo31Ge8="></latexit>s ⇠ ⇢
<latexit sha1_base64="ox3Vvo5fHla+r2AihX+7ZB7Utk4="></latexit>

V ?(s)� V ⇡(s)  "
Many ways to measure this gap
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Algorithm
Input: Lipschitz constant L
For each episode do:
1. Sample 
2. If                  :

• Run optimal trajectory with

• Repeat: add tuples to dataset (from            )

    Until:                      .

Else:
 Continue

<latexit sha1_base64="tJXmt4P9wFBMe68f5eBULO6jetk="></latexit>s ⇠ ⇢
<latexit sha1_base64="hDW3//rGjEt/ZwCXpwo8GBnRa5k="></latexit>

�(s) > "
<latexit sha1_base64="mbVp6t8IigVlZpY8UttAidiYTR8="></latexit>

⇡?
<latexit sha1_base64="Lqu9tFVazkMFeEKVmuGndkde3xI="></latexit>

⌧ = (s0, a0, Q0, s1, a1, Q1, . . .)

<latexit sha1_base64="y/nURvQTPg2e1Qty/Ldh/hWbqB4="></latexit>

D  D [ {(si, ai, Qi)}

<latexit sha1_base64="YKFlajzoflsrUsXNoeTIZlCSH4w="></latexit>

i = 0

<latexit sha1_base64="jK2qRu7nYGdSVHBWd6e2eM5TeUk=">AAACQnicbVDLSsNAFJ34rPXV6k43g0Wom5KIr2VRFy4r2Ac0oUwmN+3QyYOZSaGEgl/jVj/Cn/AX3IlbF07aLGzrgYHDOffeufe4MWdSmeaHsbK6tr6xWdgqbu/s7u2XygctGSWCQpNGPBIdl0jgLISmYopDJxZAApdD2x3eZX57BEKyKHxS4xicgPRD5jNKlJZ6pSP7HrgiVdljZzbn2B4RAbFkPDMrZs2cAi8TKycVlKPRKxsl24toEkCoKCdSdi0zVk5KhGKUw6RoJxJiQoekD11NQxKAdNLpERN8qhUP+5HQL1R4qv7tSEkg5ThwdWVA1EAuepn4r+fJbODc72nMlrRuovwbJ2VhnCgI6WwhP+FYRThLDntMAFV8rAmhgumbMB0QQajS+c5vw/uRLhgEE52htZjYMmmd16yr2uXjRaV+m6dZQMfoBFWRha5RHT2gBmoiip7RC3pFb8a78Wl8Gd+z0hUj7zlEczB+fgHMyrE5</latexit>

�(si) ⌧ "
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Certifying suboptimality with high probability
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Get dataset
Sufficient data?

(Thm. 4.1)

Yes

NoAdd expert trajectory

Greedy policy
Build lower bound
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•We use the lqr_n_m environments from DeepMind’s Control Suite

Experiments
1st m actuated

Number of balls

lqr_2_1 lqr_6_2 

• Results on lqr_2_1: 𝛿 = 0.1, 𝑝 = 0.1 𝜖 ≈ 10% 
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Experiments on lqr_4_2 (stiff links)

After 1 episode… After 1000 episodes… c.f. optimal control

Enrique Mallada (JHU) 56

Hyper-parameters: 𝛿 = 0.1, 𝑝 = 0.1 𝜖 ≈ 5%



Results on lqr_6_2 
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Research Goals

• To develop analysis and design methods that 
trade off complexity and performance.

• To allow for continual improvement, without the 
need for redesign, retune, or retrain

• To design control policies with controlled 
sensitivity to parameter changes

Enrique Mallada (JHU) 58

𝑥$"(𝑡)

Θ

θ θ′ 𝑥$(𝑡)

𝑥#(𝑡)

𝑥!(𝑡)
𝑋ℬ: 	Θ → 𝑋 𝑥!"(𝑡)

𝑥#"(𝑡)



Conclusions

• Takeaways
• Proposed a relaxed notion of invariance: recurrence.
• Nonparametric theory for dynamical systems analysis leading to:

• General Lyapunov and Barrier Function conditions satisfied by any norm!
• Algorithms that are parallelizable and progressive/sequential.

• Nonparametric policies: Guaranteed improvement with each demonstration.

• Ongoing work 
• Recurrence: Information theoretical lower bounds of control recurrence sets
• Lyapunov/CBF Theory: Generalize other Lyapunov notions, Control Lyapunov Functions, 

Control Barrier Functions, Contraction
• Nonparametric policies (NP): NP policy iteration, enforcing safety and stability using NP, 

exploring alternative inductive biases (beyond Lipschitz)

Enrique Mallada (JHU) 59

and Future work



Thanks!
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