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A World of Success Stories
2017 AlphaZero – Chess, Shogi, Go 2019 AlphaStar – Starcraft II2017 Google DeepMind’s DQN

OpenAI – Rubik’s Cube

Boston Dynamics

Waymo
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Reality Kicks In
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Can we adapt reinforcement learning algorithms to address 
physical systems challenges?



• Physical systems must meet multiple objectives
• Need to trade off between the different goals
• Constrained RL allows to explore the Pareto Front [1,2] 

• Failures have a qualitatively different impact
• Expectation constraints cannot meet safety requirements
• Hard (almost sure) constraints can guarantee safety [3,4]

Challenges of RL for Physical Systems
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• Intro to Constrained RL

• Dissipative Saddle Flows for Bilinear Saddles

• Solving Constrained RL via D-SGDA

Outline



Goal: Given initial state 𝑆! ∼ 𝑞, find policy 𝜋∗ ∈ Π# that solves:

where 𝑉$
% 𝜋 ≔ (1 − 𝛾)𝔼&,(!∼$ ∑*+!,- 𝛾*𝑅*,.

% .

General Approach: Lagrange relaxation 

Non-convex yet has zero duality gap! [1],[2]
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Constrained Reinforcement Learning

[1] S Paternain, L Chamon, M Calvo-Fullana, and A Ribeiro. Constrained reinforcement learning has zero duality gap. NeurIPS 2019
[2] E. Altman. Constrained Markov decision processes. Vol. 7. CRC press 1999
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Prior Work: Algorithms for Constrained RL [1]-[8]

Use primal and/or dual methods of the form:

where 1𝐿 𝜋, 𝜇; 𝜁 ≔ 𝐿 𝜋, 𝜇; 𝜁 + Ω(𝜋, 𝜇; 𝜁) is a regularized Lagrangian 
• Parametrization of Π!: Soft-max [1,4], occupancy measures [2,3], greedy.
• Horizon: Infinite 𝛾-discounting [1-4], finite 𝐻	[5-7], or average [8]

• Regret: 

• Policy:  Iterates 𝜋" lack convergence guarantees: Instead &𝜋# = ∑$%&#'(𝛼"𝜋" → 𝜋∗	[2,3]
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Question: Can we achieve convergence of the policy iterates 
  𝜋! → 𝜋∗	𝑎. 𝑠., or is learning from rewards a fundamental limitation? 
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Towards convergent 𝝅𝒌	iterates – Good news

Good news: Non-convexity of 𝐿(𝜋, 𝜇) is not so bad…
• There exists a convex parametrization Π! that makes it convex-concave

• LP Formulation:[1]

• where 𝜆",$ = 1 − 𝛾 ∑%&'() 𝛾%ℙ*,+!∼-(𝑆% = 𝑠, 𝐴% = 𝑎) is the occupancy measure
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Towards convergent 𝝅𝒌	iterates – Bad news

Bad news: Non-stricness of 𝐿 𝜆, 𝜇, 𝑣
• LP Formulation:
• Outline

• where 𝜆",$ = 1 − 𝛾 ∑%&'() 𝛾%ℙ*,+!∼-(𝑆% = 𝑠, 𝐴% = 𝑎) is the occupancy measure

• Bilinear Lagrangian: 
• Lacks strict convexity/concavity necessary for convergence of primal-dual algorithms
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•We start by looking at a Naïve GDA Flow on a scalar bilinear 
Lagrangian
• Min-max Problem:

• Saddle-point at 𝑥∗, 𝑦∗ = (0,0)
• Naïve Gradient Descent-Ascent (GDA) Flow

• Energy Dissipation:

 
Remark: Behavior generalizes for general non-strict
convex-concave Lagrangians [1], 

Warm-up: Scalar Case
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Naïve GDA Flow Scalar Case

Naïve GDA Flow Dissipative GDA Flow

Lagrangian 𝐿 𝑥, 𝑦 = 𝑥𝑦 𝐿 𝑥, 𝑦 +
𝜌
2

𝑥 − 5𝑥 # −
𝜌
2

𝑦 − 5𝑦 #

Dynamics
�̇�
�̇� =

−∇$𝐿(𝑥, 𝑦)
+∇%𝐿(𝑥, 𝑦)

�̇�
5̇𝑥
�̇�
5̇𝑦

=

−∇$𝐿 𝑥, 𝑦 − 𝜌(𝑥 − 5𝑥)
−𝜌(5𝑥 − 𝑥)

+∇%𝐿 𝑥, 𝑦 − 𝜌(𝑦 − 5𝑦)
−𝜌(5𝑦 − 𝑦)

Energy Function 𝑉 𝑥, 𝑦 = &
#
(𝑥# + 𝑦#) 𝑉 𝑥, 5𝑥, 𝑦, 5𝑦 = &

#
(𝑥# + 𝑦# + 5𝑥# + 5𝑦#)

Energy Dissipation �̇� ≡ 0 �̇� = −𝜌 𝑥 − 5𝑥
#
− 𝜌 𝑦 − 5𝑦

#

Asympt. Behavior 𝑉 𝑡 ≡ 𝑐 𝑥 𝑡 , 5𝑥 𝑡 , 𝑦 𝑡 , 5𝑦 𝑡 → (0,0,0,0)
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Dissipative GDA Flow Algorithm

•Given general convex-concave 𝐿 𝑥, 𝑦 , we consider

• Remarks:
• If (𝑥∗, 𝑦∗) is a saddle point of 𝐿, then (𝑥∗, 𝑥∗, 𝑦∗, 𝑦∗) is a saddle point of 5𝐿.
• 5𝐿 is neither strictly convex, nor strictly concave (don’t worry)

•Dissipative GDA Flow:
• Just apply Naïve GDA on 5𝐿(𝑥, 6𝑥, 𝑦, 6𝑦)!

13
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L̂(x, x̂, y, ŷ) = L(x, y) +
⇢

2
kx� x̂k2 � ⇢

2
ky � ŷk2

<latexit sha1_base64="HxFiphkj6B3H8jp56/GshGC8bgo="></latexit>
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Dissipative GDA Flow Algorithm

•Dissipative GDA Flow:
• Just apply Naïve GDA on                                                              !

• Scalar case:
• 9𝐿 𝑥, ;𝑥, 𝑦, ;𝑦 = 𝑥𝑦 + /

0
𝑥 − ;𝑥 0 + /

0
𝑦 − ;𝑦 0	
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Dissipative GDA Flow Scalar Case

Naïve GDA Flow Dissipative GDA Flow

Lagrangian 𝐿 𝑥, 𝑦 = 𝑥𝑦 𝐿 𝑥, 𝑦 +
𝜌
2

𝑥 − 5𝑥 # −
𝜌
2

𝑦 − 5𝑦 #

Dynamics
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General Analysis of Dissipative GDA Flows
Theorem [You, M ACC 21]
Consider the minimax problem

where 𝐿(𝑥, 𝑦) is convex-concave, and the sets 𝒳 and 𝒴 are convex polyhedral. 
Then, for any initial feasible point 𝑥&, &𝑥&, 𝑦&, &𝑦&  the Dissipative GDA Flow 

converges to some saddle point.  

• Remarks:
• Convergence is guaranteed point-wise, to some saddle point
• Proof uses LaSalle on the same dissipation property �̇� ≤ −𝝆 &̇𝒙

𝟐
−𝝆 &̇𝒚

𝟐

• For unconstrained bilinear problems convergence is exponential 
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Dissipative GDA for Constrained MDPs

• LP Formulation of C-RL
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a �⇢(�a��̂a)

i
˙̂�a = �⇢(�̂a � �a)

D-GDA Flow
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Dissipative Stochastic GDA for Constrained RL
• Oracle: At each time 𝑡 sample 𝑆' ∼ 𝑞, 𝑆%, 𝐴% ∼ 𝜉, 𝑆%(/ ∼ ℙ ⋅ 𝑆%, 𝐴% :
• S-GDA Update:

Theorem [Zheng, You, M ‘22]
Under mild assumptions, as 𝑡 → ∞	the sequence 𝜆%, 𝜇%, 𝑣% 	generated by S-GDA 
converges to the optimal solution to the C-RL LP Problem. 
In particular, the iterates 𝜋% 𝑎 𝑠 = 0#,%&

∑%' 0#,%'
& → 𝜋∗	𝑎. 𝑠.
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[Zheng, You, M ‘22] T Zheng P You, and E Mallada. Constrained reinforcement learning via dissipative saddle flow dynamics  Asilomar 2022



Summary and future work
Summary: 
• Investigate primal-dual methods to learn saddle-points in deterministic and 

stochastic settings
• Proposed a very general method for guaranteeing convergence to saddle points of 

general convex-concave functions
• Application to Constrained RL problems

• Take aways:
• Dissipative-GDA guarantees convergence on a wide family of minimax problems
• When combined with stochastic approximations (D-SGDA) renders convergent policy iterates 
𝜋( → 𝜋∗ a.s.

Current and future work: 
• Finite iterate analysis for D-GDA and D-SGDA
• Extensions for learning in games and markets
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Thanks!
Related Publications:
[Asilomar 22] Zheng, You, and M, Constrained reinforcement learning via dissipative saddle flow dynamics,  Asilomar 2022
[ACC 21] You, and M, Saddle flow dynamics: Observable certificates and separable regularization, ACC 2021

Enrique Mallada
mallada@jhu.edu

http://mallada.ece.jhu.edu
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Learning for Safety-critical Sequential Decision Making

Key ideas:
•  Focus on almost sure feasibility, not optimality (Egerstedt 
et al.,2018)
•  Enhanced with logical feedback, naturally arising from 
constraint violations

20

Requirements:
High Priority -> Safety
o  Limited Failures/Mistakes
o  Hard Constraints/ A.S. Guarantees

Lower Priority -> Accuracy 

o Optimality of the policy



Background

•Constrained Markov Decision Processes (CMDPs) [Altman’98]

21

• Solvable if MDP is “known” (Linear Program).
• ∃ stationary optimal solution 𝜋∗(𝑎|𝑠)

•What to do if MDP is “unknown”? Examples of Model-based and Model-free methods

• (MB) Learn transitions and reward/constraint signals, solve for a (near) optimal policy. 
[Aria HZ et al‘20], [Bai et al‘20], [Wang et al 20], [Chen et al’21]

• (MF) Primal or Primal-dual methods.
[Chow et al’17], [Tessler et al‘19], [Paternain et al’19], [Ding et al’20], [Stooke et al. ‘20], [Xu et al’21]

max
⇡2⇧

V ⇡(s) = E⇡

" 1X

t=0

�tRt+1|S0 = s

#

s.t.: C⇡
i (s) = E⇡

" 1X

t=0

�tD(i)
t+1|S0 = s

#
 ci i = 1, . . . ,m



Reinforcement Learning with Almost Sure Constraints

 

• Damage indicator 𝐷% ∈ {0,1} turns on (𝐷% = 1) when constraints are violated
• Constraints not given a priori: Need to learn from experience!
• Notice: Model free è   Constraint violations are inevitable
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V ⇤(s) := max
⇡

E⇡

" 1X

t=0

�tRt+1 | S0 = s

#

s.t.: E⇡

" 1X

t=0

�tDt+1 | S0 = s

#
 0 () Dt+1 = 0 almost surely 8t<latexit sha1_base64="sfV8AdqoE1iEyABRy0m4Uyke8hE=">AAACDXicZVDLSgMxFL1TX7W+qi7dBEvBVZkRUZdFNy5bsA9oh5LJZNrQJDMkGbGUfoELN/op7sSt3+CXuDVtB+njwIXDOffFCRLOtHHdHye3sbm1vZPfLeztHxweFY9PmjpOFaENEvNYtQOsKWeSNgwznLYTRbEIOG0Fw/up33qiSrNYPppRQn2B+5JFjGBjpTrpFUtuxZ0BrRMvIyXIUOsVf7thTFJBpSEca93x3MT4Y6wMI5xOCt1U0wSTIe7TjqUSC6r98fPs0wkqWylEUaxsSYNm6uLIGAutRyKwnQKbgV71puK/V140g0CsHDfRrT9mMkkNlWR+Oko5MjGaBoFCpigxfGQJJorZ9xEZYIWJsXEVllfHPJzYpLzVXNZJ87LiXVeu6lel6l2WWR7O4BwuwIMbqMID1KABBCi8wBu8O6/Oh/PpfM1bc042cwpLcL7/AFYXnIM=</latexit>c



            Equivalent unconstrained formulation:

Formulation via hard barrier indicator

Safe RL problem:   
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V ⇤(s) := max
⇡

E⇡

" 1X

t=0

�tRt+1 | S0 = s

#

s.t.: Dt+1 = 0 almost surely 8t

max
⇡

E⇡

" 1X

t=0

�tRt+1 + log[1�Dt+1] | S0 = s

#

~

0	 𝑖𝑓	𝐷#$% = 0
−∞	 𝑖𝑓	𝐷#$% = 1

Questions/Comments:
• Is this just a standard RL problem with                                                         ?
• Standard MDP assumptions for Value Iteration, Bellman’s Eq., Optimality 

Principle, etc., do not hold!
• Not to mention convergence of stochastic approximations. 

Key idea: Separate the problem of safety from optimality

R̃t+1 = Rt+1 + log(1�Dt+1)



Hard Barrier Action-Value Functions
Consider the Q-function for a given policy 𝜋,

and define the hard-barrier function

Notes on 𝑩𝝅 𝒔, 𝒂 :
•  𝑩𝝅 𝒔, 𝒂 ∈ 𝟎,−∞  
• Summarizes safety information 
• 𝑩𝝅 𝒔, 𝒂 = 𝟎 iff 𝜋 is safe after choosing 𝐴$ = 𝑎 when 𝑆$ = 𝑠

• It is independent of the reward process 
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B⇡(s, a) = E⇡

" 1X

t=0

log(1�Dt+1)
�� S0 = s,A0 = a

#
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" 1X
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Separation Principle
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Theorem (Separation principle)
Assume rewards 𝑅%(/ are bounded almost surely for all t. Then for every policy 𝜋:

In particular, for optimal 𝜋∗

<latexit sha1_base64="9uW8jD9pBM3dZyJXwesBIB5PCw0=">AAACCnicbZDLSgMxFIbP1Futt1GXbqJFqChlRkTdCKVuXLZgL9COJZNmamjmQpIRytC1G1/FjQtF3PoE7nwb03bw0vpD4OM/53ByfjfiTCrL+jQyc/MLi0vZ5dzK6tr6hrm5VZdhLAitkZCHouliSTkLaE0xxWkzEhT7LqcNt385qjfuqJAsDK7VIKKOj3sB8xjBSlsdc7d6045YQR7hg4sfPCx/I+qYeatojYVmwU4hD6kqHfOj3Q1J7NNAEY6lbNlWpJwEC8UIp8NcO5Y0wqSPe7SlMcA+lU4yPmWI9rXTRV4o9AsUGru/JxLsSznwXd3pY3Urp2sj879aK1beuZOwIIoVDchkkRdzpEI0ygV1maBE8YEGTATTf0XkFgtMlE4vp0Owp0+ehfpx0T4tWtWTfKmcxpGFHdiDAthwBiW4ggrUgMA9PMIzvBgPxpPxarxNWjNGOrMNf2S8fwFC1pgS</latexit>

Q⇡(s, a) = Q⇡(s, a) +B⇡(s, a)
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Q⇤(s, a) = Q⇤(s, a) +B⇤(s, a)

Idea: Learn feasibility (encoded in 𝐵∗) independently from optimality.



Optimal Hard Barrier Action-Value Function

26

Understanding 𝑩∗ 𝒔, 𝒂 :
 𝑩∗ 𝒔, 𝒂 ∈ 𝟎,−∞  summarizes safety information of the entire MDP

• 𝑩∗ 𝒔, 𝒂 = 𝟎 if ∃	safe 𝜋 after choosing 𝐴% = 𝑎 when 𝑆% = 𝑠
• 𝑩∗ 𝒔, 𝒂 = −∞ if no safe policy exists after choosing 𝐴% = 𝑎 when 𝑆% = 𝑠

𝑫𝒕 = 𝟏

𝑩∗ 𝒔, 𝒂 = −∞
𝑩∗ 𝒔, 𝒂 = 𝟎

Theorem (Bellman Equation for 𝐵∗)
Let                                           , then the following holds:               

<latexit sha1_base64="bKYacMd4+Ip63kXqWqJot2F5Uew="></latexit>
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B⇡(s, a)
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Learning the barrier…
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Pros:
• Wraps around learning algorithms ( Q-learning, SARSA)
• Use the HBF to trim exploration set and avoid 

repeating unsafe actions

…with a generative model:
• Sample a transition (𝑠, 𝑎, 𝑠2, 𝑑) according to the MDP. Update barrier function.

Draw 𝑠, 𝑎 -pair uniformly among those 
considered to be “safe” at time t

Update barrier function

Initially, all 𝑠, 𝑎 -pairs are “safe”



Theorem (Safety Guarantee): Let 𝑇 = min
>

𝐵(>) = 𝐵∗ , then

𝔼𝑇 ≤ (𝐿 + 1)
𝑆 𝐴
𝜇

G
!?&

@ A
1
𝑘

• After 𝑇 = min
>

𝐵(>) = 𝐵∗ 	, all “unsafe” (𝑠, 𝑎)-pairs are detected

• 𝜇: Lower bound on the non-zero transition probability
𝜇 = 𝑚𝑖𝑛 𝑝 𝑠B, 𝑑 𝑠, 𝑎 : 𝑝 𝑠B, 𝑑 𝑠, 𝑎 ≠ 0

• 𝐿: Lag of the MDP

𝐿 = max
(C,D)

E∗ C,D ?FG

	
Minimum number of transitions 
needed to observe damage, 
starting from unsafe (𝑠, 𝑎)

Convergence in Expected Finite Time
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Lag of the MDP: L
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L= max
(O,P)

Q∗ O,P RST

	Minimum number of transitions needed to 
observe damage, starting from unsafe (𝑠, 𝑎)

𝑫𝒕 = 𝟏

𝑩∗ 𝒔, 𝒂 = −∞
𝑩∗ 𝒔, 𝒂 = 𝟎

𝑳 = 𝟑



Theorem (Sample Complexity): With at least 1 − 𝛿 probability, the algorithm learns 
optimal barrier function 𝐵∗ after 

(𝐿 + 1)
𝑆 𝐴
𝜇

G
!?&

@ A
1
𝑘

log
1
𝛿

iterations

• Concentration of sum of exponential random variables

• Much more sample-efficient than “learning an 𝜖-optimal policy with 1 − 𝛿 
probability” (Li et al. 2020) 

𝑁 =
𝑆 𝐴

(1 − 𝛾)H𝜀#
log#

𝑆 𝐴
(1 − 𝛾)𝜀𝛿

Sample Complexity of Safety
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Theorem (Sample Complexity): With at least 1 − 𝛿 probability, the algorithm learns 
optimal barrier function 𝐵∗ after 

(𝐿 + 1)
𝑆 𝐴
𝜇

G
!?&

@ A
1
𝑘

log
1
𝛿

iterations

• Concentration of sum of exponential random variables

• If the Barrier Function is learnt first, then learning an 𝜖-optimal policy takes

𝑁′ =
𝑆CDIJ 𝐴CDIJ
(1 − 𝛾)H𝜀# log#

𝑆CDIJ 𝐴CDIJ
(1 − 𝛾)𝜀𝛿

samples (Trimming the MDP by learning the barrier)

Sample Complexity of Safety
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Numerical Experiments
Goal: Reach the end of the aisle (𝑅#$% = 10)
Touching the wall gives 𝐷#$% = 1, resets the episode.
Results

31

Why does Assured Q-learning perform much better?
 If 𝐷#$% = 1 ⟹ 𝐵' 𝑠, 𝑎 = −∞⟹ Never take action 𝑎 at 𝑠 again!
Takeaways:
• Adding constraints to the problem can accelerate learning
• Barrier function avoids actions that lead to further wall bumps

Actions



Almost sure RL with positive budget (Δ) 

• Current budget at time t:

32

max
⇡2⇧H

E⇡

" 1X

t=0

Rt+1 | S0 = s

#

s.t: P⇡

 1X

t=0

Dt+1  � | S0 = s

!
= 1

“How much more damage I can sustain and still   
be feasible”

Π( : history-dependent policies

ℎ# = 𝑆), 𝐴), 𝑅%, 𝐷%, … , 𝑆# ; 	 𝜋(𝑎|ℎ#) 

Kt = ��
t�1X

`=0

D`+1 8t � 1

• Augmented MDP Uℳ
S̃t = (St,Kt) , D̃t+1 = 1{Kt �Dt+1 < 0} .

max
⇡̃2⇧̃H

E⇡̃,M̃

" 1X

t=0

Rt+1

���� (S0,K0) = (s,�)

#

s.t: P⇡̃

⇣
D̃t+1 = 0

⌘
= 1 8t � 0

• Equivalent problem:

Fits previous formulation! → 
• Could learn 𝐵∗ 𝑠, 𝑘, 𝑎
• Separation & Feasibility Principles
• Potential drawback: working in higher dimensions?

• Almost Sure RL with positive budget



Experiment: comparing constraints

33

max
⇡

E⇡

" 1X

t=0

Rt+1

#

E⇡c

" 1X

t=0

Dt+1

#
 c
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Experiment: comparing constraints
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Summary and future work

Summary

• Reinforcement Learning for safety critical systems

• Treat constraints separately, or in parallel (Barrier Learner)

• Can characterize all feasible policies (𝐷* ≡ 0) with finite mistakes
• Take aways:
• Learning feasible policies is simpler than learning the optimal ones

• Adding constraints makes optimal policies easier to find

Future work: 

• Theory: Extensions to continue state and action spaces
• Application: Deep RL with almost sure constraints
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Thanks!
Related Publications:
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to IEEE TAC, 2021, under review, preprint arXiv:2105.08748
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