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A World of Success Stories
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2017 AlphaZero – Chess, Shogi, Go 2019 AlphaStar – Starcraft II2017 Google DeepMind’s DQN

OpenAI – Rubik’s Cube

Boston Dynamics

Waymo



The Need for Safety Guarantees
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Core challenge: The curse of dimensionality

§ Statistical: Sampling in 𝒅 dimension with resolution 𝝐

§ Computational: Verifying non-negativity of polynomials

Sample complexity:
<latexit sha1_base64="KTemZM15LkWtKQs4+JCK4gc5nB0=">AAACIXicZVDLSsNAFJ34rPUV7dJNsBTqwpJIUZdFN+6sYB/QxjKZTNqhk5kwMymG0G9x4UY/xZ24Ez/ErdM2SB8HLhzOuS+OF1EilW1/G2vrG5tb27md/O7e/sGheXTclDwWCDcQp1y0PSgxJQw3FFEUtyOBYehR3PKGtxO/NcJCEs4eVRJhN4R9RgKCoNJSzyzcl7sjKHAkCeXsKT33x2c9s2hX7CmsVeJkpAgy1Hvmb9fnKA4xU4hCKTuOHSk3hUIRRPE4340ljiAawj7uaMpgiKWbPk+/H1slLflWwIUupqypOj+SwlDKJPR0ZwjVQC57E/HfK82bnhcuHVfBtZsSFsUKMzQ7HcTUUtyahGP5RGCkaKIJRILo9y00gAIipSPML67m1B/rpJzlXFZJ86LiXFaqD9Vi7SbLLAdOwCkoAwdcgRq4A3XQAAgk4AW8gXfj1fgwPo2vWeuakc0UwAKMnz/pYqQr</latexit>

O("�d)

For 𝝐 = 𝟎. 𝟏 and 𝒅 = 𝟏𝟎𝟎, we 
would need 𝟏𝟎𝟏𝟎𝟎 points.

Atoms in the universe: 1078
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Copositive matrices: 

𝑥!"…𝑥#" 𝐴 𝑥!"…𝑥#"
$
≥ 0

Murty&Kadabi [1987]: Testing co-positivity is NP-Hard

Sum of Squares (SoS): 

 𝑧 𝑥 %𝑄𝑧(𝑥) ≥ 0,    𝑧& 𝑥 ∈ ℝ 𝑥 , 𝑥 ∈ ℝ# , 𝑄 ≽ 0
Artin [1927] (Hilbert’s 17th problem):

Non-negative polynomials are sum of square of rational functions



Question: Are we asking too much?

• Analysis tools build on a strict and exhaustive notion of invariance

• Certificates impose conditions on the entire duration of the trajectory

• Analysis/synthesis usually aims for the best (optimal) certificate/controller 

Q: Can we substitute invariance with less restrictive notions? 

Q: Can we provide guarantees using time-localized trajectory information?

Q: Is there any gain in focusing on weaker requirements from the get-go?

[arXiv 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal preprint arXiv:2204.10372.
[CDC 23]   Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023
[HSCC 24] Sibai, M, Recurrence of nonlinear control systems: Entropy and bit rates, HSCC, 2024
[Allerton 24] Shen, Sibai, M, Generalized Barrier Functions: Integral Conditions & Recurrent Relaxations, Allerton 2024

[arXiv ‘22] Shen, Bichuch, M - [CDC ’23] Siegelmann, Shen, Paganini, M – [Allerton ‘24] Shen, Sibai, M

[arXiv ‘22] Shen, Bichuch, M - [CDC ’23] Siegelmann, Shen, Paganini, M – [Allerton ‘24] Shen, Sibai, M

[HSCC 24] Sibai, M -  [CDC ’23] Siegelmann, Shen, Paganini, M
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•  Invariance: Merits and trade-offs

•  Letting things go and come back: Recurrent sets
•  Approximating regions of attractions via recurrent sets

•  Non-parametric analysis of dynamical systems
•  Stability analysis via non-monotonic Lyapunov conditions
•  Safety verification via generalized Barrier functions
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Problem setup
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Continuous time dynamical system:  𝑥̇ 𝑡 = 𝑓(𝑥(𝑡))	
• Initial condition 𝑥! = 𝑥(0), solution at time 𝑡: 𝜙(𝑡, 𝑥!).

𝛀-Limit Set Ω 𝑓 :
  

<latexit sha1_base64="zc6dVLxGDOkR83nCZe2ni+qsljs="></latexit>

x 2 ⌦(f) () 9 x0, {tn}n�0, s.t. lim
n!1

tn = 1 and lim
n!1

�(tn, x0) = x

equilibrium limit cycle limit torus chaotic  attractor

Types of 𝛀-limit set
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• Initial condition 𝑥! = 𝑥(0), solution at time 𝑡: 𝜙(𝑡, 𝑥!).
• The 𝜔-limit set of the system:  Ω(𝑓)
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⌦(f) = {(0, 0), (�
p
3, 0), (
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3, 0)}
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�Illustrative Example

Region of attraction (ROA) of a set 𝑆 ⊆ Ω 𝑓 :  
<latexit sha1_base64="+mhLPtxytQO44Y9aWAERPem1eJY="></latexit>

A(S) :=
n
x 2 d| lim inf

t!1
d(�(t, x), S) = 0

o
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A(x⇤)

Asymptotically stable equilibrium at  𝑥∗ = (0,0) 
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Analysis of Dynamical Systems via Invariant sets
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A set 𝒮 ⊆ ℝ# is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

Source: K. Ghorbal, K. and A. Sogokon, Characterizing positively invariant sets: Inductive and topological methods. Journal of Symbolic Computation, 2022



Invariant sets: Merits
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A set 𝒮 ⊆ ℝ# is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

• Invariant sets approximate regions of attraction
Compact invariant set 𝒮, containing only 𝑥∗ = Ω 𝑓 ∩ 𝒮 must be 
in the region of attraction 𝒜(𝑥∗) (𝒮 ⊂ 𝒜(𝑥∗))

𝒮: 

𝓐 𝒙∗ 	: 

Invariant Set
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A set 𝒮 ⊆ ℝ# is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

• Invariant sets further certify asymptotic stability via 
Lyapunov’s direct method 
Asymptotic stability: solutions that start close enough, remain close 
enough, and eventually converge to equilibrium. 

• Invariant sets approximate regions of attraction
Compact invariant set 𝒮, containing only 𝑥∗ = Ω 𝑓 ∩ 𝒮 must be 
in the region of attraction 𝒜(𝑥∗) (𝒮 ⊂ 𝒜(𝑥∗))

• Invariant sets guarantee stability 
Lyapunov stability: solutions starting "close enough" to the 
equilibrium (within a distance 𝛿) remain "close enough" forever 
(within a distance 𝜀)  Lyapunov Functions

𝒮: 

𝓐 𝒙∗ 	: 

Invariant Set

ε

𝛿



Invariant sets: Challenges
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A set 𝒮 ⊆ ℝ# is positively invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
Any trajectory starting in the set remains in inside it for all times

•  𝓢 is topologically constrained
• If 𝒮 ∩ Ω 𝑓 = {𝑥∗}, then 𝒮 is connected

Basin of Ω(𝑓)

•  𝓢 geometry can be wild
• 𝒜(Ω(𝑓)) is not necessarily analytic!

•  𝓢 is geometrically constrained
• 𝑓 should not point outwards for 𝑥 ∈ 𝜕𝒮

A not invariant trajectory:

𝒮	:

𝓐 𝒙∗ 	: 
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Recurrent sets: Letting things go, and come back

10

…

Property of Recurrent Sets
• ℛ need not be connected

• ℛ does not require 𝑓 to point inwards on all 𝜕ℛ

 

Recurrent sets, while not invariant, 
guarantee that solutions that start in this set, 
will come back infinitely often, forever!   Recurrent set	ℛ: 

A recurrent trajectory:

…
A set ℛ ⊆ ℝ# is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡3 ≥ 𝑡 s.t. 𝜙 𝑡3, 𝑥! ∈ ℛ. 



A set ℛ ⊆ ℝ# is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡3 ≥ 𝑡 s.t. 𝜙 𝑡3, 𝑥! ∈ ℛ. 

Recurrent sets: Letting things go, and come back

10

Previous two good inner approximations of 𝓐(𝒙∗)  are recurrent sets

[arXiv 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal preprint arXiv:2204.10372.
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…

Property of Recurrent Sets
• ℛ need not be connected

• ℛ does not require 𝑓 to point inwards on all 𝜕ℛ

 

Recurrent sets, while not invariant, 
guarantee that solutions that start in this set, 
will come back infinitely often, forever!   Recurrent set	ℛ: 

A recurrent trajectory:

…
A set ℛ ⊆ ℝ# is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡3 ≥ 𝑡 s.t. 𝜙 𝑡3, 𝑥! ∈ ℛ. 

Question: Can we use recurrent sets as functional substitutes of invariant sets?



Model-free Learning of Regions of 
Attractions via Recurrent Sets
Y Shen, M. Bichuch, and E Mallada, “Model-free Learning of regions of attraction via recurrent sets.” CDC 2022.

11

Yue Shen Maxim Bichuch



Recurrent sets are subsets of the region of attraction
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A set ℛ ⊆ ℝ# is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡3 ≥ 𝑡 s.t. 𝜙 𝑡3, 𝑥! ∈ ℛ. 

Theorem. Let ℛ ⊂ ℝ# be a compact set satisfying 𝜕ℛ ∩ Ω 𝑓 = ∅. 
Then: 

ℛ ∩ Ω 𝑓 ≠ ∅
ℛ ⊂ 𝒜(ℛ ∩ Ω 𝑓 )ℛ is invariant 

[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.

ℛ: 

𝓐 𝒙∗ 	: 

invariant



Recurrent sets are subsets of the region of attraction
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A set ℛ ⊆ ℝ# is recurrent if for any 𝑥! ∈ ℛ and 𝑡 ≥ 0, ∃𝑡3 ≥ 𝑡 s.t. 𝜙 𝑡3, 𝑥! ∈ ℛ. 

Theorem. Let ℛ ⊂ ℝ# be a compact set satisfying 𝜕ℛ ∩ Ω 𝑓 = ∅. 
Then: 

ℛ ∩ Ω 𝑓 ≠ ∅
ℛ ⊂ 𝒜(ℛ ∩ Ω 𝑓 )ℛ is recurrent 

ℛ: 

𝓐 𝒙∗ 	: 

recurrent not recurrent not recurrent

[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.



Learning Regions of Attractions via Recurrent Sets

Algorithm: Given 𝒉 centers, param. 𝝉, and 𝜺 > 𝟎:
• Build approximation using unions of balls centered at 𝑥/, … , 𝑥0, with 𝑥/ = 𝑥∗

13

𝑥"

𝑥#

𝑥$
∂

∂

𝓐 𝒙∗ 	: 

[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.
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[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.
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𝑥#

𝑥$

𝓐 𝒙∗ 	: 
𝒮1/: 

𝒮12: 

𝒮13: 
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At each iteration 𝒍
• Sample trajectories of duration 𝜏 from 𝒮) until 

recurrence is violated (counter-example)
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[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.
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𝒮12: 
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𝑝"

𝑝#

𝒑𝟑: counter example

𝜙(𝑡, 𝑝):

𝑝$



Learning Regions of Attractions via Recurrent Sets

Algorithm: Given 𝒉 centers, param. 𝝉, and 𝜺 > 𝟎:
• Build approximation using unions of balls centered at 𝑥/, … , 𝑥0, with 𝑥/ = 𝑥∗

• Ini9al approxima9on: 𝒮% =∪&'"( 𝒮%
&, where 𝒮%

& = 𝑥: 𝑥 − 𝑥& ≤ 𝑏%
&

At each iteration 𝒍
• Sample trajectories of duration 𝜏 from 𝒮) until 

recurrence is violated (counter-example)
• Update approximation 𝒮45/ to exclude 

counter-example neighborhood:  𝑝6 + B7

Sample complexity: 𝑚 ≥ ∑$ ; 	𝒮$<=%
; =%

log >
?

[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.

𝒑𝟑: counter example

𝜙(𝑡, 𝑝):

𝑥"

𝑥$

𝓐 𝒙∗ 	: 
𝒮//: 

𝒮/2: 

𝒮/3: 

𝜀 𝑥#𝑝$
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Example: Using 50 Center Points

𝓐 𝒙∗ 	: 

-4 -2 0 2 4
x1

-4

-2

0

2

4
Complement of ROA
ROA approximation
Equilibrium
Center point

50 sphere approximation 
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Example: Changing trajectory duration 𝝉 
• Run: 200 center points sampled (uniformly)
• Stopping criteria: 𝛿 = 1089

𝜏 = 5𝑠 𝜏 = 2𝑠 𝜏 = .6𝑠 𝜏 = .3𝑠

𝝉 (s) Running time Volume %

5 57.7 72.0%

2 55.8 51.2%

.6 47.1 31.2%

.3 28.7 3.24%

15



Example: Episodic Expansions of Approximation

•At Each Episode: 
• Sample 50 new center points (uniformly)
• Stopping criteria: 𝛿 = 10GH

16

𝜏 = .3

[CDC 22] Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, CDC 2022, journal version submitted.



Transient Stability Analysis

• Synchronous machine connected to infinite bus
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Transient Stability Analysis

• Synchronous machine connected to infinite bus
• 𝑡> lower line is short-circuited
• 𝑡I fault is cleared 

<latexit sha1_base64="IdvfXG8zfKK4ZOq4/+wSASQMnYk="></latexit>
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[�,!, 0, 0, 0], [0, 0, e0q, Efd, 0], [0,!, 0, 0, Pm]

            _
M. Tacchi et al “Power system transient stability analysis using SoS programming” Power System Computation Conference (PSCC) 2018

SoS approx. in red (2d-sections)
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Transient Stability Analysis

• Algorithm parameters: 
• Centers: 1000 per episode
• Failure prob.: 𝛿 = 1089

• Time constant: 𝜏 = 100 s

17

SoS in blue: [Tacchi 18] vol = 0.05%, run time “they are huge”
Multi-center in green: vol = 0.23%, 1 episode, run time 3 min

            _
M. Tacchi et al Power system transient stability analysis using SoS programming, Power System Computation Conference (PSCC) 2018
Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, Control and Decision Conference (CDC) 2022

Percent vol. gain: 𝑽𝑴𝑪8𝑽𝑺𝒐𝑺
𝑽𝑺𝒐𝑺

	=	360%



Transient Stability Analysis

• Algorithm parameters: 
• Centers: 1000 per episode
• Failure prob.: 𝜌 = 1089

• Time constant: 𝜏 = 100 s

17

SoS in blue: [Tacchi 18] vol = 0.05%, run time “they are huge”
Multi-center in green: vol = 0.45%, 3 episodes, run time 10 min

            _
M. Tacchi et al Power system transient stability analysis using SoS programming, Power System Computation Conference (PSCC) 2018
Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, Control and Decision Conference (CDC) 2022

Percent vol. gain: 𝑽𝑴𝑪8𝑽𝑺𝒐𝑺
𝑽𝑺𝒐𝑺

	=	 800%



Transient Stability Analysis

• Algorithm parameters: 
• Centers: 1000 per episode
• Failure prob.: 𝜌 = 1089

• Time constant: 𝜏 = 100 s

17

SoS in blue: [Tacchi 18] vol = 0.05%, run time “they are huge”
Multi-center in green: vol = 0.74%, 5 episode, run time 17.5 min

            _
M. Tacchi et al Power system transient stability analysis using SoS programming, Power System Computation Conference (PSCC) 2018
Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, Control and Decision Conference (CDC) 2022

Percent vol. gain: 𝑽𝑴𝑪8𝑽𝑺𝒐𝑺
𝑽𝑺𝒐𝑺

	=	 1380%



Transient Stability Analysis

• Algorithm parameters: 
• Centers: 1000 per episode
• Failure prob.: 𝜌 = 1089

• Time constant: 𝜏 = 100 s

17

SoS in blue: [Tacchi 18] vol = 0.05%, run time “they are huge”
Multi-center in green: vol = 1.56%, 10 episodes, run time 39.5 min

            _
M. Tacchi et al Power system transient stability analysis using SoS programming, Power System Computation Conference (PSCC) 2018
Shen, Bichuch, M, Model-free Learning of Regions of Attraction via Recurrent Sets, Control and Decision Conference (CDC) 2022

Percent vol. gain: 𝑽𝑴𝑪8𝑽𝑺𝒐𝑺
𝑽𝑺𝒐𝑺

	=	 3020%



•  Invariance: Merits and trade-offs

•  Letting things go and come back: Recurrent sets
•  Approximating regions of attractions via recurrent sets

•  Non-parametric analysis of dynamical systems
•  Stability analysis via non-monotonic Lyapunov conditions
•  Safety verification via generalized Barrier functions

Outline



•  Invariance: Merits and trade-offs

•  Letting things go and come back: Recurrent sets
•  Approximating regions of attractions via recurrent sets

•  Non-parametric analysis of dynamical systems
•  Stability analysis via non-monotonic Lyapunov conditions
•  Safety verification via generalized Barrier functions

Outline



Nonparametric Stability Analysis
R. Siegelmann, Y. Shen, F. Paganini, and E. Mallada, “A recurrence-based direct method for stability analysis and 
GPU-based verification of non-monotonic Lyapunov functions”, CDC 2023

18
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Lyapunov’s Direct Method
Key idea: Make sub-level sets invariant to trap trajectories

Challenge: Couples shape of 𝑉 and vector field 𝑓
• Towards decoupling the 𝑉 − 𝑓 geometry

• Controlling regions where 𝑉̇ ≥ 0 [Karafyllis ‘09, Liu et al ‘20] 
• Higher order conditions: 𝑔(𝑉 " , … , 𝑉̇, 𝑉) ≤ 0 [Butz ‘69, Gunderson ’71, Ahmadi ’06, Meigoli ‘12]
• Discretization approach: 𝑉 𝑥 𝑇 ≤ 𝑉(𝑥(0)) [Coron et al ‘94, Aeyels et. al ‘98, Karafyllis ‘12]
• Multiple Lyapunov Functions: {𝑉#: 𝑗 ∈ 𝑘 } [Ahmadi et al ‘14]

 

Theorem [Lyapunov ‘1892]. Given 𝑉:ℝ; →
ℝ<1	, with 𝑉 𝑥 > 0, ∀𝑥 ∈ ℝ;\ 𝑥∗ , then:
• 𝑉̇ ≤ 0 → 𝑥∗ stable
• 𝑉̇ < 0 → 𝑥∗ as. stable

19

            _
A Butz. Higher order derivatives of Lyapunov functions. IEEE Transactions on automatic control, 1969
Gunderson. A comparison lemma for higher order trajectory derivatives. Proceedings of the American Mathematical Society,  1971
Coron, Lionel Rosier. A relation between continuous time-varying and discontinuous feedback stabilization. J. Math. Syst., Estimation, Control, 1994
Aeyels, Peuteman. A new asymptotic stability criterion for nonlinear time-variant differential equations. IEEE Transactions on automatic control, 1998
Ahmadi. Non-monotonic Lyapunov functions for stability of nonlinear and switched systems: theory and computation, 2008
Karafyllis, Kravaris, Kalogerakis. Relaxed Lyapunov criteria for robust global stabilisation of non-linear systems. International Journal of Control, 2009
Meigoli, Nikravesh. Stability analysis of nonlinear systems using higher order derivatives of Lyapunov function candidates. Systems & Control Letters, 2012 
Karafyllis. Can we prove stability by using a positive definite function with non sign-definite derivative? IMA Journal of Mathematical Control and Information, 2012
Ahmadi, Jungers, Parrilo, Roozbehani. Joint spectral radius and path-complete graph Lyapunov functions. SIAM Journal on Control and Optimization, 2014
Liu, Liberzon, Zharnitsky. Almost Lyapunov functions for nonlinear systems. Automatica, 2020



Lyapunov’s Direct Method
Key idea: Make sub-level sets invariant to trap trajectories

Challenge: Couples shape of 𝑉 and vector field 𝑓
• Towards decoupling the 𝑉 − 𝑓 geometry

• Controlling regions where 𝑉̇ ≥ 0 [Karafyllis ‘09, Liu et al ‘20] 
• Higher order conditions: 𝑔(𝑉 " , … , 𝑉̇, 𝑉) ≤ 0 [Butz ‘69, Gunderson ’71, Ahmadi ’06, Meigoli ‘12]
• Discretization approach: 𝑉 𝑥 𝑇 ≤ 𝑉(𝑥(0)) [Coron et al ‘94, Aeyels et. al ‘98, Karafyllis ‘12]
• Multiple Lyapunov Functions: {𝑉#: 𝑗 ∈ 𝑘 } [Ahmadi et al ‘14]

Question: Can we provide stability conditions based on recurrence? 
 

Theorem [Lyapunov ‘1892]. Given 𝑉:ℝ; →
ℝ<1	, with 𝑉 𝑥 > 0, ∀𝑥 ∈ ℝ;\ 𝑥∗ , then:
• 𝑉̇ ≤ 0 → 𝑥∗ stable
• 𝑉̇ < 0 → 𝑥∗ as. stable

19



Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ# → ℝ< is a recurrent Lyapunov function if

20

t

Preliminaries:
•  Sub-level sets {𝑉(𝑥) ≤ 𝑐} are 𝝉-recurrent sets.

𝑉*+… 𝑥(

𝜏
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Definition: A set ℛ ⊆ ℝ,  is 𝝉-recurrent if for any 𝑥% ∈ ℛ and 𝑡 ≥ 0, ∃𝑡- ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡-, 𝑥% ∈ ℛ. 

Time elapsed ≤ 𝝉
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Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ# → ℝ< is a recurrent Lyapunov function if

20

t

Preliminaries:
•  Sub-level sets {𝑉(𝑥) ≤ 𝑐} are 𝝉-recurrent sets.
•  When 𝑓 is 𝐿-Lipschitz, one can trap trajectories.

𝑉*+… 𝑥(

𝜏
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Recurrent Lyapunov Functions 

A continuous function 𝑉:ℝ# → ℝ< is a recurrent Lyapunov function if

20

t𝜏
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            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

Theorem [CDC 23]: Let 𝑉:	ℝ#→ ℝ^! be a 
recurrent Lyapunov function and let 𝑓 be L-
Lipschitz
• Then, the equilibrium 𝑥∗ is stable.
• Further, if the inequality is strict, then 𝑥∗ is 

asymptotically stable! 
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Exponential Stability Analysis

The function 𝑉:	ℝ# → ℝ< is 𝜶-exponential recurrent Lyapunov function if

21
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            _
Siegelmann, Shen, Paganini, M, A recurrence-based direct method for stability analysis and GPU-based verification of non-monotonic Lyapunov functions, CDC 2023

X
Theorem [CDC 23]: Let 𝑉:ℝ# → ℝ^! satisfy 

𝛼> 𝑥 − 𝑥∗ ≤ 𝑉 𝑥 ≤ 𝛼I 𝑥 − 𝑥∗ .
Then, if  𝑉 is 𝛼-exponential recurrent Lyapunov 
function, 𝑥∗ is 𝛼-exponentially stable.
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A (Sub-optimal) Converse Theorem

22

Theorem: Assume 𝑥∗ is 𝜆-exponentially stable:  ∃	𝐾, 𝜆 > 0 such that:

𝜙 𝑡, 𝑥 − 𝑥∗ ≤ 𝐾𝑒G_` 𝑥! − 𝑥∗ , ∀𝑥 ∈ ℝ#.

Then, 𝑉 𝑥 = 𝑥 − 𝑥∗  is 𝛼-exponential recurrent Lyapunov function , i.e.,

min
`∈ !,a

	𝑒b` 𝜙 𝑡, 𝑥 − 𝑥∗ − 𝑥 − 𝑥∗ ≤ 0, ∀𝑥 ∈ ℝ#,

whenever     𝛼 < 𝜆     and    𝜏 ≥ >
_Gb

ln𝐾.

Remarks:
• The rate 𝛼 must be strictly smaller than the rate of convergence 𝜆 (giving up optimality).
• Any norm is a Lyapunov function! 

Question: Is the struggle for its search over?



Nonparametric Verification of Exponential Stability

23

Proposition [CDC 23*]: Let ⋅  be any norm and 𝑥∗ = 0. Then, whenever

for all 𝑦 with 𝑦 − 𝑥 ≤ 𝑟

min
`∈ !,a

𝑒b` 𝜙 𝑥, 𝑡 + 𝑟𝑒c` ≤ 𝑥 − 𝑟

min
`∈ !,a

𝑒b` 𝜙 𝑦, 𝑡 ≤ 𝑦

Remarks:
• Only requires a trajectory of length 𝜏
• Trades off between radius 𝒓 and verified performance 𝜶
• Amenable for parallel computations using GPUs



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |>
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points

Nonparametric Stability Verification via GPUs

24

ℓ

<latexit sha1_base64="mu+GUF+hyPFxkAfLt6mzF+XbiIg=">AAACM3icdVDLSgMxFM34rPXV6k43wSKIizIjvpZFNy4r2ge0Y8lkMm1oMhmSjLQM/QS3+iV+jLgTt/6DmXYWdooXAodz7j2cHC9iVGnb/rCWlldW19YLG8XNre2d3VJ5r6lELDFpYMGEbHtIEUZD0tBUM9KOJEHcY6TlDW9TvfVMpKIifNTjiLgc9UMaUIy0oR5GT6e9UsWu2tOBi8DJQAVkU++VrYOuL3DMSagxQ0p1HDvSboKkppiRSbEbKxIhPER90jEwRJwoNxlNw07gsaF8GAhpXqjhlP17kiCu1Jh7ZpMjPVB5LSX/01JHZURoKmAwdRFsbsfzeC6fDq7dhIZRrEmIZ+mCmEEtYFoX9KkkWLOxAQhLan4I8QBJhLUpNWctmD8xbTr57hZB86zqXFYv7s8rtZus1wI4BEfgBDjgCtTAHaiDBsCgD17AK3iz3q1P68v6nq0uWdnNPpgb6+cXLWSqig==</latexit>

x⇤

ℓ
ℓ/3

split



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |>
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points
• Exponentially expand to outer layer
• Repeat testing in new layer

Nonparametric Stability Verification via GPUs

24



• Basic Algorithm: 
• Consider 𝑉 𝑥 = | 𝑥 − 𝑥∗ |>
• Build a grid of hypercubes surrounding 𝑥∗
• Test grid center points:

• Simulate trajectories of length 𝜏
• Find 𝛼 s.t. the verified radius is 𝑟 ≥ ℓ/2

• Hypercube not verified, split in 𝟑𝒅 parts
• Repeat testing of new points
• Exponentially expand to outer layer
• Repeat testing in new layer

Nonparametric Stability Verification via GPUs

24

Q: How many samples are needed?
If	𝑥∗	is	𝜆-exp.	stable

𝒪 𝑞8;	log
𝑅
𝜀

with 𝑞 = "345 )*+ ,

"65 -.) , < 1.

𝑅ε



Numerical Illustration

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

25

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.2

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



Numerical Illustration

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

25

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.5

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



Comparison with SoS

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

26

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.0

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



Comparison with SoS

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

26

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.1

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



Comparison with SoS

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

26

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.3

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



Comparison with SoS

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

26

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.5

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



Comparison with SoS

Consider the 2-d non-linear system:
with 𝐵tu ∼ 𝒩(0, 𝜎I)

26

𝑥̇ = 0 2
−1 −1 𝑥 + 𝐵

𝑥>I
𝑥>𝑥I
𝑥II

𝜎 = 0.6

Parameter Value

𝐿 1.8

𝜏 1.5

ℓ 0.01



•  Invariance: Merits and trade-offs

•  Letting things go and come back: Recurrent sets
•  Approximating regions of attractions via recurrent sets

•  Non-parametric analysis of dynamical systems
•  Stability analysis via non-monotonic Lyapunov conditions
•  Safety verification via generalized Barrier functions

Outline



•  Invariance: Merits and trade-offs

•  Letting things go and come back: Recurrent sets
•  Approximating regions of attractions via recurrent sets

•  Non-parametric analysis of dynamical systems
•  Stability analysis via non-monotonic Lyapunov conditions
•  Safety verification via generalized Barrier functions

Outline



Nonparametric Safety Verification using Recurrence
Y. Shen, H. Sibai, E. Mallada, “Generalized Barrier Functions: Integral Conditions and Recurrent Relaxations”, in 
60th Allerton Conference on Communication, Control, and Computing 2024

Hussein SibaiYue Shen

27



Safety in Dynamical Systems

Consider the continuous-time dynamical system:  𝑥̇ = 𝑓 𝑥
- 𝜙 𝑡, 𝑥1 : solution at time 𝑡 starting from 𝑥1
- 𝑋@: set of unsafe states

Goal: Find the safe set

28

𝑋@: unsafe set
(e.g., obstacles)

𝑥1
𝜙(𝑡, 𝑥1)

𝑋A	: 

<latexit sha1_base64="yK8YM0BVqrgbvEElcvqF20rp6aQ="></latexit>

Xs := {x0 2 Rd|�(t, x0) 62 Xu, 8t � 0}



Safety in Dynamical Systems via Invariant Sets

Consider the continuous-time dynamical system:  𝑥̇ = 𝑓 𝑥
- 𝜙 𝑡, 𝑥1 : solution at time 𝑡 starting from 𝑥1
- 𝑋@: set of unsafe states

Goal: Find the safe set

General Approach: Use invariant sets!

29

<latexit sha1_base64="yK8YM0BVqrgbvEElcvqF20rp6aQ="></latexit>

Xs := {x0 2 Rd|�(t, x0) 62 Xu, 8t � 0}

A set 𝒮 ⊆ ℝ# is invariant if and only if:  𝑥! ∈ 𝒮 → 𝜙 𝑡, 𝑥! ∈ 𝒮, ∀𝑡 ≥ 0   
System Limits
(e.g., speed)

Unsafe Regions
(e.g., obstacles)



Certifying Safety using Barrier Functions

30

Mitio Nagumo

Theorem - Nagumo’s Barrier Functions [Nagumo ‘42] :
Let ℎ:ℝB → ℝ	be differentiable, with 0 being a regular value. 
Then ℎ is a Nagumo’s Barrier Function (NBF) satisfying:

if and only if ℎ<1 ≔ 𝑥 ∈ ℝ; ℎ 𝑥 ≥ 0  is invariant.

<latexit sha1_base64="fVmeZXOx4ZJ56+BgfbXPpq3OcYU="></latexit>

Lfh(x) := lim
t!0

h(�(t, x))� h(x)

t
� 0, 8x 2 h=0,

𝒉7𝟎 invariant

𝑿𝒖	
(Unsafe)

𝒉'𝟎

Time0
ℎ(𝑥#)

𝜙(𝑥#, 𝑡)

ℎ(𝑥")

𝜙(𝑥", 𝑡)

Then ℎ^! is a safe set whenever ℎ^!	 ∩ 𝑋y = ∅
______
M. Nagumo, “Über die lage der integralkurven gewöhnlicher differentialgleichungen,” Proceedings of the Physico-Mathematical Society of Japan 1942



Barrier functions provide a flexible framework to shape the behavior of trajectories
Nagumo’s (NBF) Exponential Barrier Functions (EBF)

Shaping Safe Behavior using Barrier Functions (BFs)

31

<latexit sha1_base64="4j+WGM9j1V3A320NRhXWxmjpTl8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoUkoiUt0IRTcuXFSwD2hCmEwn7dDJJJ2ZSEvoP7jxV9y4UMStG3f+jdPHQlsPXDiccy/33uPHjEplWd9GZml5ZXUtu57b2Nza3jF39+oySgQmNRyxSDR9JAmjnNQUVYw0Y0FQ6DPS8HvXY7/xQISkEb9Xw5i4IepwGlCMlJY88+TWC7qFwbHTIX1oOcUidPoJakMniARiDA4cymHXSy+tkWfmrZI1AVwk9ozkwQxVz/xy2hFOQsIVZkjKlm3Fyk2RUBQzMso5iSQxwj3UIS1NOQqJdNPJTyN4pJU21Ffo4gpO1N8TKQqlHIa+7gyR6sp5byz+57USFVy4KeVxogjH00VBwqCK4Dgg2KaCYMWGmiAsqL4V4i4SCCsdY06HYM+/vEjqpyW7XCrfneUrV7M4suAAHIICsME5qIAbUAU1gMEjeAav4M14Ml6Md+Nj2poxZjP74A+Mzx8WmJxz</latexit>

Lfh(x) → 0 , ↑x ↓ h=0
<latexit sha1_base64="S1R4Pmw9YN9a1iGsz+e/B2L581g="></latexit>

Lfh(x) → ↑ωh(x) , ↓x ↔ h→↑c

Time
0

ℎ(𝑥!)

ℎ(𝑥")

𝒉$𝟎 invariant

𝒉&𝟎

𝜙(𝑥', 𝑡)

𝜙(𝑥(, 𝑡)

𝜙(𝑥', 𝑡)

𝒉$𝟎 invariant

𝒉&𝟎
𝜙(𝑥(, 𝑡)

𝜙(𝑥), 𝑡)

−𝑐

Time
0

ℎ(𝑥!)

ℎ(𝑥")

Other: Zeroing BFs (ZBFs), Minimal BFs (MBFs), Control BFs (CBFs), High Order CBFs (HOCBFs), …
______
S. Prajna, A. Jadbabaie. Safety Verification of Hybrid Systems Using Barrier Certificates. HSCC 2004
P. Wieland, F. Allgöwer. Constructive safety using control barrier functions. IFAC Proceedings Volumes 2007
A. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath, P. Tabuada. Control barrier functions: Theory and applications. IEEE ECC 2019
R. Konda, A. Ames, S. Coogan. Characterizing safety: Minimal control barrier functions from scalar comparison systems. IEEE L-CSS 2020
W. Xiao, C. Belta. High-order control barrier functions. IEEE TAC 2021

𝑒#$%ℎ(𝑥!)

𝑒#$%ℎ(𝑥&)

𝑒#$%ℎ(𝑥')

ℎ(𝑥&)

Problem: Finding Barrier Functions is usually 
a complex undertaking

Key Challenge: The invariance condition on ℎab couples the 
geometry of 𝑓 and the set ℎab



Integral Nagumo’s Barrier Function (INBF)

Nagumo’s Barrier Functions [Nagumo ‘42]:
Let ℎ be differentiable, regular at zero, and

<latexit sha1_base64="Y4Kz8urRWgmDDE7yvmZS9ndUaOE="></latexit>

Lfh(x) → 0 , ↑x ↓ h=0

*
requires more 
conditions on  ℎ

The super-level set ℎ7% is invariant.

Integral Nagumo’s Barrier Function:
Let ℎ be continuous, and

<latexit sha1_base64="zpa7QordJACEI9qnirmQUjjMInY="></latexit>

h(ω(t, x)) → 0 , ↑x ↓ h=0 , t → 0

Time0

ℎ(𝑥)

ℎ(𝑥")

ℎ(𝑥#)

𝒉<𝟎 invariant
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𝒉'𝟎

𝜙(𝑥#, 𝑡)

𝜙(𝑥", 𝑡)
𝒉:𝟎



Recurrent Nagumo’s Barrier Function (RNBF)

Thm: Integral Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ7% is invariant

Time0

ℎ(𝑥)

ℎ(𝑥")

ℎ(𝑥#)

𝒉<𝟎 invariant

<latexit sha1_base64="zSaZ5EGzGXBFwkIGj7YDL9J7Eug="></latexit>

h(ω(t, x)) → 0 , ↑x ↓ h=0 , t → 0

33

Recall: A set ℛ ⊆ ℝ; is 𝝉-recurrent if for any 𝑥1 ∈ ℛ and 𝑡 ≥ 0, ∃𝑡D ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡D, 𝑥1 ∈ ℛ. 

Thm: Recurrent Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ7% is 𝝉-recurrent

<latexit sha1_base64="yH15PaSbEg9ki6TTEi1uajCuMtY="></latexit>

max
t→(0,ω ]

h(ω(t, x)) → 0 , ↑x ↓ h=0

𝒉'𝟎

𝜙(𝑥#, 𝑡)

𝜙(𝑥", 𝑡)
𝒉:𝟎



Recurrent Nagumo’s Barrier Function (RNBF)

Thm: Integral Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ7% is invariant

𝒉<𝟎 𝜏-recurrent

<latexit sha1_base64="zSaZ5EGzGXBFwkIGj7YDL9J7Eug="></latexit>

h(ω(t, x)) → 0 , ↑x ↓ h=0 , t → 0

33

Recall: A set ℛ ⊆ ℝ; is 𝝉-recurrent if for any 𝑥1 ∈ ℛ and 𝑡 ≥ 0, ∃𝑡D ∈ (𝑡, 𝑡 + 𝜏] s.t. 𝜙 𝑡D, 𝑥1 ∈ ℛ. 

Thm: Recurrent Nagumo’s Barrier Function:
Let ℎ be continuous. Then:

if and only if ℎ7% is 𝝉-recurrent

<latexit sha1_base64="yH15PaSbEg9ki6TTEi1uajCuMtY="></latexit>

max
t→(0,ω ]

h(ω(t, x)) → 0 , ↑x ↓ h=0

𝒉'𝟎
Time0

𝜙(𝑥#, 𝑡)

𝜙(𝑥", 𝑡)

ℎ(𝑥)

𝒉:𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

ℎ(𝑥")

ℎ(𝑥#)

As 𝜏 → 0

By definition



Integral Exponential Barrier Function (IEBF)

Exponential Barrier Functions:
Let ℎ be differentiable, and

<latexit sha1_base64="4aUDzxn7t290Sbe9UdqikOdYSBg="></latexit>

Lfh(x) → ↑ωh(x) , ↓x ↔ h→↑c

*
requires more 
conditions on  ℎ

The super-level set ℎ7% is invariant.

Integral Exponential Barrier Function:
Let ℎ be continuous, and

for all  𝑡 ≥ 0

<latexit sha1_base64="QFY7DDF9V67NQpI7fpq4d8dbIzE="></latexit>

h(ω(t, x)) → e→ωth(x) , ↑x ↓ h↑→c

ℎ(𝑥)

𝒉<𝟎 invariant
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Time0

𝑒3;<ℎ(𝑥$)ℎ(𝑥$)

ℎ(𝑥")

ℎ(𝑥#)

ℎ(𝑥=)

𝑒3;<ℎ(𝑥")
𝑒3;<ℎ(𝑥=)

−𝑐

𝒉'𝟎

𝜙(𝑥#, 𝑡)

𝜙(𝑥", 𝑡)

𝜙(𝑥$, 𝑡)

𝒉:𝟎



Recurrent Exponential Barrier Function (REBF)

Thm: Integral Exponential Barrier Function:
Let ℎ be continuous. If:

for all 𝒕 ≥ 𝟎, then, ℎ7% is invariant

<latexit sha1_base64="QFY7DDF9V67NQpI7fpq4d8dbIzE="></latexit>

h(ω(t, x)) → e→ωth(x) , ↑x ↓ h↑→c

35

Thm: Recurrent Exponential Barrier Function:
Let ℎ be continuous. If:

then, ℎ7% is 𝝉-recurrent

<latexit sha1_base64="V13jW1zkclBmjwngnxQ0ZyFyEu4="></latexit>

max
t→(0,ω ]

eεth(ω(t, x)) → h(x) , ↑x ↓ h↑↓c

ℎ(𝑥)

𝒉<𝟎 invariant

Time0

𝑒3;<ℎ(𝑥$)ℎ(𝑥$)

ℎ(𝑥")

ℎ(𝑥#)

ℎ(𝑥=)

𝑒3;<ℎ(𝑥")
𝑒3;<ℎ(𝑥=)

−𝑐

𝒉'𝟎

𝜙(𝑥#, 𝑡)

𝜙(𝑥", 𝑡)

𝜙(𝑥$, 𝑡)

𝒉:𝟎



Recurrent Exponential Barrier Function (REBF)

𝒉<𝟎 𝜏-recurrent

35

𝒉'𝟎

𝒉:𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

As 𝜏 → 0

By definition

Thm: Integral Exponential Barrier Function:
Let ℎ be continuous. If:

for all 𝒕 ≥ 𝟎, then, ℎ7% is invariant

<latexit sha1_base64="QFY7DDF9V67NQpI7fpq4d8dbIzE="></latexit>

h(ω(t, x)) → e→ωth(x) , ↑x ↓ h↑→c

Thm: Recurrent Exponential Barrier Function:
Let ℎ be continuous. If:

then, ℎ7% is 𝝉-recurrent

<latexit sha1_base64="V13jW1zkclBmjwngnxQ0ZyFyEu4="></latexit>

max
t→(0,ω ]

eεth(ω(t, x)) → h(x) , ↑x ↓ h↑↓c

𝜙(𝑥", 𝑡)

𝜙(𝑥$, 𝑡)

Time0

𝑒3;<ℎ(𝑥$)

𝑒3;<ℎ(𝑥")
𝑒3;<ℎ(𝑥=)

ℎ(𝑥$)

ℎ(𝑥")

Time elapsed ≤ 𝝉

Question: Do we gain anything from relaxing 
the invariance condition in BFs?



Bi-Exponential Recurrent Barrier Functions

We first generalize REBF using different exponential rates 𝛼, 𝛽 > 0: 

36

<latexit sha1_base64="/IqxnRNH/Fi6brQY7+USTE/OLPI="></latexit>

max
t→(0,ω ]

eεt[h(ω(t, x))]+ + eϑt[h(ω(t, x))]↑ → h(x) , ↑x ↓ h↓↑c

Time0

𝑒3><ℎ(𝑥$)

𝑒3;<ℎ(𝑥")
𝑒3;<ℎ(𝑥=)

ℎ(𝑥$)

ℎ(𝑥")

Time elapsed ≤ 𝝉

𝒉'𝟎

𝒉:𝟎

Time elapsed ≤ 𝝉

Time elapsed ≤ 𝝉

𝜙(𝑥", 𝑡)

𝜙(𝑥$, 𝑡)



𝐷1 ≔ ℎ<8E

All Signed Norms are Recurrent Barrier Functions!

37

Theorem: Assume there exists an Integral Exponential BF (IEBF), ℎ	,
defined over 𝐷% ≔ ℎ73+ for some 𝑐 > 0. Then ∃	𝛼 > 0 such that:

𝑒;<	ℎ 𝜙 𝑡, 𝑥 ≥ ℎ 𝑥 , ∀𝑥 ∈ ℎ73+
for all  𝑡 ≥ 0.
Then for any set 𝒮 with ℎ7% ⊆ 𝒮 ⊆ ℎ*3+, the function

�ℎ 𝑥 ≔ −sd(𝑥, 𝒮)
is a Recurrent Exponential Barrier Function (REBF):

max
<∈ %,.

𝑒@;	< ℎ 𝜙 𝑡, 𝑥 6 + 𝑒
;< ℎ 𝜙 𝑡, 𝑥 3` ≥ ℎ 𝑥 , ∀𝑥 ∈ ℎ73+

with any parameters 𝛼 < 𝛼 < �𝛼 whenever 𝜏 ≥ ̅𝜏( �𝛼 − 𝛼, 𝛼 − 𝛼)

𝜙(𝑥0, 𝑡)

𝒉1𝟎 𝜙(𝑥(, 𝑡)

𝜙(𝑥2, 𝑡)

𝒮
hℎ<1

hℎF1

𝒉1𝟎

Remarks:
• The rates 𝛼 < i𝛼	must be strictly smaller/bigger than 𝛼 (giving up optimality).
• Any signed norm of most sets is a Recurrent Barrier function! 

Question: How to use Recurrent Barriers for safety?



Certifying Safety using Recurrent Sets

Theorem - Consider a closed set 𝑆 that is 𝝉-recurrent. 
Then its 𝜏-reachable set:

is invariant.  

Moreover, 𝑆 is safe whenever:
1.  ℛ[!,a](𝑆) ∩ 𝑋y = ∅, 
2.  𝑆 ∩ ℛ Ga,! 𝑋y = ∅

𝑺

𝑿𝒖
(Known Unsafe)

ℛ[1,H](𝑆)
<latexit sha1_base64="HiWJISDPh+uQ6lT3bzQ+CHCG5dE="></latexit>

R[0,⌧ ](S) :=
[

x2S
t2[0,⌧ ]

�(t, x) ℛ 8H,1 (𝑋@)

38



𝑋@	: 

A set 𝑆 is safe whenever:

Reachability Condition
• ℛ[!,a](𝑆) ∩ 𝑋y = ∅ 

Recurrent Condition
• qℎ 𝑥 ≔ − sd (	𝑥	, 𝑆	) is RNBF or REBF

• Cover the region with a grid 𝐺
• For each point 𝑔 ∈ 𝐺, 𝑆J represents its cell of radius 𝑟

• We build 𝑆 =∪�∈�D 𝑆�, with 𝐺� representing safe grid points
• Initialize 𝐺A ← 𝐺 (all grid points are initially safe)

• Check both conditions using only one trajectory for each cell!

Nonparametric Safety Verification

39
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Checking Reachability Condition
Starting from centers of grid cell 𝑔, simulate the 
trajectories for 𝜏-seconds in parallel using a GPU

𝒳y

If  𝜙 𝑡, 𝑥 ∉ 𝒳@, ∀𝑥 ∈ 𝑆J, 𝑡 ∈ [0, 𝜏]
 ℛ 1,H (𝑆J) ∩ 𝑋@ = ∅

If  ∃𝑡 ∈ 0, 𝜏  s.t. 𝜙 𝑡, 𝑥 ∈ 𝒳@, ∀𝑥 ∈ 𝑆J
 ℛK 𝑆J ⊆ 𝑋@	for some 𝑡 ∈ 0, 𝜏  

Keep 𝑔 in 𝐺A

Else
Undetermined 

Split 𝑔

Remove 𝑔 from 𝐺A 
Add 𝑔 to 𝐺@

*Stop splitting g and mark it as unsafe 
whenever g is too small (𝑟 ≤ 𝑟DEF)

𝑔

Nonparametric Safety Verification: Reachability
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𝐺𝒔: 

𝐺𝒖: 

A set 𝑆 =∪�∈�D 𝑆� is safe whenever:

Reachability Condition
• ℛ[!,a](𝑆) ∩ 𝑋y = ∅ 

Recurrent Condition
• qℎ 𝑥 ≔ − sd (	𝑥	, 𝑆	) is a RBF or REBF

𝑋@	: 

Nonparametric Safety Verification
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Check the Recurrent condition
• Let 𝑆 =∪J∈N3 𝑆J	,
• Starting from centers of grid cell 𝑔 ∈ 𝐺A, simulate 

the trajectories for 𝜏-seconds in parallel using a GPU

If  m𝑎𝑥
K∈ 1,H

	𝑒OPK	 hℎ 𝜙 𝑡, 𝑥 ≥ hℎ 𝑥 , ∀𝑥 ∈ 𝑆J
 REBF condition is satisfied within 𝑔

Keep 𝑔 in 𝐺A

Remove 𝑔 from 𝐺A 
Add 𝑔 to 𝐺@

Else
Undetermined 

Split 𝑔

If  m𝑎𝑥
K∈ 1,H

	𝑒OPK	 hℎ 𝜙 𝑡, 𝑥 < hℎ 𝑥 , ∀𝑥 ∈ 𝑆J
 REBF condition is NOT satisfied within 𝑆C𝐺y

*Stop splitting g and mark it as unsafe 
whenever g is too small (𝑟 ≤ 𝑟DEF)

𝐺�

<latexit sha1_base64="WQ77bfFma/a3lRL4IZlPQJEeXCE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBS2JFBVBKLhxWdE+oAllMpm0QycPZibSErJ046+4caGIWz/BnX/jpM1CqwcuHM65l3vvcSJGhTSML62wsLi0vFJcLa2tb2xu6ds7bRHGHJMWDlnIuw4ShNGAtCSVjHQjTpDvMNJxRleZ37knXNAwuJOTiNg+GgTUoxhJJfX1fWuIJBxWxtWLy2PLR3LI/US4aWV8BJPbtNrXy0bNmAL+JWZOyiBHs69/Wm6IY58EEjMkRM80ImkniEuKGUlLVixIhPAIDUhP0QD5RNjJ9JEUHirFhV7IVQUSTtWfEwnyhZj4jurMThXzXib+5/Vi6Z3bCQ2iWJIAzxZ5MYMyhFkq0KWcYMkmiiDMqboV4iHiCEuVXUmFYM6//Je0T2rmaa1+Uy836nkcRbAHDkAFmOAMNMA1aIIWwOABPIEX8Ko9as/am/Y+ay1o+cwu+AXt4xu7hJh+</latexit>

ĥ(x) := �sd(x, S)

Nonparametric Safety Verification: Recurrent Condition
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𝐺𝒔: 

𝐺𝒖: 

A set 𝑆 =∪�∈�D 𝑆� is safe whenever:

Reachability Condition
• ℛ[!,a](𝑆) ∩ 𝑋y = ∅ 

Recurrent Condition
• qℎ 𝑥 ≔ − sd (	𝑥	, 𝑆) is a REBF or RNBF

A GPU based algorithm
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𝑟 �
��
=
𝟎.
𝟎𝟏

running time: 354.12s
97.4% safe set covered

running time: 20.68s
99.6% safe set covered

∼17x faster
+2.2% more area

Reachability Recurrent (RNBF)

Numerical Validation: Reachability vs Recurrence
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𝑟 �
��
=
𝟎.
𝟎𝟐
𝟕𝟏

running time: 23.15s
92.2% safe set covered

running time: 3.81s
98.6% safe set covered

∼6x faster
+6.4% more area

Reachability Recurrent (RNBF)

Numerical Validation: Reachability vs Recurrence
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𝑟 �
��
=
𝟎.
𝟎𝟕
𝟑𝟕

running time: 3.01s
83.3% safe set covered

running time: 1.56s
94.6% safe set covered

∼2x faster
+11.2% more area

Reachability Recurrent (RNBF)

Numerical Validation: Reachability vs Recurrence
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𝑟 �
��
=
𝟎.
𝟐

running time: 1.86s
9.3% safe set covered

running time: 0.31s
71.2% safe set covered

6x faster
+61.9% more area

Reachability Recurrent (RNBF)

Numerical Validation: Reachability vs Recurrence
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Numerical Validation: Recurrent Exponential Barrier Function

𝛼 = 4 𝛼 = 3 𝛼 = 2 𝛼 = 1
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Conclusions

• Takeaways
• Proposed a relaxed notion of invariance: recurrence.
• Provide necessary and sufficient conditions for a recurrent set to be an inner approximation of 

the ROA.
• Nonparametric theory for dynamical systems analysis:

• Leading to general Lyapunov and Barrier Function conditions satisfied by any norm!
• Our algorithms are parallelizable and progressive/sequential.

• Ongoing work 
• Recurrent Sets: Smart choice of multi-points, control recurrent sets, GPU implementation
• Lyapunov and Barrier Functions: Generalize other Lyapunov notions, Control Lyapunov 

Functions, Control Barrier Functions, Contraction, etc. 
• Recurrence Entropy: Understanding the complexity of making a set recurrent compared to 

invariance.
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