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Renewable & Clean Energy Standards
www.dsireusa.org / September 2020

WA: 15% x 2020*
(100% x 2045) 

OR: 50%x 2040* 
(large utilities)

CA: 60% 
x 2030

(100% x 2045)

MT: 15% x 2015

NV: 50% x
2030

(100% x 2050) UT: 20% x 
2025*Ώ

AZ: 15% x 
2025*

ND: 10% x 2015

NM: 80%x 2040 
(IOUs)

(100% by 2045 
(IOUs))

HI: 100% x 2045

CO: 30% by 2020 
(IOUs) ΎΏ

(100% x 2050)

OK: 15% x 
2015

MN: 26.5% 
x 2025 (IOUs)

31.5% x 2020 
(Xcel)

MI: 15% x 
2021*Ώ

WI: 10% 2015
(100% x 
2050)

MO:15% x 
2021

IA: 105 MW IN:
10% x 
2025Ώ

IL: 25% 
x 2026

OH: 8.5% 
x 2026

NC: 12.5% x 2021 (IOUs)

VA: 100% x 
2045/2050KS: 20% x 2020

ME: 100% x 2050

30 States + DC have a 
Renewable Portfolio 
Standard, 5 states have a 
Clean Energy Standard
(8 states have renewable 
portfolio goals, 5 states have 
clean energy goals)

Renewable portfolio standard

Renewable portfolio goal Includes non-renewable alternative resources* Extra credit for solar or customer-sited renewables
Ώ

U.S. Territories

DC

TX: 5,880 MW x 2015*

SD: 10% x 2015

SC: 2% 2021

NMI: 20% x 2016

PR: 100% x 2050

Guam: 25% x 2035

USVI: 30% x 2025

NH: 25.2% x 2025
VT: 75% x 2032
MA: 35% x 2030 + 1% each 
year thereafter (new resources) 
6.7% x 2020 (existing resources)
(80% x 2050)
RI: 38.5% x 2035; 100% x 
2030 Goal
CT: 40% x 2030; (100% x 
2040)

NY:70% x 2030
(100% x 2040) 

PA: 18% x �����

NJ: 50% x 2030; (100% x 
2050) 

DE: 25% x 2026*
MD: 50% x 2030
DC: 100% x 2032

Clean energy standard

Clean energy goal
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Dynamic Degradation

In the United States:

[FERC, Nov. 16]

Ireland: wind curtailment after 50% of load

[Eir-Grid and Ecofys ‘10]

Nordic system: disturbances with frequencies under 49.7 Hz due to an N-1 contingency. 

[Winter et al. IEEE Power & Energy Magazine  ‘15]
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Pros: Provides natural disturbance rejection Cons: Hard to regain steady-state
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Merits and Trade-offs of Low Inertia 

Cons: Susceptible to disturbances Pros: Regains steady-sate faster
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In the United States:

[FERC, Nov. 16]

Ireland: wind curtailment after 50% of load

[Eir-Grid and Ecofys ‘10]

Nordic system: disturbances with frequencies under 49.7 Hz due to an N-1 contingency. 

[Winter et al. IEEE Power & Energy Magazine  ‘15]



Inverter-based Control

Challenges
•Measurements with noise and delays
• Stability + robustness (plug & play)
• Lack of incentives
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Virtual Synchronous Generator

Controller

Telecom Analogy

Current approach: Use inverter-based control to mimic generators response
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Challenges
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Virtual Synchronous Generator

Controller

Telecom Analogy

Current approach: Use inverter-based control to mimic generators response

It works, but perhaps 
there is 

something better…



Inverter-based Control

Challenges
•Measurements with noise and delays
• Stability + robustness (plug & play)
• Lack of incentives

Apr 11 2022 Enrique Mallada (JHU) 8

Frequency Shaping Control

Our approach: Design and tune of controllers rooted on sound control principles

Frequency Shaping

Design Objectives:

• Exploit power electronics capabilities
• Improve Dynamic Performance
• Minimize control effort
• Stability and Robustness



• Network Performance Analysis

• Limits of Virtual Inertia and Droop Control 

• Control Design: Frequency Shaping

Roadmap to Low Inertia Frequency Control



Power System Performance

Depends on several factors: generators, network, disturbance
good performance metric must identify the source of the degradation!
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Power Engineering Metrics

Step Response  
Nadir, RoCoF, Steady-State

60.0 
Hz

59.3 Hz UFLS
Setting

RoCoF

Point C: 
Nadir

Point B

Point 
A

based on classical control theory…

Eigenvalue Analysis [Verghese ‘89]

Dom. Eig, Damping Ratios, Part. Fact.

Domain specific, capture system degradation
Relation with cause? Eigenvalue sensitivity? More than one ”dominant” eig.?

+
-

Enrique Mallada (JHU)Apr 11 2022 11



System Theoretic Metrics

||y||� := sup
t�0

max
i

|yi(t)|
-norm: L�

||y||2 :=

�� �

0
y(t)T y(t)dt

� 1
2

L2-norm: 

Close form solutions, qualitative analysis, computational methods
Restrictive assumptions, not direct connection with RoCoF, Nadir, step disturbances

+
-

[Tegling… ’15, Poolla… ’15, Grunberg… ’16, Simpson-Porco…‘16,
Wu et al ’16, Adreasson ’17, Coletta ‘17… ]
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Frequency Response Control Effort

Performance Specification

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020
[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Decomposition of Step Response
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w̃i(t) = wi(t) � w̄(t)

Synchronization Error

[Center of Inertia: Kundur ‘94]

System Frequency

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
<latexit sha1_base64="8gE6+freaVdiT3HzmcKsZW9mT8s=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdGGh6MaNUME+oIlhMp20QyeTMDOxlJCfceOvuHFhEcGVv+K0zUJbD1w4nHMv997jx4xKZVlfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+64kISSP+oEYxcUPU4zSgGCkteeaV4yMBh2V1AqvQCQTCqSOT0Etp1c4eObzzKBx6VPvZgpF5ZsmqWFPARWLnpARy1D1z7HQjnISEK8yQlB3bipWbIqEoZiQrOokkMcID1CMdTTkKiXTT6ZcZPNZKFwaR0MUVnKq/J1IUSjkKfd0ZItWX895E/M/rJCq4dFPK40QRjmeLgoRBFcFJZLBLBcGKjTRBWFB9K8R9pKNSOtiiDsGef3mRNE8r9lnFuj8v1a7zOArgEByBMrDBBaiBW1AHDYDBM3gF72BsvBhvxofxOWtdMvKZA/AHxvcPxp+kOw==</latexit>

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020
[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



[Center of Inertia: Kundur ‘94]

System Frequency

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
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Step Disturbance Performance
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RoCoF

Nadir

||w̄||� := sup
t�0

|w̄(t)|

Nadir

|| ˙̄w||� := sup
t�0

| ˙̄w(t)|
RoCoF

Deviation from Mean
w̃i(t) = wi(t) � w̄(t)

||w̃||2 =

 Z +1

0

nX

i=1

w̃2
i (t)dt

! 1
2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Synchronization Cost

Steady-state

w̃i(t) = wi(t) � w̄(t)

|| ˙̄w||� := sup
t�0

| ˙̄w(t)|
Steady-state

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020
[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Frequency Response Control Effort

Performance Specification

RoCoF

Nadir

Steady-state

Sync. Cost

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
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System Freq. :

w̃i(t) = wi(t) � w̄(t)Sync. Error :

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020
[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Frequency Response Control Effort

Performance Specification

RoCoF

Nadir

Steady-state

Sync. Cost

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
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[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Control Effort
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Inverter Power

Power Rating
x̄(t) =

P
i xi(t)

<latexit sha1_base64="5+jL6+OqMF3I53V4sG9c9puYREE=">AAACAnicbVDLSsNAFJ34rPEVdSVuBkuhbkqiiG6EohuXFewDmhAm00k7dDIJMxNpCcWNv+HSjQtF3PoVbtQPce/0sdDWAxfOnHMvc+8JEkalsu0vY25+YXFpObdirq6tb2xaW9s1GacCkyqOWSwaAZKEUU6qiipGGokgKAoYqQfdi6FfvyFC0phfq35CvAi1OQ0pRkpLvrXrBkjAXlEdwDPoyjTyKez5VL99K2+X7BHgLHEmJF8ufH9+3Jvtim+9u60YpxHhCjMkZdOxE+VlSCiKGRmYbipJgnAXtUlTU44iIr1sdMIAFrTSgmEsdHEFR+rviQxFUvajQHdGSHXktDcU//OaqQpPvYzyJFWE4/FHYcqgiuEwD9iigmDF+pogLKjeFeIOEggrnZqpQ3CmT54ltcOSc1Q6vnLy5XMwRg7sgX1QBA44AWVwCSqgCjC4BQ/gCTwbd8aj8WK8jlvnjMnMDvgD4+0HMsOZyQ==</latexit>

Power Rating

kx̄k1 := sup
t�0

|x̄(t)|
<latexit sha1_base64="jXfOmKh49ugPnh+xIpWmhMI+nKg="></latexit>

Max Energy

kEk1 := sup
t�0

|E(t)|
<latexit sha1_base64="6a/dLqd55O3/YTUEFwlF0mKruc0="></latexit>

Injected Energy

Ė(t) = x̄(t)
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Frequency Response Control Effort

Performance Specification
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Laplacian Matrix
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s
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[Bergen Hill ‘81]
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Model: Swing Equations + Turbine

gi :

8
><

>:

✓̇i = wi

Miẇi = �Diwi + qi + (ui � pe,i + xi)

⌧iq̇i = �R�1
g,iwi � qi

gi(s) =
⌧is+ 1

Mi⌧is2 + (Mi +Di⌧i)s+Di + r�1
g,i
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gi : (ui � pe,i + xi) 7! wi
<latexit sha1_base64="uqfSHZ3mIHugShcyoGtge/OMfX0=">AAACCXicbVDLSgMxFM3UV62vUZdugkWo+GBGBMVV0Y3LCvYB7RAyadqGZjIhyahl6NaNv+LGhSJu/QN3/o1pOwttPRA4nHMvN+eEkjNtPO/byc3NLywu5ZcLK6tr6xvu5lZNx4kitEpiHqtGiDXlTNCqYYbThlQURyGn9bB/NfLrd1RpFotbM5A0iHBXsA4j2FgJubCL2EUpQexIopQesuHBA2L7rQhLbWJ4jxhyi96xNwacJX5GiiBDBblfrXZMkogKQzjWuul70gQpVoYRToeFVqKpxKSPu7RpqcAR1UE6TjKEe1Zpw06s7BMGjtXfGymOtB5EoZ2MsOnpaW8k/uc1E9M5D1ImZGKoIJNDnYRDG3JUC2wzRYnhA0swUcz+FZIeVpgYW17BluBPR54ltZNj3/Kb02L5MqsjD3bALigBH5yBMrgGFVAFBDyCZ/AK3pwn58V5dz4mozkn29kGf+B8/gBzsJmK</latexit><latexit sha1_base64="uqfSHZ3mIHugShcyoGtge/OMfX0=">AAACCXicbVDLSgMxFM3UV62vUZdugkWo+GBGBMVV0Y3LCvYB7RAyadqGZjIhyahl6NaNv+LGhSJu/QN3/o1pOwttPRA4nHMvN+eEkjNtPO/byc3NLywu5ZcLK6tr6xvu5lZNx4kitEpiHqtGiDXlTNCqYYbThlQURyGn9bB/NfLrd1RpFotbM5A0iHBXsA4j2FgJubCL2EUpQexIopQesuHBA2L7rQhLbWJ4jxhyi96xNwacJX5GiiBDBblfrXZMkogKQzjWuul70gQpVoYRToeFVqKpxKSPu7RpqcAR1UE6TjKEe1Zpw06s7BMGjtXfGymOtB5EoZ2MsOnpaW8k/uc1E9M5D1ImZGKoIJNDnYRDG3JUC2wzRYnhA0swUcz+FZIeVpgYW17BluBPR54ltZNj3/Kb02L5MqsjD3bALigBH5yBMrgGFVAFBDyCZ/AK3pwn58V5dz4mozkn29kGf+B8/gBzsJmK</latexit><latexit sha1_base64="uqfSHZ3mIHugShcyoGtge/OMfX0=">AAACCXicbVDLSgMxFM3UV62vUZdugkWo+GBGBMVV0Y3LCvYB7RAyadqGZjIhyahl6NaNv+LGhSJu/QN3/o1pOwttPRA4nHMvN+eEkjNtPO/byc3NLywu5ZcLK6tr6xvu5lZNx4kitEpiHqtGiDXlTNCqYYbThlQURyGn9bB/NfLrd1RpFotbM5A0iHBXsA4j2FgJubCL2EUpQexIopQesuHBA2L7rQhLbWJ4jxhyi96xNwacJX5GiiBDBblfrXZMkogKQzjWuul70gQpVoYRToeFVqKpxKSPu7RpqcAR1UE6TjKEe1Zpw06s7BMGjtXfGymOtB5EoZ2MsOnpaW8k/uc1E9M5D1ImZGKoIJNDnYRDG3JUC2wzRYnhA0swUcz+FZIeVpgYW17BluBPR54ltZNj3/Kb02L5MqsjD3bALigBH5yBMrgGFVAFBDyCZ/AK3pwn58V5dz4mozkn29kGf+B8/gBzsJmK</latexit><latexit sha1_base64="uqfSHZ3mIHugShcyoGtge/OMfX0=">AAACCXicbVDLSgMxFM3UV62vUZdugkWo+GBGBMVV0Y3LCvYB7RAyadqGZjIhyahl6NaNv+LGhSJu/QN3/o1pOwttPRA4nHMvN+eEkjNtPO/byc3NLywu5ZcLK6tr6xvu5lZNx4kitEpiHqtGiDXlTNCqYYbThlQURyGn9bB/NfLrd1RpFotbM5A0iHBXsA4j2FgJubCL2EUpQexIopQesuHBA2L7rQhLbWJ4jxhyi96xNwacJX5GiiBDBblfrXZMkogKQzjWuul70gQpVoYRToeFVqKpxKSPu7RpqcAR1UE6TjKEe1Zpw06s7BMGjtXfGymOtB5EoZ2MsOnpaW8k/uc1E9M5D1ImZGKoIJNDnYRDG3JUC2wzRYnhA0swUcz+FZIeVpgYW17BluBPR54ltZNj3/Kb02L5MqsjD3bALigBH5yBMrgGFVAFBDyCZ/AK3pwn58V5dz4mozkn29kGf+B8/gBzsJmK</latexit>

Model: Swing Equations + Turbine

gi :

8
><

>:

✓̇i = wi

Miẇi = �Diwi + qi + (ui � pe,i + xi)

⌧iq̇i = �R�1
g,iwi � qi

gi(s) =
⌧is+ 1

Mi⌧is2 + (Mi +Di⌧i)s+Di + r�1
g,i

<latexit sha1_base64="Gq+Lb4BlBCb5MLihc26c8V650v8="></latexit><latexit sha1_base64="Gq+Lb4BlBCb5MLihc26c8V650v8="></latexit><latexit sha1_base64="Gq+Lb4BlBCb5MLihc26c8V650v8="></latexit><latexit sha1_base64="Gq+Lb4BlBCb5MLihc26c8V650v8="></latexit>
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piBus Dynamics

+

+

xi
inverter 

power injection
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<latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit>
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ci : wi 7! xi
<latexit sha1_base64="xZVc0CCZJPha8rbiFL87ajQwOBg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpguKq6MZlBfuANoTJdNoOnUnCzEStoforblwo4tb/cOffOG2z0NYDFw7n3Mu99wQxZ0o7zreVW1hcWl7JrxbW1jc2t+ztnbqKEklojUQ8ks0AK8pZSGuaaU6bsaRYBJw2gsHl2G/cUqlYFN7oYUw9gXsh6zKCtZF8e4/47PwR3fmsLXCsdITufebbRafkTIDmiZuRImSo+vZXuxORRNBQE46VarlOrL0US80Ip6NCO1E0xmSAe7RlaIgFVV46uX6EDo3SQd1Imgo1mqi/J1IslBqKwHQKrPtq1huL/3mtRHfPvJSFcaJpSKaLuglH5slxFKjDJCWaDw3BRDJzKyJ9LDHRJrCCCcGdfXme1Msl97hUvj4pVi6yOPKwDwdwBC6cQgWuoAo1IPAAz/AKb9aT9WK9Wx/T1pyVzezCH1ifPykMlQk=</latexit>
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<latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit><latexit sha1_base64="EoHvyv8pyKnNwjyDddcK0Jq3UAo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH18Mjdc=</latexit>

R�1
r,i

R�1
r,i /�i log �

|ci(i�)|dB

Droop Control and Virtual Inertia:

ci :
n
xi = �(⌫iẇi +R�1

r,iwi), ci(s) = �(⌫is+R�1
r,i )

<latexit sha1_base64="eU+Rl4IIOJXoppZE7H6o7QIMX94="></latexit>

Closed-loop Bus Dynamics:

pi :

8
>><

>>:
<latexit sha1_base64="vuH4ln5hlweYCztMX43+652T6Ds=">AAACJHicbVC7TsMwFHXKq5RXgZHFogIxRUkBgWCpYGEsEn1IbVQ57k1r1XEi20FUUT+GhV9hYeAhBha+BbfNAC1XsnR0zrn3+h4/5kxpx/mycguLS8sr+dXC2vrG5lZxe6euokRSqNGIR7LpEwWcCahppjk0Ywkk9Dk0/MH1WG/cg1QsEnd6GIMXkp5gAaNEG6pTvDyMOwxf4LYPPSZSakapUaHdbtmn8OD9B0B0M1unWHJsZ1J4HrgZKKGsqp3ie7sb0SQEoSknSrVcJ9ZeSqRmlINZmyiICR2QHrQMFCQE5aWTI0f4wDBdHETSPKHxhP3dkZJQqWHoG2dIdF/NamPyP62V6ODcS5mIEw2CThcFCcc6wuPEcJdJoJoPDSBUMvNXTPtEEqpNrgUTgjt78jyol2332C7fnpQqV1kcebSH9tERctEZqqAbVEU1RNEjekav6M16sl6sD+tzas1ZWc8u+lPW9w+7vqMP</latexit>

✓̇i = wi

(Mi+⌫i)ẇi = �(Di+R�1
r,i )wi + qi + (ui � pe,i)

⌧iq̇i = �qi �R�1
g,iwi

<latexit sha1_base64="uM6YD+ahZDznQdRLPa86BpawwQ0="></latexit>
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Modal Decomposition for Multi-Rated Machines

Mi = fim, Di = fid, Rg,i =
1
fi
rg, ⌧i = ⌧

<latexit sha1_base64="GqWRSL4R4sxwjXoM/SxoZbGNz3M="></latexit><latexit sha1_base64="vdsHavGSG8NF3Fm2CKah8OYDwQE="></latexit><latexit sha1_base64="vdsHavGSG8NF3Fm2CKah8OYDwQE="></latexit><latexit sha1_base64="0nHYdSOkdCjWc304Z+j2n75yJxI="></latexit>

gi(s) =
1

fi
g0(s) ci(s) = fic0(s)

<latexit sha1_base64="TxqRLO+6KVgAxsY9N01lSv7mIFY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlU0I1QdOOygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwplz7mXuPUHCmdKO822trK6tb2yWtsrbO7t7+/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh26nceqVQsFg86S6gX4aFgISNYG8m3K8RnNXWKrlHoM0R8xzx8u+rUnRnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXY6kZ4XRS7qeKJpiM8ZD2DBU4osrLZ8tP0IlRBiiMpSmh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rwysuZSFJNBZl/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38eRl0j6ru+d15/6i2rgp4ijBERxDDVy4hAbcQRNaQCCDZ3iFN+vJerHerY9564pVzFTgD6zPH7Opkts=</latexit>

⌫i = fi⌫
<latexit sha1_base64="tHa+AHKs/E3ErtVqpv4pcwHaAXA=">AAACGXicbVBNS8NAEN3U7/pV9ehlsQieSlIFvQhFLx4VbBXaEDbbSV3cbMLuRCwhf8OLf8WLB0U86sl/4zbtQasPBh7vzezsvDCVwqDrfjmVmdm5+YXFperyyuraem1js2OSTHNo80Qm+jpkBqRQ0EaBEq5TDSwOJVyFt6cj/+oOtBGJusRhCn7MBkpEgjO0UlBzewj3WL6Ta+gXeU9lgSjoMY0C8Y9XBLW623BL0L/Em5A6meA8qH30+gnPYlDIJTOm67kp+jnTKLiEotrLDKSM37IBdC1VLAbj5+XWgu5apU+jRNtSSEv150TOYmOGcWg7Y4Y3Ztobif953QyjIz8XKs0QFB8vijJJMaGjmGhfaOAoh5YwroX9K+U3TDOONsyqDcGbPvkv6TQb3n6jeXFQb51M4lgk22SH7BGPHJIWOSPnpE04eSBP5IW8Oo/Os/PmvI9bK85kZov8gvP5DUVEolY=</latexit>

Rr,i =
1
fi
rr

<latexit sha1_base64="9Y6h6aAaDaziZn107Nc+zL6hQO8="></latexit>

Swing Equations + Turbine

g0(s) =
⌧s+1

m⌧s2+(m+d⌧)s+d+r�1
<latexit sha1_base64="QxPKY01VuajkrkMZp8ZHC5gFfwg="></latexit>

Virtual Inertia

c0(s) = �(⌫s+ r�1
r )

<latexit sha1_base64="1E6P+YPkbUmhXQvPxUHupM6QYuc="></latexit>

Assumption: Let       be the normalized rating,                    , and assume
<latexit sha1_base64="uqHfILE7C09H2rqlFwy4SsqUJI0=">AAACCXicbVC7TsMwFHXKq5RXgZHFokViqpIKAQtSBQtjEfQhNVHkuE5r1XnIvkFUUVYWfoWFAYRY+QM2/gan7QAtR7J1dM69177HiwVXYJrfRmFpeWV1rbhe2tjc2t4p7+61VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vFGV7nfuWdS8Si8g3HMnIAMQu5zSkBLbhlXfZfjC9uXhKa3Ls/0ZQN7gDSfmmVVt1wxa+YEeJFYM1JBMzTd8pfdj2gSsBCoIEr1LDMGJyUSOBUsK9mJYjGhIzJgPU1DEjDlpJNNMnyklT72I6lPCHii/u5ISaDUOPB0ZUBgqOa9XPzP6yXgnzspD+MEWEinD/mJwBDhPBbc55JREGNNCJVc/xXTIdGhgA6vpEOw5ldeJO16zTqtndzUK43LWRxFdIAO0TGy0BlqoGvURC1E0SN6Rq/ozXgyXox342NaWjBmPfvoD4zPH2hFmi4=</latexit>

fi =
Si

Sbase
fi
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Assumption: Let       be the normalized rating,                    , and assume

Modal Decomposition for Multi-Rated Machines
gi(s) =

1

fi
g0(s)

ci(s) = fic0(s)
<latexit sha1_base64="TxqRLO+6KVgAxsY9N01lSv7mIFY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlU0I1QdOOygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwplz7mXuPUHCmdKO822trK6tb2yWtsrbO7t7+/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh26nceqVQsFg86S6gX4aFgISNYG8m3K8RnNXWKrlHoM0R8xzx8u+rUnRnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXY6kZ4XRS7qeKJpiM8ZD2DBU4osrLZ8tP0IlRBiiMpSmh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rwysuZSFJNBZl/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38eRl0j6ru+d15/6i2rgp4ijBERxDDVy4hAbcQRNaQCCDZ3iFN+vJerHerY9564pVzFTgD6zPH7Opkts=</latexit>

F -12 V T

F -12 V Tu
<latexit sha1_base64="LYJDVyBtnhrKKMLqGwfYwAHThnc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVt3lTqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A31WM8Q==</latexit>

û
<latexit sha1_base64="IPs4nrvxIQ5A+naC7HWB54DSdjI=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0VzDHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uyOKJO2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxUE1zIRKUuSKLRYNUklQk9nrpC8MZygnjlBmhLuVsBE1lKELqOhCCJZfXiXNy0pwVfHvr8u1ah5HAU7hDC4ggBuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBOhSO3A==</latexit>

ŵP
<latexit sha1_base64="p0oTvHeyMjYX29LbI8fH8hA3Ngk=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyoYJcFNy4r2Ae0Q8mkmTY0kxmTO0oZ+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTm9EkTz1G/1yxa26c5BV4uWkAjls/qs3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/N9p+TMKgMSxto+hWSu/p7IaGTMJApsMqI4MsveTPzP66YY1vxMqCRFrtjiozCVBGMyO54MhOYM5cQSyrSwuxI2opoytBWVbAne8smrpHVR9S6r7t1VpV7L6yjCCZzCOXhwDXW4hQY0gYGEZ3iFN+fBeXHenY9FtODkM8fwB87nD5UEj6E=</latexit>

wP
<latexit sha1_base64="/KursqvpIURNxa88qKr9fPLNgCo=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuyowKdllw47KCfUA7lEyaaUOTzJBklDL0F9y4UMStP+TOvzHTzkJbDwQO55xL7j1hIrixnveN1tY3Nre2Szvl3b39g8PK0XHbxKmmrEVjEetuSAwTXLGW5VawbqIZkaFgnXBym/udR6YNj9WDnSYskGSkeMQpsbmEnwbNQaXq1bw58CrxC1KFAi7/1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HFVEMhNk811n+NwpQxzF2j1l8Vz9PZERacxUhi4piR2bZS8X//N6qY3qQcZVklqm6OKjKBXYxjg/HA+5ZtSKqSOEau52xXRMNKHW1VN2JfjLJ6+S9mXNv6p599fVRr2oowSncAYX4MMNNOAOmtACCmN4hld4QxK9oHf0sYiuoWLmBP4Aff4AjJaN4A==</latexit>

Change of Vars.

F -12
<latexit sha1_base64="hLHgKpoC1RCppWkRjWPoKhjj0bY="></latexit>

V
<latexit sha1_base64="MNw+P1jnqTHKZVUqEaun+BAqs4g=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFo10YMHEi8eIZGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/8rDw28+gNA/lE04j8AI6knzIGUUjNVr9YsWpOkvYm8RNSYWkqPdLVrk3CFkcgEQmqNZd14nQS6hCzgTMCr1YQ0TZhI6ga6ikAWgvWV46sy+MMrCHoTIl0V6qfycSGmg9DXzTGVAc63VvIf7ndWMc3nkJl1GMINlq0TAWNob24m17wBUwFFNDKFPc3GqzMVWUoQknsyWWHHXmjWSkaDTm7CWragQuA8DXWaFgYnTXQ9skrauqe111GjeV2n0aaJ6ckXNySVxyS2rkkdRJkzAC5I28kw/r0/qy5tb3qjVnpTNlkoH18wtwgac+</latexit>

ŵ
<latexit sha1_base64="kGduxmCIeD4CCPrD+h1FaFgCx5Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48V7Ae0oWy2m3btJht2J0oJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4PxzcxvP3JthIrvcZJwP6LDWISCUbRSqzeiSJ765Ypbdecgq8TLSQVyNPrlr95AsTTiMTJJjel6boJ+RjUKJvm01EsNTygb0yHvWhrTiBs/m187JWdWGZBQaVsxkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Ww5mciTlLkMVssClNJUJHZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1l1764q9VoeRxFO4BTOwYNrqMMtNKAJDB7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AD0cjt4=</latexit>

w
<latexit sha1_base64="xd2rkYZVdSa78Fk7c08tHQmU/Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272YTdjVJCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB4l2M8w==</latexit>

Change of Vars.
w

<latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit>

u =
1

s
u0

step
disturbance

fi
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F = diag(fi)

<latexit sha1_base64="/Tg2bGag2Wu0a25f/8Ap2N1BlI8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKagLoSiIywr2Ae0wZDKZNjTJDElGqEPxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgYVRpx/m2CkvLK6trxfXSxubW9o69u9dScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheT/z2A5GKxuJejxLicdQXNKIYaSP59sHNZY8jPZA8CynqjyuRT098u+xUnSngInFzUgY5Gr791QtjnHIiNGZIqa7rJNrLkNQUMzIu9VJFEoSHqE+6hgrEifKyafoxPDZKCKNYmic0nKq/NzLElRrxwExOkqp5byL+53VTHZ17GRVJqonAs0NRyqCO4aQKGFJJsGYjQxCW1GSFeIAkwtoUVjIluPNfXiSt06pbq17c1cr1q7yOIjgER6ACXHAG6uAWNEATYPAInsEreLOerBfr3fqYjRasfGcf/IH1+QP/QJTz</latexit>

Coherence [Chow et al ‘93, …]
Diagonalization[Paganini M ‘17 , Guo Low ‘18]

<latexit sha1_base64="uqHfILE7C09H2rqlFwy4SsqUJI0=">AAACCXicbVC7TsMwFHXKq5RXgZHFokViqpIKAQtSBQtjEfQhNVHkuE5r1XnIvkFUUVYWfoWFAYRY+QM2/gan7QAtR7J1dM69177HiwVXYJrfRmFpeWV1rbhe2tjc2t4p7+61VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vFGV7nfuWdS8Si8g3HMnIAMQu5zSkBLbhlXfZfjC9uXhKa3Ls/0ZQN7gDSfmmVVt1wxa+YEeJFYM1JBMzTd8pfdj2gSsBCoIEr1LDMGJyUSOBUsK9mJYjGhIzJgPU1DEjDlpJNNMnyklT72I6lPCHii/u5ISaDUOPB0ZUBgqOa9XPzP6yXgnzspD+MEWEinD/mJwBDhPBbc55JREGNNCJVc/xXTIdGhgA6vpEOw5ldeJO16zTqtndzUK43LWRxFdIAO0TGy0BlqoGvURC1E0SN6Rq/ozXgyXox342NaWjBmPfvoD4zPH2hFmi4=</latexit>

fi =
Si

Sbase



Assumption: Let       be the normalized rating,                    , and assume
<latexit sha1_base64="uqHfILE7C09H2rqlFwy4SsqUJI0=">AAACCXicbVC7TsMwFHXKq5RXgZHFokViqpIKAQtSBQtjEfQhNVHkuE5r1XnIvkFUUVYWfoWFAYRY+QM2/gan7QAtR7J1dM69177HiwVXYJrfRmFpeWV1rbhe2tjc2t4p7+61VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vFGV7nfuWdS8Si8g3HMnIAMQu5zSkBLbhlXfZfjC9uXhKa3Ls/0ZQN7gDSfmmVVt1wxa+YEeJFYM1JBMzTd8pfdj2gSsBCoIEr1LDMGJyUSOBUsK9mJYjGhIzJgPU1DEjDlpJNNMnyklT72I6lPCHii/u5ISaDUOPB0ZUBgqOa9XPzP6yXgnzspD+MEWEinD/mJwBDhPBbc55JREGNNCJVc/xXTIdGhgA6vpEOw5ldeJO16zTqtndzUK43LWRxFdIAO0TGy0BlqoGvURC1E0SN6Rq/ozXgyXox342NaWjBmPfvoD4zPH2hFmi4=</latexit>

fi =
Si

Sbase
fi

Modal Decomposition for Multi-Rated Machines

System Frequency

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
<latexit sha1_base64="8gE6+freaVdiT3HzmcKsZW9mT8s=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdGGh6MaNUME+oIlhMp20QyeTMDOxlJCfceOvuHFhEcGVv+K0zUJbD1w4nHMv997jx4xKZVlfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+64kISSP+oEYxcUPU4zSgGCkteeaV4yMBh2V1AqvQCQTCqSOT0Etp1c4eObzzKBx6VPvZgpF5ZsmqWFPARWLnpARy1D1z7HQjnISEK8yQlB3bipWbIqEoZiQrOokkMcID1CMdTTkKiXTT6ZcZPNZKFwaR0MUVnKq/J1IUSjkKfd0ZItWX895E/M/rJCq4dFPK40QRjmeLgoRBFcFJZLBLBcGKjTRBWFB9K8R9pKNSOtiiDsGef3mRNE8r9lnFuj8v1a7zOArgEByBMrDBBaiBW1AHDYDBM3gF72BsvBhvxofxOWtdMvKZA/AHxvcPxp+kOw==</latexit>

Sync Error

w̃i(t) = wi(t) � w̄(t)

0 = �0  �1  · · ·  �n�1
<latexit sha1_base64="3QcZHjPxziT4FreJueeQVlPxHI0=">AAACHXicbVBNS8MwGE7n15xfVY9egkPw4mjnQC/C0IvHCe4D1lLSNN3C0rQmqTDK/ogX/4oXD4p48CL+G9Otgm4+EHje53nfJO/jJ4xKZVlfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHV7nfvSdC0pjfqnFC3AgNOA0pRkpLntmwLhym2wPkWQ4jdz+FnRfQCWIlZ6zQM35iTzyzatWsKeAisQtSBQVanvmhb8JpRLjCDEnZt61EuRkSimJGJhUnlSRBeIQGpK8pRxGRbjbdbgKPtBLAMBb6cAWn6u+JDEVSjiNfd0ZIDeW8l4v/ef1UheduRnmSKsLx7KEwZVDFMI8KBlQQrNhYE4QF1X+FeIgEwkoHWtEh2PMrL5JOvWaf1uo3jWrzsoijDA7AITgGNjgDTXANWqANMHgAT+AFvBqPxrPxZrzPWktGMbMP/sD4/AbidaHN</latexit>

Eigenvalues of: LF = F� 1
2LF� 1

2
<latexit sha1_base64="VxEYVluPJossDBfH4n2rJAJvwr4=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpJURTdCUSguuqhgH9DGMJlO2qGTSZiZCCXkC9z4K25cKOLWtTv/xmmbhbYeuHA4517uvceLGJXKsr6N3NLyyupafr2wsbm1vWPu7rVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ377gQhJQ36nxhFxAjTg1KcYKS25Zqnu1i5r98lxzxcIJ3aaVNK0Pi+4ZtEqW1PARWJnpAgyNFzzq9cPcRwQrjBDUnZtK1JOgoSimJG00IsliRAeoQHpaspRQKSTTN9JYUkrfeiHQhdXcKr+nkhQIOU48HRngNRQznsT8T+vGyv/wkkoj2JFOJ4t8mMGVQgn2cA+FQQrNtYEYUH1rRAPkY5B6QQLOgR7/uVF0qqU7ZPy2e1psXqVxZEHB+AQHAEbnIMquAEN0AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+AHjJm8Y=</latexit>

gi(s) =
1

fi
g0(s)

ci(s) = fic0(s)
<latexit sha1_base64="TxqRLO+6KVgAxsY9N01lSv7mIFY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlU0I1QdOOygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwplz7mXuPUHCmdKO822trK6tb2yWtsrbO7t7+/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh26nceqVQsFg86S6gX4aFgISNYG8m3K8RnNXWKrlHoM0R8xzx8u+rUnRnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXY6kZ4XRS7qeKJpiM8ZD2DBU4osrLZ8tP0IlRBiiMpSmh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rwysuZSFJNBZl/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38eRl0j6ru+d15/6i2rgp4ijBERxDDVy4hAbcQRNaQCCDZ3iFN+vJerHerY9564pVzFTgD6zPH7Opkts=</latexit>

19

F = diag(fi)

<latexit sha1_base64="/Tg2bGag2Wu0a25f/8Ap2N1BlI8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKagLoSiIywr2Ae0wZDKZNjTJDElGqEPxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgYVRpx/m2CkvLK6trxfXSxubW9o69u9dScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheT/z2A5GKxuJejxLicdQXNKIYaSP59sHNZY8jPZA8CynqjyuRT098u+xUnSngInFzUgY5Gr791QtjnHIiNGZIqa7rJNrLkNQUMzIu9VJFEoSHqE+6hgrEifKyafoxPDZKCKNYmic0nKq/NzLElRrxwExOkqp5byL+53VTHZ17GRVJqonAs0NRyqCO4aQKGFJJsGYjQxCW1GSFeIAkwtoUVjIluPNfXiSt06pbq17c1cr1q7yOIjgER6ACXHAG6uAWNEATYPAInsEreLOerBfr3fqYjRasfGcf/IH1+QP/QJTz</latexit>
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Coherence [Chow et al ‘93, …]
Diagonalization[Paganini M ‘17 , Guo Low ‘18]



System Frequency – Performance Analysis w/o Inverters

System frequency !𝒘 response:

Maximal RoCoF:
initial response.
Inertia appears directly
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|
P
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i fi
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m
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Steady-state.
No dependence on inertia
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Nadir at overshoot.
Decreases (mildly)
with inertia
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System Frequency – Nadir Sensitivity w/o Inverters
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• Network Performance Analysis

• Limits of Virtual Inertia and Droop Control 

• Control Design: Frequency Shaping

Roadmap to Low Inertia Frequency Control



Control of Low Inertia Pendulum

Cons: Susceptible to disturbances Pros: Regains steady-sate faster
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Bus Dynamics /w Virtual Inertia and Droop Control
Inverter: 
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Control of Low Inertia Pendulum

Pros:
Provides disturbance rejection

Cons: 
Hard to regain steady-state  + excessive control effort

Apr 11 2022 Enrique Mallada (JHU) 24

Virtual Mass Control: m✓̈ = �d✓̇ �mg sin ✓ + f � ⌫✓̈
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Control of Low Inertia Pendulum

Apr 11 2022 Enrique Mallada (JHU) 24

Pros: Provides disturbance rejection, quickly 
restore steady-state, with reasonable control effort.  

Virtual Friction Control: m✓̈ = �d✓̇ �mg sin ✓ + f � r�1✓̇
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Cons?
None, at least for pendulum
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Frequency Response Control Effort

Performance Specification

RoCoF
Steady-state

Sync. Cost

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
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System Freq. :

w̃i(t) = wi(t) � w̄(t)Sync. Error :

Power Rating

Ė(t) = x̄(t)
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<latexit sha1_base64="5+jL6+OqMF3I53V4sG9c9puYREE=">AAACAnicbVDLSsNAFJ34rPEVdSVuBkuhbkqiiG6EohuXFewDmhAm00k7dDIJMxNpCcWNv+HSjQtF3PoVbtQPce/0sdDWAxfOnHMvc+8JEkalsu0vY25+YXFpObdirq6tb2xaW9s1GacCkyqOWSwaAZKEUU6qiipGGokgKAoYqQfdi6FfvyFC0phfq35CvAi1OQ0pRkpLvrXrBkjAXlEdwDPoyjTyKez5VL99K2+X7BHgLHEmJF8ufH9+3Jvtim+9u60YpxHhCjMkZdOxE+VlSCiKGRmYbipJgnAXtUlTU44iIr1sdMIAFrTSgmEsdHEFR+rviQxFUvajQHdGSHXktDcU//OaqQpPvYzyJFWE4/FHYcqgiuEwD9iigmDF+pogLKjeFeIOEggrnZqpQ3CmT54ltcOSc1Q6vnLy5XMwRg7sgX1QBA44AWVwCSqgCjC4BQ/gCTwbd8aj8WK8jlvnjMnMDvgD4+0HMsOZyQ==</latexit>

Injected Power:

Steady-State

Benchmark: Quantify control ability to eliminate overshoot in Nadir

Nadir
Max Energy



System Frequency w/ Virtual Inertia

Swing Equations with Turbine: 2nd order response, e.g. underdamped

Nadir at overshoot.
Decreases (mildly)
with inertia
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i u0i|P
i fi
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⌘
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2 )
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<latexit sha1_base64="RecgnBszj2BFaXAAEMis9Pk+7I4="></latexit>

w̄(t) =

P
i u0iP
i fi

1

d+ r�1
g + r�1

r


1� e�⌘t

✓
cos(!dt)�

� � ⌘

!d
sin(!dt)

◆�

<latexit sha1_base64="erBdkRLuwEOs3c4S3QEol40R0wc="></latexit>

ci : xi = �fi(⌫ẇi + r�1
r wi)

<latexit sha1_base64="fr9mjmHmtsx9kSt6vdjPUv4zO9U="></latexit>

Maximal RoCoF:
initial response.
Inertia appears directly

|| ˙̄w||1 =
|
P

i u0i|P
i fi

1

m+ ⌫
<latexit sha1_base64="eSGcDdA8UQauSr8ILuuJOSg+Trs="></latexit>

Steady-state.
No dependence on inertia

w̄(1) =

P
i u0iP
i fi

1

d+ r�1
g + r�1

r
<latexit sha1_base64="wfbIG9LRPc7OEtStLECv72w6Fxs="></latexit>
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System Frequency w/ Virtual Inertia

Nadir Overshoot Elimination:

Apr 11 2022 Enrique Mallada (JHU) 25

ci : xi = �fi(⌫ẇi + r�1
r wi)

<latexit sha1_base64="fr9mjmHmtsx9kSt6vdjPUv4zO9U="></latexit>

⌫ � ⌫min := ⌧g

✓q
r�1
g +

q
d+ r�1

g + r�1
r

◆2

�m
<latexit sha1_base64="YwMAZsCAZmuHIEsifkL4O9KSc8c="></latexit>

requires 𝝂 > 𝟎 in low inertia systems (low 𝒎)

Virtual Inertia

r�1
r = 0, ⌫ = ⌫min

<latexit sha1_base64="m5dYgWepOlW3HplrJqafC6A3Ask="></latexit>

Droop Control

r�1
r 6= 0, ⌫ = 0

<latexit sha1_base64="hjV0Rp1lZdMZ8Pk57Le37Zr0BVY=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFFLTNVUIRC0Y3LClaFTi2Z9NaGZjJDckcsw/yLG3/FjQtF3LjwX0wfC7UeCBzOOTc3OUEshUHX/XRyM7Nz8wuLS/nlldW19cLG5pWJEs2hwSMZ6ZuAGZBCQQMFSriJNbAwkHAd9M+G/vU9aCMidYmDGFohu1OiKzhDK7ULJz7CA47uSQOZQJbqtr5N970s81WEVbfkl35ENHSy1FdJVnVpu1B0y+4IdJp4E1IkE9TbhXe/E/EkBIVcMmOanhtjK2UaBZeQ5f3EQMx4n91B01LFQjCtdLQ4o7tW6dBupO1RSEfqz4mUhcYMwsAmQ4Y989cbiv95zQS7x61UqDhBUHy8qJtIihEdFkY7QgNHObCEcS3sWynvMc042lrztgTv75enyVWl7B2UKxeHxdrppI5Fsk12yB7xyBGpkXNSJw3CySN5Jq/kzXlyXpx352MczTmTmS3yC87XNyrJpcc=</latexit>

r�1
r = 0, ⌫ = 0

<latexit sha1_base64="a5BD26dg2wnsMpkaviWIfb2vUCk=">AAACH3icbVBNSwMxEM36bf2qevQSLIIHLbtV1IsgevFYwWqhW0s2nW1Ds9klmRXLsv/Ei3/FiwdFxFv/jWntQa0PBh7vzWQyL0ikMOi6A2dqemZ2bn5hsbC0vLK6VlzfuDFxqjnUeCxjXQ+YASkU1FCghHqigUWBhNugdzH0b+9BGxGra+wn0IxYR4lQcIZWahWPfIQHHL2TBTKFPNMtfZfte3l+6u75ez9sDe0881VqDdoqltyyOwKdJN6YlMgY1Vbx02/HPI1AIZfMmIbnJtjMmEbBJeQFPzWQMN5jHWhYqlgEppmNFud0xyptGsbalkI6Un9OZCwyph8FtjNi2DV/vaH4n9dIMTxpZkIlKYLi34vCVFKM6TAs2hYaOMq+JYxrYf9KeZdpxtFGWrAheH9PniQ3lbJ3UK5cHZbOzsdxLJAtsk12iUeOyRm5JFVSI5w8kmfySt6cJ+fFeXc+vlunnPHMJvkFZ/AFrhKj8g==</latexit>

No Control
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[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Frequency Response Control Effort

Performance Specification

RoCoF
Steady-state

Sync. Cost

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
<latexit sha1_base64="8gE6+freaVdiT3HzmcKsZW9mT8s=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdGGh6MaNUME+oIlhMp20QyeTMDOxlJCfceOvuHFhEcGVv+K0zUJbD1w4nHMv997jx4xKZVlfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+64kISSP+oEYxcUPU4zSgGCkteeaV4yMBh2V1AqvQCQTCqSOT0Etp1c4eObzzKBx6VPvZgpF5ZsmqWFPARWLnpARy1D1z7HQjnISEK8yQlB3bipWbIqEoZiQrOokkMcID1CMdTTkKiXTT6ZcZPNZKFwaR0MUVnKq/J1IUSjkKfd0ZItWX895E/M/rJCq4dFPK40QRjmeLgoRBFcFJZLBLBcGKjTRBWFB9K8R9pKNSOtiiDsGef3mRNE8r9lnFuj8v1a7zOArgEByBMrDBBaiBW1AHDYDBM3gF72BsvBhvxofxOWtdMvKZA/AHxvcPxp+kOw==</latexit>

System Freq. :

w̃i(t) = wi(t) � w̄(t)Sync. Error :

Power Rating

Ė(t) = x̄(t)
<latexit sha1_base64="izKEu8OvkSHvK4xkFRPjZxEHo9w=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQktQkUoM4roRhgUwWUFe4HOUDJp2oZmLiRnxGEo+BC+gBsXirj1Odz1bUwvC60eCHz8/znJye/HgiuwrJGRW1hcWl7JrxbW1jc2t8ztnbqKEklZjUYikk2fKCZ4yGrAQbBmLBkJfMEa/uBq7DfumVQ8Cu8gjZkXkF7Iu5wS0FLb3HM7EeDrMhziC+z6ROIHzW2zZFWsSeG/YM+g5BTdo6eRk1bb5pe+hyYBC4EKolTLtmLwMiKBU8GGBTdRLCZ0QHqspTEkAVNeNll/iA+00sHdSOoTAp6oPycyEiiVBr7uDAj01bw3Fv/zWgl0z72Mh3ECLKTTh7qJwBDhcRa4wyWjIFINhEqud8W0TyShoBMr6BDs+S//hfpxxT6pnN7aJecSTSuP9lERlZGNzpCDblAV1RBFGXpGr+jNeDRejHfjY9qaM2Yzu+hXGZ/fVrmWyA==</latexit>

Injected Energy:

x̄(t) =
P

i xi(t)
<latexit sha1_base64="5+jL6+OqMF3I53V4sG9c9puYREE=">AAACAnicbVDLSsNAFJ34rPEVdSVuBkuhbkqiiG6EohuXFewDmhAm00k7dDIJMxNpCcWNv+HSjQtF3PoVbtQPce/0sdDWAxfOnHMvc+8JEkalsu0vY25+YXFpObdirq6tb2xaW9s1GacCkyqOWSwaAZKEUU6qiipGGokgKAoYqQfdi6FfvyFC0phfq35CvAi1OQ0pRkpLvrXrBkjAXlEdwDPoyjTyKez5VL99K2+X7BHgLHEmJF8ufH9+3Jvtim+9u60YpxHhCjMkZdOxE+VlSCiKGRmYbipJgnAXtUlTU44iIr1sdMIAFrTSgmEsdHEFR+rviQxFUvajQHdGSHXktDcU//OaqQpPvYzyJFWE4/FHYcqgiuEwD9iigmDF+pogLKjeFeIOEggrnZqpQ3CmT54ltcOSc1Q6vnLy5XMwRg7sgX1QBA44AWVwCSqgCjC4BQ/gCTwbd8aj8WK8jlvnjMnMDvgD4+0HMsOZyQ==</latexit>

Injected Power:

Steady-State

Benchmark: Quantify control ability to eliminate overshoot in Nadir

Nadir
Max Energy

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020
[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Control Effort 
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ci : xi = �fi(⌫ẇi + r�1
r wi)

<latexit sha1_base64="fr9mjmHmtsx9kSt6vdjPUv4zO9U="></latexit>
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Virtual Inertia

r�1
r = 0, ⌫ = ⌫min

<latexit sha1_base64="m5dYgWepOlW3HplrJqafC6A3Ask="></latexit>

r�1
r = 0, ⌫ = 0

<latexit sha1_base64="a5BD26dg2wnsMpkaviWIfb2vUCk=">AAACH3icbVBNSwMxEM36bf2qevQSLIIHLbtV1IsgevFYwWqhW0s2nW1Ds9klmRXLsv/Ei3/FiwdFxFv/jWntQa0PBh7vzWQyL0ikMOi6A2dqemZ2bn5hsbC0vLK6VlzfuDFxqjnUeCxjXQ+YASkU1FCghHqigUWBhNugdzH0b+9BGxGra+wn0IxYR4lQcIZWahWPfIQHHL2TBTKFPNMtfZfte3l+6u75ez9sDe0881VqDdoqltyyOwKdJN6YlMgY1Vbx02/HPI1AIZfMmIbnJtjMmEbBJeQFPzWQMN5jHWhYqlgEppmNFud0xyptGsbalkI6Un9OZCwyph8FtjNi2DV/vaH4n9dIMTxpZkIlKYLi34vCVFKM6TAs2hYaOMq+JYxrYf9KeZdpxtFGWrAheH9PniQ3lbJ3UK5cHZbOzsdxLJAtsk12iUeOyRm5JFVSI5w8kmfySt6cJ+fFeXc+vlunnPHMJvkFZ/AFrhKj8g==</latexit>

No Control Droop Control

r�1
r 6= 0, ⌫ = 0

<latexit sha1_base64="hjV0Rp1lZdMZ8Pk57Le37Zr0BVY=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFFLTNVUIRC0Y3LClaFTi2Z9NaGZjJDckcsw/yLG3/FjQtF3LjwX0wfC7UeCBzOOTc3OUEshUHX/XRyM7Nz8wuLS/nlldW19cLG5pWJEs2hwSMZ6ZuAGZBCQQMFSriJNbAwkHAd9M+G/vU9aCMidYmDGFohu1OiKzhDK7ULJz7CA47uSQOZQJbqtr5N970s81WEVbfkl35ENHSy1FdJVnVpu1B0y+4IdJp4E1IkE9TbhXe/E/EkBIVcMmOanhtjK2UaBZeQ5f3EQMx4n91B01LFQjCtdLQ4o7tW6dBupO1RSEfqz4mUhcYMwsAmQ4Y989cbiv95zQS7x61UqDhBUHy8qJtIihEdFkY7QgNHObCEcS3sWynvMc042lrztgTv75enyVWl7B2UKxeHxdrppI5Fsk12yB7xyBGpkXNSJw3CySN5Jq/kzXlyXpx352MczTmTmS3yC87XNyrJpcc=</latexit>

x̄(t) =
P

i xi(t)
<latexit sha1_base64="5+jL6+OqMF3I53V4sG9c9puYREE=">AAACAnicbVDLSsNAFJ34rPEVdSVuBkuhbkqiiG6EohuXFewDmhAm00k7dDIJMxNpCcWNv+HSjQtF3PoVbtQPce/0sdDWAxfOnHMvc+8JEkalsu0vY25+YXFpObdirq6tb2xaW9s1GacCkyqOWSwaAZKEUU6qiipGGokgKAoYqQfdi6FfvyFC0phfq35CvAi1OQ0pRkpLvrXrBkjAXlEdwDPoyjTyKez5VL99K2+X7BHgLHEmJF8ufH9+3Jvtim+9u60YpxHhCjMkZdOxE+VlSCiKGRmYbipJgnAXtUlTU44iIr1sdMIAFrTSgmEsdHEFR+rviQxFUvajQHdGSHXktDcU//OaqQpPvYzyJFWE4/FHYcqgiuEwD9iigmDF+pogLKjeFeIOEggrnZqpQ3CmT54ltcOSc1Q6vnLy5XMwRg7sgX1QBA44AWVwCSqgCjC4BQ/gCTwbd8aj8WK8jlvnjMnMDvgD4+0HMsOZyQ==</latexit>

[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Control of Low Inertia Pendulum
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Pros: Provides disturbance rejection, quickly 
restore steady-state, with reasonable control effort.  

Virtual Friction Control: m✓̈ = �d✓̇ �mg sin ✓ + f � r�1✓̇
<latexit sha1_base64="M2McBCSzfNrxHGToYyD4TXcg8pQ="></latexit>

Cons? Large steady-state effort in 
power systems



• Network Performance Analysis

• Limits of Virtual Inertia and Droop Control 

• Control Design: Frequency Shaping

Roadmap to Low Inertia Frequency Control



Grid-following Inverters

Grid-forming Inverters

Frequency Shaping

Enrique Mallada (JHU)Apr 11 2022 28



Key idea: use model matching control (at each bus/area)

Grid-following Frequency Shaping Control

Apr 11 2022 Enrique Mallada (JHU) 29

w̄
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RoCoF:<latexit sha1_base64="jEtLdToE0TMnkpDMMkwFV8wxm9w="></latexit>
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i fi
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[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021
[TPS 21] Jiang, Cohn, Vorobev, M, Storage-based frequency shaping control, IEEE Transactions on Power Systems, 2021
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<latexit sha1_base64="tH5IR17fbz07F2Hlrc+mLmMieJk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0k1qELrQkUtRlwY3LCvYBTQiT6bQdOpmEeQg19EvcuFDErZ/izr9x2mah1QMXDufcy733RCmjUrnul1VYW9/Y3Cpul3Z29/bL9sFhRyZaYNLGCUtEL0KSMMpJW1HFSC8VBMURI91ocjP3uw9ESJrwezVNSRCjEadDipEyUmiXdUj9yrlfScOMnpFZaFfduruA85d4OalCjlZof/qDBOuYcIUZkrLvuakKMiQUxYzMSr6WJEV4gkakbyhHMZFBtjh85pwaZeAME2GKK2eh/pzIUCzlNI5MZ4zUWK56c/E/r6/V8DrIKE+1IhwvFw01c1TizFNwBlQQrNjUEIQFNbc6eIwEwspkVTIheKsv/yWdi7p3WW/cNarNWh5HEY7hBGrgwRU04RZa0AYMGp7gBV6tR+vZerPel60FK585gl+wPr4BmCCSVQ==</latexit>ui�pi,e
<latexit sha1_base64="/Es4OmyhT4A0fyQ0jl2XNu7qFoc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84hK81jem0mCfkSHkoecUWOlu6c+75crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNaJo3G</latexit>wi

<latexit sha1_base64="55wBzIEmkLnXnKh4obyw8gFOneU=">AAACJ3icbVDLSgMxFM34rPVVdelmsAqCUGakqCspuHFZwT6gLSWT3mmDmQfJHbGE/I0bf8WNoCK69E9MH4haDwROzrmP5ASp4Ao978OZm19YXFrOreRX19Y3Ngtb23WVZJJBjSUikc2AKhA8hhpyFNBMJdAoENAIbi5GfuMWpOJJfI3DFDoR7cc85IyilbqF83YoKdO+0WGXm+9LG+EOx9O1hJ7R1KijH1ogMjA6MKZbKHolbwx3lvhTUiRTVLuF53YvYVkEMTJBlWr5XoodTSVyJsDk25mClLIb2oeWpTGNQHX0eKtxD6zSc8NE2hOjO1Z/dmgaKTWMAlsZURyov95I/M9rZRiedTSP0wwhZpNFYSZcTNxRaG6PS2AohpZQJrl9q8sG1GaFNtq8DcH/++VZUj8u+Sel8lW5WNmfxpEju2SPHBKfnJIKuSRVUiOM3JNH8kJenQfnyXlz3ielc860Z4f8gvP5BfvPqQY=</latexit>

1

fi

1

as+ b

<latexit sha1_base64="tH5IR17fbz07F2Hlrc+mLmMieJk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0k1qELrQkUtRlwY3LCvYBTQiT6bQdOpmEeQg19EvcuFDErZ/izr9x2mah1QMXDufcy733RCmjUrnul1VYW9/Y3Cpul3Z29/bL9sFhRyZaYNLGCUtEL0KSMMpJW1HFSC8VBMURI91ocjP3uw9ESJrwezVNSRCjEadDipEyUmiXdUj9yrlfScOMnpFZaFfduruA85d4OalCjlZof/qDBOuYcIUZkrLvuakKMiQUxYzMSr6WJEV4gkakbyhHMZFBtjh85pwaZeAME2GKK2eh/pzIUCzlNI5MZ4zUWK56c/E/r6/V8DrIKE+1IhwvFw01c1TizFNwBlQQrNjUEIQFNbc6eIwEwspkVTIheKsv/yWdi7p3WW/cNarNWh5HEY7hBGrgwRU04RZa0AYMGp7gBV6tR+vZerPel60FK585gl+wPr4BmCCSVQ==</latexit>ui�pi,e
<latexit sha1_base64="/Es4OmyhT4A0fyQ0jl2XNu7qFoc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84hK81jem0mCfkSHkoecUWOlu6c+75crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNaJo3G</latexit>wi

?

Leads to CoI Frequency !𝑤 with:



Key idea: use model matching control (at each bus/area)

Grid-following Frequency Shaping Control
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w̄
<latexit sha1_base64="IiiK1e8RM0hvnQOJAj2RnwsA8qc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWwR4LXjxWsK3QLiWbZtvYbLIkWaUs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaXvQ2KY4JK1LLeC3SeakTgUrBOOr2d+55Fpw5W8s5OEBTEZSh5xSqyT2r2QaPzUL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe1a1b+o1m4vK416HkcRTuAUzsGHK2jADTShBRQe4Ble4Q0p9ILe0ceitYDymWP4A/T5AzGEjtg=</latexit>

<latexit sha1_base64="CWK+qUPP1ymx2yTKDlDw8pjPL7o="></latexit>

cfs(s) :=
b2s2 + b1s+ b0

⌧ 0s+ 1

[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021
[TPS 21] Jiang, Cohn, Vorobev, M, Storage-based frequency shaping control, IEEE Transactions on Power Systems, 2021

Leads to CoI Frequency !𝑤 with:

RoCoF:<latexit sha1_base64="jEtLdToE0TMnkpDMMkwFV8wxm9w="></latexit>

|| ˙̄w||1 =
|
P

i u0i|P
i fi

1

a

Steady-state:<latexit sha1_base64="KR9CRK8m6apFRbSqGBRyuh1CM1g="></latexit>

w̄(1) =

P
i u0iP
i fi

1

b

<latexit sha1_base64="FgNgwFbhUzaW3o9iTL07iVPpRAQ="></latexit>

b2 = ⌧ (a�m)

b1 = (b� d)⌧ + a�m

b0 = b� r�1
g � d

⌧ 0 = ⌧

<latexit sha1_base64="8V4oDRkDp7EsFPmH0yySg6dsEh8=">AAACBHicbVDLSgMxFM3UV62vUZfdBKsgCGVGirosuHFZwT6gHYZMJtOGJpkhyQhlmIUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0nSBhV2nG+rNLK6tr6RnmzsrW9s7tn7x90VJxKTNo4ZrHsBUgRRgVpa6oZ6SWSIB4w0g3G11O/e0+korG405OEeBwNBY0oRtpIvl0dRBLhzM2zyKf5z4OrszD37ZpTd2aAy8QtSA0UaPn25yCMccqJ0Jghpfquk2gvQ1JTzEheGaSKJAiP0ZD0DRWIE+VlsyNyeGKUEEaxNCU0nKm/JzLElZrwwHRypEdq0ZuK/3n9VEdXXkZFkmoi8PyjKGVQx3CaCAypJFiziSEIS2p2hXiETBDa5FYxIbiLJy+Tznndvag3bhu15nERRxlUwRE4BS64BE1wA1qgDTB4AE/gBbxaj9az9Wa9z1tLVjFzCP7A+vgGVL+Ycw==</latexit>

1

fi

1

ms+ d

<latexit sha1_base64="YgR98BhatufJxnSw4b4gTLkjWv0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBqsgSEsiRV0W3LisYB/QxDCZTtqhkwczN0IJ2bnxV9y4UMStv+DOv3H6WGjrgQuHc+7l3nv8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHJ4oJHrEmcBCsk0hGQl+wtj+8HvvtByYVj6M7GCXMDUk/4gGnBLTkmYeVwONOIAnNpNe/zyp2nmcOkBQrfGbnnlm2qtYEeJHYM1JGMzQ888vpxTQNWQRUEKW6tpWAmxEJnAqWl5xUsYTQIemzrqYRCZlys8kfOT7RSg8HsdQVAZ6ovycyEio1Cn3dGRIYqHlvLP7ndVMIrtyMR0kKLKLTRUEqMMR4HArucckoiJEmhEqub8V0QHQooKMr6RDs+ZcXSeu8al9Ua7e1cv14FkcRHaAjdIpsdInq6AY1UBNR9Iie0St6M56MF+Pd+Ji2FozZzD76A+PzB/r9mKY=</latexit>

�fi
r�1
g

⌧s+ 1

+ +

<latexit sha1_base64="Lu8YNeePtq87wQkUivxGCp+5dn0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GaxCXVgSKeqy4MZlBfuANoTJdNIOnTyYuRFrCP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPV4suALL+jYKS8srq2vF9dLG5tb2jrm711JRIilr0khEsuMRxQQPWRM4CNaJJSOBJ1jbG11P/PY9k4pH4R2MY+YEZBByn1MCWnLNgzPf5dRNe8AeIPVVllXUqWuWrao1BV4kdk7KKEfDNb96/YgmAQuBCqJU17ZicFIigVPBslIvUSwmdEQGrKtpSAKmnHR6fYZPtNLHfiR1hYCn6u+JlARKjQNPdwYEhmrem4j/ed0E/Csn5WGcAAvpbJGfCAwRnkSB+1wyCmKsCaGS61sxHRJJKOjASjoEe/7lRdI6r9oX1dptrVw/zuMookN0hCrIRpeojm5QAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP3tElSk=</latexit>

�ficfs(s)

+ +

<latexit sha1_base64="urtcFRPitpfYgUAXQFDs5Baeb2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84hK81jem0mCfkSHkoecUWOlu6c+75crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNbrI3H</latexit>xi

<latexit sha1_base64="YMRqM4wJST5GEN9aHQ/X5EFhzqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32Rb9ccWvuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNRAo3A</latexit>qi

<latexit sha1_base64="tH5IR17fbz07F2Hlrc+mLmMieJk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0k1qELrQkUtRlwY3LCvYBTQiT6bQdOpmEeQg19EvcuFDErZ/izr9x2mah1QMXDufcy733RCmjUrnul1VYW9/Y3Cpul3Z29/bL9sFhRyZaYNLGCUtEL0KSMMpJW1HFSC8VBMURI91ocjP3uw9ESJrwezVNSRCjEadDipEyUmiXdUj9yrlfScOMnpFZaFfduruA85d4OalCjlZof/qDBOuYcIUZkrLvuakKMiQUxYzMSr6WJEV4gkakbyhHMZFBtjh85pwaZeAME2GKK2eh/pzIUCzlNI5MZ4zUWK56c/E/r6/V8DrIKE+1IhwvFw01c1TizFNwBlQQrNjUEIQFNbc6eIwEwspkVTIheKsv/yWdi7p3WW/cNarNWh5HEY7hBGrgwRU04RZa0AYMGp7gBV6tR+vZerPel60FK585gl+wPr4BmCCSVQ==</latexit>ui�pi,e
<latexit sha1_base64="/Es4OmyhT4A0fyQ0jl2XNu7qFoc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84hK81jem0mCfkSHkoecUWOlu6c+75crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNaJo3G</latexit>wi

<latexit sha1_base64="55wBzIEmkLnXnKh4obyw8gFOneU=">AAACJ3icbVDLSgMxFM34rPVVdelmsAqCUGakqCspuHFZwT6gLSWT3mmDmQfJHbGE/I0bf8WNoCK69E9MH4haDwROzrmP5ASp4Ao978OZm19YXFrOreRX19Y3Ngtb23WVZJJBjSUikc2AKhA8hhpyFNBMJdAoENAIbi5GfuMWpOJJfI3DFDoR7cc85IyilbqF83YoKdO+0WGXm+9LG+EOx9O1hJ7R1KijH1ogMjA6MKZbKHolbwx3lvhTUiRTVLuF53YvYVkEMTJBlWr5XoodTSVyJsDk25mClLIb2oeWpTGNQHX0eKtxD6zSc8NE2hOjO1Z/dmgaKTWMAlsZURyov95I/M9rZRiedTSP0wwhZpNFYSZcTNxRaG6PS2AohpZQJrl9q8sG1GaFNtq8DcH/++VZUj8u+Sel8lW5WNmfxpEju2SPHBKfnJIKuSRVUiOM3JNH8kJenQfnyXlz3ielc860Z4f8gvP5BfvPqQY=</latexit>

1

fi

1

as+ b

<latexit sha1_base64="tH5IR17fbz07F2Hlrc+mLmMieJk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0k1qELrQkUtRlwY3LCvYBTQiT6bQdOpmEeQg19EvcuFDErZ/izr9x2mah1QMXDufcy733RCmjUrnul1VYW9/Y3Cpul3Z29/bL9sFhRyZaYNLGCUtEL0KSMMpJW1HFSC8VBMURI91ocjP3uw9ESJrwezVNSRCjEadDipEyUmiXdUj9yrlfScOMnpFZaFfduruA85d4OalCjlZof/qDBOuYcIUZkrLvuakKMiQUxYzMSr6WJEV4gkakbyhHMZFBtjh85pwaZeAME2GKK2eh/pzIUCzlNI5MZ4zUWK56c/E/r6/V8DrIKE+1IhwvFw01c1TizFNwBlQQrNjUEIQFNbc6eIwEwspkVTIheKsv/yWdi7p3WW/cNarNWh5HEY7hBGrgwRU04RZa0AYMGp7gBV6tR+vZerPel60FK585gl+wPr4BmCCSVQ==</latexit>ui�pi,e
<latexit sha1_base64="/Es4OmyhT4A0fyQ0jl2XNu7qFoc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84hK81jem0mCfkSHkoecUWOlu6c+75crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNaJo3G</latexit>wi



Special case: Dynamic Droop (iDroop)

Setting 𝑏! = 0, 𝑏" = 𝜈#𝜏′,  and 𝑏! = 𝑟$%" leads to:
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<latexit sha1_base64="CWK+qUPP1ymx2yTKDlDw8pjPL7o="></latexit>

cfs(s) :=
b2s2 + b1s+ b0

⌧ 0s+ 1

[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021

<latexit sha1_base64="8V4oDRkDp7EsFPmH0yySg6dsEh8=">AAACBHicbVDLSgMxFM3UV62vUZfdBKsgCGVGirosuHFZwT6gHYZMJtOGJpkhyQhlmIUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0nSBhV2nG+rNLK6tr6RnmzsrW9s7tn7x90VJxKTNo4ZrHsBUgRRgVpa6oZ6SWSIB4w0g3G11O/e0+korG405OEeBwNBY0oRtpIvl0dRBLhzM2zyKf5z4OrszD37ZpTd2aAy8QtSA0UaPn25yCMccqJ0Jghpfquk2gvQ1JTzEheGaSKJAiP0ZD0DRWIE+VlsyNyeGKUEEaxNCU0nKm/JzLElZrwwHRypEdq0ZuK/3n9VEdXXkZFkmoi8PyjKGVQx3CaCAypJFiziSEIS2p2hXiETBDa5FYxIbiLJy+Tznndvag3bhu15nERRxlUwRE4BS64BE1wA1qgDTB4AE/gBbxaj9az9Wa9z1tLVjFzCP7A+vgGVL+Ycw==</latexit>

1

fi

1

ms+ d

<latexit sha1_base64="YgR98BhatufJxnSw4b4gTLkjWv0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBqsgSEsiRV0W3LisYB/QxDCZTtqhkwczN0IJ2bnxV9y4UMStv+DOv3H6WGjrgQuHc+7l3nv8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHJ4oJHrEmcBCsk0hGQl+wtj+8HvvtByYVj6M7GCXMDUk/4gGnBLTkmYeVwONOIAnNpNe/zyp2nmcOkBQrfGbnnlm2qtYEeJHYM1JGMzQ888vpxTQNWQRUEKW6tpWAmxEJnAqWl5xUsYTQIemzrqYRCZlys8kfOT7RSg8HsdQVAZ6ovycyEio1Cn3dGRIYqHlvLP7ndVMIrtyMR0kKLKLTRUEqMMR4HArucckoiJEmhEqub8V0QHQooKMr6RDs+ZcXSeu8al9Ua7e1cv14FkcRHaAjdIpsdInq6AY1UBNR9Iie0St6M56MF+Pd+Ji2FozZzD76A+PzB/r9mKY=</latexit>

�fi
r�1
g

⌧s+ 1

+ +

<latexit sha1_base64="Lu8YNeePtq87wQkUivxGCp+5dn0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GaxCXVgSKeqy4MZlBfuANoTJdNIOnTyYuRFrCP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPV4suALL+jYKS8srq2vF9dLG5tb2jrm711JRIilr0khEsuMRxQQPWRM4CNaJJSOBJ1jbG11P/PY9k4pH4R2MY+YEZBByn1MCWnLNgzPf5dRNe8AeIPVVllXUqWuWrao1BV4kdk7KKEfDNb96/YgmAQuBCqJU17ZicFIigVPBslIvUSwmdEQGrKtpSAKmnHR6fYZPtNLHfiR1hYCn6u+JlARKjQNPdwYEhmrem4j/ed0E/Csn5WGcAAvpbJGfCAwRnkSB+1wyCmKsCaGS61sxHRJJKOjASjoEe/7lRdI6r9oX1dptrVw/zuMookN0hCrIRpeojm5QAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP3tElSk=</latexit>

�ficfs(s)

+ +
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Special case: Dynamic Droop (iDroop)

Setting 𝑏! = 0, 𝑏" = 𝜈#𝜏′,  and 𝑏! = 𝑟$%" leads to:
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⌧ 0ẋ = �x� (r�1
r ✓̇ + ⌧ 0⌫0✓̈)
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Frequency Response Control Effort

Performance Specification

RoCoF
Steady-state

Sync. Cost

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
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System Freq. :

w̃i(t) = wi(t) � w̄(t)Sync. Error :

Power Rating

Ė(t) = x̄(t)
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Injected Energy:

x̄(t) =
P

i xi(t)
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Injected Power:

Steady-State

Benchmark: Quantify control ability to eliminate overshoot in Nadir

Nadir
Max Energy

[TAC 21] Jiang, Pates, M, Dynamic droop control in low inertia power systems, IEEE Transactions on Automatic Control, 2021



Frequency Shaping w/ iDroop
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Droop Control
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r 6= 0, ⌫ = 0

<latexit sha1_base64="hjV0Rp1lZdMZ8Pk57Le37Zr0BVY=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFFLTNVUIRC0Y3LClaFTi2Z9NaGZjJDckcsw/yLG3/FjQtF3LjwX0wfC7UeCBzOOTc3OUEshUHX/XRyM7Nz8wuLS/nlldW19cLG5pWJEs2hwSMZ6ZuAGZBCQQMFSriJNbAwkHAd9M+G/vU9aCMidYmDGFohu1OiKzhDK7ULJz7CA47uSQOZQJbqtr5N970s81WEVbfkl35ENHSy1FdJVnVpu1B0y+4IdJp4E1IkE9TbhXe/E/EkBIVcMmOanhtjK2UaBZeQ5f3EQMx4n91B01LFQjCtdLQ4o7tW6dBupO1RSEfqz4mUhcYMwsAmQ4Y989cbiv95zQS7x61UqDhBUHy8qJtIihEdFkY7QgNHObCEcS3sWynvMc042lrztgTv75enyVWl7B2UKxeHxdrppI5Fsk12yB7xyBGpkXNSJw3CySN5Jq/kzXlyXpx352MczTmTmS3yC87XNyrJpcc=</latexit>

<latexit sha1_base64="I/Vhdtna6FkTl0iVUp7Oe5iLth8="></latexit>

⌫0 = r�1
r + r�1

g

<latexit sha1_base64="inIg16dDkW2Dk66tsjkIjTKTQUk="></latexit>

ci : ⌧ 0ẋi=�xi�fi
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Step Disturbance

Base Case: No Inverter Control

Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)
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Icelandic Grid
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Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)
• Droop equally set for inverters in all cases
• Virtual inertia tuned for critically damped response 𝝂 = 𝝂𝒎𝒊𝒏
• iDroop tuned for Frequency Shaping 𝜈$ = 𝑟%&' + 𝑟(&' and 𝜏$ = 𝜏
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Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)
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iDroop Benefit Summary
• Overshoot Elimination in Nadir
• Noise Attenuation
• Disturbance Rejection
• Reduce Inter-area Oscillations



Trading off Control Effort and RoCoF
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Grid-following Inverters: At each bus/area…

Grid-forming Inverters

Frequency Shaping
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Center of Inertia /w Grid Forming Inverters

Center of Inertia Freq.
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<latexit sha1_base64="8gE6+freaVdiT3HzmcKsZW9mT8s=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdGGh6MaNUME+oIlhMp20QyeTMDOxlJCfceOvuHFhEcGVv+K0zUJbD1w4nHMv997jx4xKZVlfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+64kISSP+oEYxcUPU4zSgGCkteeaV4yMBh2V1AqvQCQTCqSOT0Etp1c4eObzzKBx6VPvZgpF5ZsmqWFPARWLnpARy1D1z7HQjnISEK8yQlB3bipWbIqEoZiQrOokkMcID1CMdTTkKiXTT6ZcZPNZKFwaR0MUVnKq/J1IUSjkKfd0ZItWX895E/M/rJCq4dFPK40QRjmeLgoRBFcFJZLBLBcGKjTRBWFB9K8R9pKNSOtiiDsGef3mRNE8r9lnFuj8v1a7zOArgEByBMrDBBaiBW1AHDYDBM3gF72BsvBhvxofxOWtdMvKZA/AHxvcPxp+kOw==</latexit>

[TAC 22] Min, M, Coherence and concentration in tightly connected networks, IEEE Transactions on Automatic Control, 2022, under review

<latexit sha1_base64="k9BATP//VZeYgRpXf8OPWEswNVI=">AAACF3icbZDLSgMxFIYz9VbrbdSlLoJFqJsyI0XdCEU3LivYC7TDkEkzbWgyE5KMWIbZ+Ba+gVt9AXfi1qV7H8S0nYW2/hD4+c85nJMvEIwq7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4kJk0cs1h2AqQIoxFpaqoZ6QhJEA8YaQej60m9fU+konF0p8eCeBwNIhpSjLSJfPtQ+LSiTuAl7IUS4dTN0tCnmfAdk/p22ak6U8FF4+amDHI1fPu7149xwkmkMUNKdV1HaC9FUlPMSFbqJYoIhEdoQLrGRogT5aUP029k8NhEfRjG0rxIw2n6eyRFXKkxD0wnR3qo5muT8N9aEPC53Tq88FIaiUSTCM82hwmDOoYTSLBPJcGajY1BWFJzPcRDZPhog7JksLjzEBZN67TqnlVrt7Vy/SoHVAQH4AhUgAvOQR3cgAZoAgwewTN4Aa/Wk/VmvVsfs9aClc/sgz+yPn8A4Vee2w==</latexit>

pi(s) =
1

fi
p0(s)

<latexit sha1_base64="gyGjAmNTF+21ljoFj+7L0MONVzM="></latexit>

w̄(s) = p0(s)
1Pn

i=1 fi

 
nX

i=1

ui(s)

!

Problem: No longer valid grid-forming inverters
Yet…

<latexit sha1_base64="eANjQ9ggrVvk7pA6vbuVdHohxWE="></latexit>

w̄(s) =
1

Pn
i=1 fi p

�1
0 (s)

 
nX

i=1

ui(s)

!



Center of Inertia /w Grid Forming Inverters

Center of Inertia Freq.
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w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
<latexit sha1_base64="8gE6+freaVdiT3HzmcKsZW9mT8s=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdGGh6MaNUME+oIlhMp20QyeTMDOxlJCfceOvuHFhEcGVv+K0zUJbD1w4nHMv997jx4xKZVlfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+64kISSP+oEYxcUPU4zSgGCkteeaV4yMBh2V1AqvQCQTCqSOT0Etp1c4eObzzKBx6VPvZgpF5ZsmqWFPARWLnpARy1D1z7HQjnISEK8yQlB3bipWbIqEoZiQrOokkMcID1CMdTTkKiXTT6ZcZPNZKFwaR0MUVnKq/J1IUSjkKfd0ZItWX895E/M/rJCq4dFPK40QRjmeLgoRBFcFJZLBLBcGKjTRBWFB9K8R9pKNSOtiiDsGef3mRNE8r9lnFuj8v1a7zOArgEByBMrDBBaiBW1AHDYDBM3gF72BsvBhvxofxOWtdMvKZA/AHxvcPxp+kOw==</latexit>

[TAC 22] Min, M, Coherence and concentration in tightly connected networks, IEEE Transactions on Automatic Control, 2022, under review

<latexit sha1_base64="k9BATP//VZeYgRpXf8OPWEswNVI=">AAACF3icbZDLSgMxFIYz9VbrbdSlLoJFqJsyI0XdCEU3LivYC7TDkEkzbWgyE5KMWIbZ+Ba+gVt9AXfi1qV7H8S0nYW2/hD4+c85nJMvEIwq7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4kJk0cs1h2AqQIoxFpaqoZ6QhJEA8YaQej60m9fU+konF0p8eCeBwNIhpSjLSJfPtQ+LSiTuAl7IUS4dTN0tCnmfAdk/p22ak6U8FF4+amDHI1fPu7149xwkmkMUNKdV1HaC9FUlPMSFbqJYoIhEdoQLrGRogT5aUP029k8NhEfRjG0rxIw2n6eyRFXKkxD0wnR3qo5muT8N9aEPC53Tq88FIaiUSTCM82hwmDOoYTSLBPJcGajY1BWFJzPcRDZPhog7JksLjzEBZN67TqnlVrt7Vy/SoHVAQH4AhUgAvOQR3cgAZoAgwewTN4Aa/Wk/VmvVsfs9aClc/sgz+yPn8A4Vee2w==</latexit>

pi(s) =
1

fi
p0(s)

<latexit sha1_base64="gyGjAmNTF+21ljoFj+7L0MONVzM="></latexit>

w̄(s) = p0(s)
1Pn

i=1 fi

 
nX

i=1

ui(s)

!

Problem: No longer valid grid-forming inverters
Yet…

…provides a good approx. of aggregate response!

<latexit sha1_base64="wmC2WKE7/ldu5rxAe+StDhj8H5k="></latexit>

w̄(s) =

 
nX

i=1

p�1
i (s)

!�1 nX

i=1

ui(s)

!



Generalized Center of Inertia
Define the Generalized CoI Frequency by:

where…

represents the coherent dynamics.

Coherent Dynamics:
• Representation of aggregate response
• Accuracy of approximation: 

• is frequency dependent
• increases with network connectivity

• Provides excellent template for reduced order 
models (via balance-truncations)

• More details in [TAC 22]
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[TAC 22] Min, M, Coherence and concentration in tightly connected networks, IEEE Transactions on Automatic Control, 2022, under review

<latexit sha1_base64="NUGkk7OBJ83rnIzdSDPffbh3XLY="></latexit>

w̄(s) = p̂(s)

 
nX

i=1

ui(s)

!
<latexit sha1_base64="nb4b2lC1nyKr7E7Yv61jPDFIpPA=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GITdiVoJZBG8sI5oHJEmYns8mQmdllZlYMS0r/wFZ/wE5s/RB7P8RJsoUmHrhwOOdezuUEMWfauO6Xk1tZXVvfyG8WtrZ3dveK+wdNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLR9dRvPVClWSTvzDimvsADyUJGsLHSfXeIDYrL+hT1iiW34s6AlomXkRJkqPeK391+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV++jh7eYJOrNRHYaTsSINm6u+TFAutxyKwmwKboV70puK/XhCIhWwTXvopk3FiqCTz5DDhyERoWgjqM0WJ4WNLMFHMfo/IECtMjK2tYGvxFktYJs2zindeqd5WS7WrrKA8HMExlMGDC6jBDdShAQQkPMMLvDpPzpvz7nzMV3NOdnMIf+B8/gAbW5eA</latexit>

p̂(s)
w̄

<latexit sha1_base64="IiiK1e8RM0hvnQOJAj2RnwsA8qc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWwR4LXjxWsK3QLiWbZtvYbLIkWaUs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaXvQ2KY4JK1LLeC3SeakTgUrBOOr2d+55Fpw5W8s5OEBTEZSh5xSqyT2r2QaPzUL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe1a1b+o1m4vK416HkcRTuAUzsGHK2jADTShBRQe4Ble4Q0p9ILe0ceitYDymWP4A/T5AzGEjtg=</latexit>

<latexit sha1_base64="9+eab0MwVxMNzn6WnoSs5Y19KDY=">AAAB83icbVDJSgNBEK1xjeMW9eilMQQ8hRkR9Rj04jGCWSAZhp5OT9Kkp2foRQhDfsOLiCJe/Rkv6od4t7McNPFBweO9KqrqRRlnSnvel7O0vLK6tl7YcDe3tnd2i3v7DZUaSWidpDyVrQgrypmgdc00p61MUpxEnDajwdXYb95RqVgqbvUwo0GCe4LFjGBtpU5HmSRkyIQ5G4XFklfxJkCLxJ+RUrX8/fnx6PZqYfG9002JSajQhGOl2r6X6SDHUjPC6cjtGEUzTAa4R9uWCpxQFeSTm0eobJUuilNpS2g0UX9P5DhRaphEtjPBuq/mvbH4n9c2Or4IciYyo6kg00Wx4UinaBwA6jJJieZDSzCRzN6KSB9LTLSNybUh+PMvL5LGScU/q5ze+KXqJUxRgEM4gmPw4RyqcA01qAOBDO7hCZ4d4zw4L87rtHXJmc0cwB84bz+sxJXd</latexit>P
i ui

<latexit sha1_base64="8LjNdS3zCUCu4kn7W3czKezrvq0="></latexit>

p̂(s) =

 
nX

i=1

p�1
i (s)

!�1



Key idea: use model matching control on coherent dynamics

Grid-forming Frequency Shaping Control
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[L-CSS 21] Jiang, Bernstein, Vorobev, M, Grid-forming frequency shaping control, IEEE Control Systems Letters, 2021

w̄
<latexit sha1_base64="IiiK1e8RM0hvnQOJAj2RnwsA8qc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWwR4LXjxWsK3QLiWbZtvYbLIkWaUs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaXvQ2KY4JK1LLeC3SeakTgUrBOOr2d+55Fpw5W8s5OEBTEZSh5xSqyT2r2QaPzUL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe1a1b+o1m4vK416HkcRTuAUzsGHK2jADTShBRQe4Ble4Q0p9ILe0ceitYDymWP4A/T5AzGEjtg=</latexit>

<latexit sha1_base64="apOLhPvqTqQrFsemngfFFXhD420="></latexit>

p̂(s) =

 
X

i2G
g�1
i (s) +

X

i2I
h�1
i (s)

!�1

RoCoF:
<latexit sha1_base64="r4UaV0++rVGpX6gdNSJNYhu8hh0="></latexit>

|| ˙̄w||1 =
|
P

i u0i|
a

Steady-state:
<latexit sha1_base64="HwPQarKnvJf+VLpeBZbKJEtBL04="></latexit>

w̄(1) =

P
i u0i

b

<latexit sha1_base64="3ZBecQcN6UIhot/dUdj4eEKiE8I="></latexit>

gi(s) =
1

mis+ di +
r�1
i

⌧is+1

, i 2 G

Generation:

<latexit sha1_base64="eJj5FCKHOxNIwCFoTsVyP6qilJU="></latexit>

hi(s) =
1

mis+ di + ci(s)
, i 2 I

Inverters:

<latexit sha1_base64="9+eab0MwVxMNzn6WnoSs5Y19KDY=">AAAB83icbVDJSgNBEK1xjeMW9eilMQQ8hRkR9Rj04jGCWSAZhp5OT9Kkp2foRQhDfsOLiCJe/Rkv6od4t7McNPFBweO9KqrqRRlnSnvel7O0vLK6tl7YcDe3tnd2i3v7DZUaSWidpDyVrQgrypmgdc00p61MUpxEnDajwdXYb95RqVgqbvUwo0GCe4LFjGBtpU5HmSRkyIQ5G4XFklfxJkCLxJ+RUrX8/fnx6PZqYfG9002JSajQhGOl2r6X6SDHUjPC6cjtGEUzTAa4R9uWCpxQFeSTm0eobJUuilNpS2g0UX9P5DhRaphEtjPBuq/mvbH4n9c2Or4IciYyo6kg00Wx4UinaBwA6jJJieZDSzCRzN6KSB9LTLSNybUh+PMvL5LGScU/q5ze+KXqJUxRgEM4gmPw4RyqcA01qAOBDO7hCZ4d4zw4L87rtHXJmc0cwB84bz+sxJXd</latexit>P
i ui w̄

<latexit sha1_base64="IiiK1e8RM0hvnQOJAj2RnwsA8qc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWwR4LXjxWsK3QLiWbZtvYbLIkWaUs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaXvQ2KY4JK1LLeC3SeakTgUrBOOr2d+55Fpw5W8s5OEBTEZSh5xSqyT2r2QaPzUL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe1a1b+o1m4vK416HkcRTuAUzsGHK2jADTShBRQe4Ble4Q0p9ILe0ceitYDymWP4A/T5AzGEjtg=</latexit>

<latexit sha1_base64="2VfumrfPZJj0demwuy6F7gKCGB8=">AAACGnicbVDLSgNBEJz1GeMr6tHLYhAEIeyKosegF48RzAOSJcxOepMhsw9mesUw7Hd48Ve8eFDEm3jxb5wke4iJBQ1FVff0dPmJ4Aod58daWl5ZXVsvbBQ3t7Z3dkt7+w0Vp5JBncUili2fKhA8gjpyFNBKJNDQF9D0hzdjv/kAUvE4usdRAl5I+xEPOKNopG7J7QSSMu1muoPwiJMHtYRepmmmTmc0X6SQaT/LuqWyU3EmsBeJm5MyyVHrlr46vZilIUTIBFWq7ToJeppK5ExAVuykChLKhrQPbUMjGoLy9GRrZh8bpWcHsTQVoT1RZyc0DZUahb7pDCkO1Lw3Fv/z2ikGV57mUZIiRGy6KEiFjbE9zsnucQkMxcgQyiQ3f7XZgJqs0KRZNCG48ycvksZZxb2oOHfn5ep1HkeBHJIjckJcckmq5JbUSJ0w8kReyBt5t56tV+vD+py2Lln5zAH5A+v7F/reo1Y=</latexit>

1

as+ b

<latexit sha1_base64="9+eab0MwVxMNzn6WnoSs5Y19KDY=">AAAB83icbVDJSgNBEK1xjeMW9eilMQQ8hRkR9Rj04jGCWSAZhp5OT9Kkp2foRQhDfsOLiCJe/Rkv6od4t7McNPFBweO9KqrqRRlnSnvel7O0vLK6tl7YcDe3tnd2i3v7DZUaSWidpDyVrQgrypmgdc00p61MUpxEnDajwdXYb95RqVgqbvUwo0GCe4LFjGBtpU5HmSRkyIQ5G4XFklfxJkCLxJ+RUrX8/fnx6PZqYfG9002JSajQhGOl2r6X6SDHUjPC6cjtGEUzTAa4R9uWCpxQFeSTm0eobJUuilNpS2g0UX9P5DhRaphEtjPBuq/mvbH4n9c2Or4IciYyo6kg00Wx4UinaBwA6jJJieZDSzCRzN6KSB9LTLSNybUh+PMvL5LGScU/q5ze+KXqJUxRgEM4gmPw4RyqcA01qAOBDO7hCZ4d4zw4L87rtHXJmc0cwB84bz+sxJXd</latexit>P
i ui

<latexit sha1_base64="TIxp4D9BPQN34g6wBXxdmhz9xj8="></latexit>

a :=
X

i2G
mi +

X

i2I
mi

<latexit sha1_base64="IINMASuox5oM+8nqWcu9BObZzbU="></latexit>

b :=
X

i2G
(di + r�1

i ) +
X

i2I
di

<latexit sha1_base64="uq0rb3tw7KZBnjTY/qxXirNTN1Y="></latexit>X

i2I
ci(s) =

X

i2G

r�1
i ⌧is

⌧is+ 1



Grid-following Inverters: At each bus/area…

Grid-forming Inverters

Frequency Shaping

RoCoF:<latexit sha1_base64="jEtLdToE0TMnkpDMMkwFV8wxm9w="></latexit>

|| ˙̄w||1 =
|
P

i u0i|P
i fi

1

a

Steady-state:<latexit sha1_base64="KR9CRK8m6apFRbSqGBRyuh1CM1g="></latexit>

w̄(1) =

P
i u0iP
i fi

1

b

<latexit sha1_base64="8V4oDRkDp7EsFPmH0yySg6dsEh8=">AAACBHicbVDLSgMxFM3UV62vUZfdBKsgCGVGirosuHFZwT6gHYZMJtOGJpkhyQhlmIUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0nSBhV2nG+rNLK6tr6RnmzsrW9s7tn7x90VJxKTNo4ZrHsBUgRRgVpa6oZ6SWSIB4w0g3G11O/e0+korG405OEeBwNBY0oRtpIvl0dRBLhzM2zyKf5z4OrszD37ZpTd2aAy8QtSA0UaPn25yCMccqJ0Jghpfquk2gvQ1JTzEheGaSKJAiP0ZD0DRWIE+VlsyNyeGKUEEaxNCU0nKm/JzLElZrwwHRypEdq0ZuK/3n9VEdXXkZFkmoi8PyjKGVQx3CaCAypJFiziSEIS2p2hXiETBDa5FYxIbiLJy+Tznndvag3bhu15nERRxlUwRE4BS64BE1wA1qgDTB4AE/gBbxaj9az9Wa9z1tLVjFzCP7A+vgGVL+Ycw==</latexit>

1

fi

1

ms+ d

<latexit sha1_base64="YgR98BhatufJxnSw4b4gTLkjWv0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBqsgSEsiRV0W3LisYB/QxDCZTtqhkwczN0IJ2bnxV9y4UMStv+DOv3H6WGjrgQuHc+7l3nv8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHJ4oJHrEmcBCsk0hGQl+wtj+8HvvtByYVj6M7GCXMDUk/4gGnBLTkmYeVwONOIAnNpNe/zyp2nmcOkBQrfGbnnlm2qtYEeJHYM1JGMzQ888vpxTQNWQRUEKW6tpWAmxEJnAqWl5xUsYTQIemzrqYRCZlys8kfOT7RSg8HsdQVAZ6ovycyEio1Cn3dGRIYqHlvLP7ndVMIrtyMR0kKLKLTRUEqMMR4HArucckoiJEmhEqub8V0QHQooKMr6RDs+ZcXSeu8al9Ua7e1cv14FkcRHaAjdIpsdInq6AY1UBNR9Iie0St6M56MF+Pd+Ji2FozZzD76A+PzB/r9mKY=</latexit>

�fi
r�1
g

⌧s+ 1

+ +

<latexit sha1_base64="Lu8YNeePtq87wQkUivxGCp+5dn0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GaxCXVgSKeqy4MZlBfuANoTJdNIOnTyYuRFrCP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPV4suALL+jYKS8srq2vF9dLG5tb2jrm711JRIilr0khEsuMRxQQPWRM4CNaJJSOBJ1jbG11P/PY9k4pH4R2MY+YEZBByn1MCWnLNgzPf5dRNe8AeIPVVllXUqWuWrao1BV4kdk7KKEfDNb96/YgmAQuBCqJU17ZicFIigVPBslIvUSwmdEQGrKtpSAKmnHR6fYZPtNLHfiR1hYCn6u+JlARKjQNPdwYEhmrem4j/ed0E/Csn5WGcAAvpbJGfCAwRnkSB+1wyCmKsCaGS61sxHRJJKOjASjoEe/7lRdI6r9oX1dptrVw/zuMookN0hCrIRpeojm5QAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP3tElSk=</latexit>

�ficfs(s)

+ +

<latexit sha1_base64="urtcFRPitpfYgUAXQFDs5Baeb2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84hK81jem0mCfkSHkoecUWOlu6c+75crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNbrI3H</latexit>xi

<latexit sha1_base64="YMRqM4wJST5GEN9aHQ/X5EFhzqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32Rb9ccWvuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdI+r3kXtfptvdKo5nEU4QROoQoeXEIDbqAJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNRAo3A</latexit>qi
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Summary
§Developed dynamic performance metrics that are analytically tractable and give insight 

on the effect of inertia, damping, network, etc.
§ To bridge the theory-practice gap, we cover: heterogeneous machines, step response and stochastic 

metrics

§ Generalized notion of CoI: based on a novel coherence analysis

§ Take away messages
§ Role of inertia less dramatic than in conventional wisdom. Lighter systems are also faster to 

control. Short term damping d is a more crucial parameter.

§ Flexibility in the control design provides more opportunities: 
§ Dynamic Droop Control (iDroop) can cancel Nadir, Sync. Cost, and attenuate frequency variance.
§ Frequency Shaping Control can further trade off between RoCoF and Control Effort

§What’s missing
§ Stability in the faster timescales (compatibility btwn. converters and gens. voltage regulation)

§ Performance improvement depends on knowledge on system -> Robust Performance
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• Paganini and M, “Global analysis of synchronization performance for power systems: bridging the theory-

practice gap,” IEEE TAC 2020
• Jiang, Pates, M, “Dynamic Droop Control for Low Inertia Power Systems,” IEEE TAC 2021
• Jiang, Cohn, Vorobev, M “Storage-Based Frequency Shaping Control,” IEEE TPS 2021
• Min, Paganini, M, “Accurate Reduced Order Models for Coherent Synchronous Generators,” L-CSS 2020
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Step Disturbance

Base Case: No Inverter Control

Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)
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Step Disturbance - Frequency
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• Droop equally shared between gens. and inverters.
• Virtual inertia tuned for critically damped response 𝝂 = 𝝂𝒎𝒊𝒏
• iDroop tuned for Nadir elimination

r�1
r = 0, ⌫ = ⌫min

<latexit sha1_base64="g/Xzrd/zQ3aKylLvji5GwoH4mDE="></latexit>

r�1
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Step Disturbance – Control Effort
Inertia parameters of iDroop and VI are set to achieve zero overshoot.
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Parameter Uncertainty
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Step Disturbance
Inertia parameters of iDroop and VI are set to achieve zero overshoot.
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<latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit><latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit><latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit><latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit>
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Step Disturbance
Inertia parameters of iDroop and VI are set to achieve zero overshoot.
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�⇤ 0.331
⌫⇤ 0.0054
⌫V I 0.035

<latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit><latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit><latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit><latexit sha1_base64="XHllhkc7+QLgVu4lwHdTTV8xjHc="></latexit>

System Frequency Synchronization Cost

�⇤ 0.331
⌫⇤ 0.0108
⌫V I 0.070

<latexit sha1_base64="E0kR1d+rIL4mIq1RSCAGWyktM+Q="></latexit><latexit sha1_base64="E0kR1d+rIL4mIq1RSCAGWyktM+Q="></latexit><latexit sha1_base64="E0kR1d+rIL4mIq1RSCAGWyktM+Q="></latexit><latexit sha1_base64="E0kR1d+rIL4mIq1RSCAGWyktM+Q="></latexit>

Back



Modal Decomposition for Multi-Rated Machines

Assumption: Let       be the machine relative inertia (                       ), and 

System Frequency

w̄(t) =

Pn
i=1 Miwi(t)Pn

i=1 Mi
<latexit sha1_base64="8gE6+freaVdiT3HzmcKsZW9mT8s=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdGGh6MaNUME+oIlhMp20QyeTMDOxlJCfceOvuHFhEcGVv+K0zUJbD1w4nHMv997jx4xKZVlfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+64kISSP+oEYxcUPU4zSgGCkteeaV4yMBh2V1AqvQCQTCqSOT0Etp1c4eObzzKBx6VPvZgpF5ZsmqWFPARWLnpARy1D1z7HQjnISEK8yQlB3bipWbIqEoZiQrOokkMcID1CMdTTkKiXTT6ZcZPNZKFwaR0MUVnKq/J1IUSjkKfd0ZItWX895E/M/rJCq4dFPK40QRjmeLgoRBFcFJZLBLBcGKjTRBWFB9K8R9pKNSOtiiDsGef3mRNE8r9lnFuj8v1a7zOArgEByBMrDBBaiBW1AHDYDBM3gF72BsvBhvxofxOWtdMvKZA/AHxvcPxp+kOw==</latexit>

Sync Error

w̃i(t) = wi(t) � w̄(t)

0 = �0  �1  · · ·  �n�1
<latexit sha1_base64="3QcZHjPxziT4FreJueeQVlPxHI0=">AAACHXicbVBNS8MwGE7n15xfVY9egkPw4mjnQC/C0IvHCe4D1lLSNN3C0rQmqTDK/ogX/4oXD4p48CL+G9Otgm4+EHje53nfJO/jJ4xKZVlfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHV7nfvSdC0pjfqnFC3AgNOA0pRkpLntmwLhym2wPkWQ4jdz+FnRfQCWIlZ6zQM35iTzyzatWsKeAisQtSBQVanvmhb8JpRLjCDEnZt61EuRkSimJGJhUnlSRBeIQGpK8pRxGRbjbdbgKPtBLAMBb6cAWn6u+JDEVSjiNfd0ZIDeW8l4v/ef1UheduRnmSKsLx7KEwZVDFMI8KBlQQrNhYE4QF1X+FeIgEwkoHWtEh2PMrL5JOvWaf1uo3jWrzsoijDA7AITgGNjgDTXANWqANMHgAT+AFvBqPxrPxZrzPWktGMbMP/sD4/AbidaHN</latexit>

Eigenvalues of: LF = F� 1
2LF� 1

2
<latexit sha1_base64="VxEYVluPJossDBfH4n2rJAJvwr4=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpJURTdCUSguuqhgH9DGMJlO2qGTSZiZCCXkC9z4K25cKOLWtTv/xmmbhbYeuHA4517uvceLGJXKsr6N3NLyyupafr2wsbm1vWPu7rVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ377gQhJQ36nxhFxAjTg1KcYKS25Zqnu1i5r98lxzxcIJ3aaVNK0Pi+4ZtEqW1PARWJnpAgyNFzzq9cPcRwQrjBDUnZtK1JOgoSimJG00IsliRAeoQHpaspRQKSTTN9JYUkrfeiHQhdXcKr+nkhQIOU48HRngNRQznsT8T+vGyv/wkkoj2JFOJ4t8mMGVQgn2cA+FQQrNtYEYUH1rRAPkY5B6QQLOgR7/uVF0qqU7ZPy2e1psXqVxZEHB+AQHAEbnIMquAEN0AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+AHjJm8Y=</latexit>

gi(s) =
1

fi
g0(s)

ci(s) = fic0(s)
<latexit sha1_base64="TxqRLO+6KVgAxsY9N01lSv7mIFY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlU0I1QdOOygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwplz7mXuPUHCmdKO822trK6tb2yWtsrbO7t7+/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh26nceqVQsFg86S6gX4aFgISNYG8m3K8RnNXWKrlHoM0R8xzx8u+rUnRnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXY6kZ4XRS7qeKJpiM8ZD2DBU4osrLZ8tP0IlRBiiMpSmh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rwysuZSFJNBZl/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38eRl0j6ru+d15/6i2rgp4ijBERxDDVy4hAbcQRNaQCCDZ3iFN+vJerHerY9564pVzFTgD6zPH7Opkts=</latexit>

fi fi =
Mi

maxj Mj
<latexit sha1_base64="06Y3EWGXN6LThPjEyY+WOQ7Qwt0=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAbBKuwmhTZC0MYmEME8ILsss5PZZJLZBzOzYlgWbMTSv7BR8IGd6EfY+TdOHoUmHrhwOOde7r3HjRgV0jC+tczc/MLiUnY5t7K6tr6hb27VRRhzTGo4ZCFvukgQRgNSk1Qy0ow4Qb7LSMPtnw79xiXhgobBhRxExPZRJ6AexUgqydF3PIceWx5HOKk4NE0sH105PVhxeqmj542CMQKcJeaE5Mull/fP27vHqqN/We0Qxz4JJGZIiJZpRNJOEJcUM5LmrFiQCOE+6pCWogHyibCT0Q8p3FdKG3ohVxVIOFJ/TyTIF2Lgu6rTR7Irpr2h+J/XiqV3ZCc0iGJJAjxe5MUMyhAOA4FtygmWbKAIwpyqWyHuIhWIVLHlVAjm9MuzpF4smKVC8dzMl0/AGFmwC/bAATDBISiDM1AFNYDBNbgHT+BZu9EetFftbdya0SYz2+APtI8f2o6cGA==</latexit>

48

F = diag(fi)

<latexit sha1_base64="/Tg2bGag2Wu0a25f/8Ap2N1BlI8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKagLoSiIywr2Ae0wZDKZNjTJDElGqEPxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgYVRpx/m2CkvLK6trxfXSxubW9o69u9dScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheT/z2A5GKxuJejxLicdQXNKIYaSP59sHNZY8jPZA8CynqjyuRT098u+xUnSngInFzUgY5Gr791QtjnHIiNGZIqa7rJNrLkNQUMzIu9VJFEoSHqE+6hgrEifKyafoxPDZKCKNYmic0nKq/NzLElRrxwExOkqp5byL+53VTHZ17GRVJqonAs0NRyqCO4aQKGFJJsGYjQxCW1GSFeIAkwtoUVjIluPNfXiSt06pbq17c1cr1q7yOIjgER6ACXHAG6uAWNEATYPAInsEreLOerBfr3fqYjRasfGcf/IH1+QP/QJTz</latexit>

Enrique Mallada (JHU)Apr 11 2022

F -12 V T

F -12 V Tu
<latexit sha1_base64="LYJDVyBtnhrKKMLqGwfYwAHThnc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVt3lTqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A31WM8Q==</latexit>

û
<latexit sha1_base64="IPs4nrvxIQ5A+naC7HWB54DSdjI=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0VzDHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uyOKJO2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxUE1zIRKUuSKLRYNUklQk9nrpC8MZygnjlBmhLuVsBE1lKELqOhCCJZfXiXNy0pwVfHvr8u1ah5HAU7hDC4ggBuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBOhSO3A==</latexit>

ŵP
<latexit sha1_base64="p0oTvHeyMjYX29LbI8fH8hA3Ngk=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyoYJcFNy4r2Ae0Q8mkmTY0kxmTO0oZ+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTm9EkTz1G/1yxa26c5BV4uWkAjls/qs3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/N9p+TMKgMSxto+hWSu/p7IaGTMJApsMqI4MsveTPzP66YY1vxMqCRFrtjiozCVBGMyO54MhOYM5cQSyrSwuxI2opoytBWVbAne8smrpHVR9S6r7t1VpV7L6yjCCZzCOXhwDXW4hQY0gYGEZ3iFN+fBeXHenY9FtODkM8fwB87nD5UEj6E=</latexit>

wP
<latexit sha1_base64="/KursqvpIURNxa88qKr9fPLNgCo=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuyowKdllw47KCfUA7lEyaaUOTzJBklDL0F9y4UMStP+TOvzHTzkJbDwQO55xL7j1hIrixnveN1tY3Nre2Szvl3b39g8PK0XHbxKmmrEVjEetuSAwTXLGW5VawbqIZkaFgnXBym/udR6YNj9WDnSYskGSkeMQpsbmEnwbNQaXq1bw58CrxC1KFAi7/1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HFVEMhNk811n+NwpQxzF2j1l8Vz9PZERacxUhi4piR2bZS8X//N6qY3qQcZVklqm6OKjKBXYxjg/HA+5ZtSKqSOEau52xXRMNKHW1VN2JfjLJ6+S9mXNv6p599fVRr2oowSncAYX4MMNNOAOmtACCmN4hld4QxK9oHf0sYiuoWLmBP4Aff4AjJaN4A==</latexit>

Change of Vars.

F -12
<latexit sha1_base64="hLHgKpoC1RCppWkRjWPoKhjj0bY="></latexit>

V
<latexit sha1_base64="MNw+P1jnqTHKZVUqEaun+BAqs4g=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFo10YMHEi8eIZGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/8rDw28+gNA/lE04j8AI6knzIGUUjNVr9YsWpOkvYm8RNSYWkqPdLVrk3CFkcgEQmqNZd14nQS6hCzgTMCr1YQ0TZhI6ga6ikAWgvWV46sy+MMrCHoTIl0V6qfycSGmg9DXzTGVAc63VvIf7ndWMc3nkJl1GMINlq0TAWNob24m17wBUwFFNDKFPc3GqzMVWUoQknsyWWHHXmjWSkaDTm7CWragQuA8DXWaFgYnTXQ9skrauqe111GjeV2n0aaJ6ckXNySVxyS2rkkdRJkzAC5I28kw/r0/qy5tb3qjVnpTNlkoH18wtwgac+</latexit>

ŵ
<latexit sha1_base64="kGduxmCIeD4CCPrD+h1FaFgCx5Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48V7Ae0oWy2m3btJht2J0oJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4PxzcxvP3JthIrvcZJwP6LDWISCUbRSqzeiSJ765Ypbdecgq8TLSQVyNPrlr95AsTTiMTJJjel6boJ+RjUKJvm01EsNTygb0yHvWhrTiBs/m187JWdWGZBQaVsxkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Ww5mciTlLkMVssClNJUJHZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1l1764q9VoeRxFO4BTOwYNrqMMtNKAJDB7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AD0cjt4=</latexit>

w
<latexit sha1_base64="xd2rkYZVdSa78Fk7c08tHQmU/Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272YTdjVJCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB4l2M8w==</latexit>

Change of Vars.

[TAC 20] Paganini, M, Global analysis of synchronization performance for power systems: Bridging the theory-practice gap, IEEE Transactions on Automatic Control, 2020

[Paganini M ‘17 , Guo Low 18’]



Block Diagram:

Generator dynamics:

Power flow equation:

Coherent Dynamics

1
sL

<latexit sha1_base64="yEjgl9f9SrxqB9ay6honr+RY8qs=">AAAB83icbVDLSsNAFL2pr1pfVZduBougm5K0C11WBXHhooJ9QBPKZDpph04mYWYilJDfcCOiiFt/xp1/4NovcPpYaOuBC4dz7uXee/yYM6Vt+9PKLS2vrK7l1wsbm1vbO8XdvaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OHl2G/dU6lYJO70KKZeiPuCBYxgbSTXDSQmqZOlKrvpFkt22Z4ALRJnRkq1E/vq6/vpvN4tfri9iCQhFZpwrFTHsWPtpVhqRjjNCm6iaIzJEPdpx1CBQ6q8dHJzho6M0kNBJE0JjSbq74kUh0qNQt90hlgP1Lw3Fv/zOokOzryUiTjRVJDpoiDhSEdoHADqMUmJ5iNDMJHM3IrIAJsYtImpYEJw5l9eJM1K2amWK7dOqXYBU+ThAA7hGBw4hRpcQx0aQCCGB3iGFyuxHq1X623amrNmM/vwB9b7DwuLlWI=</latexit>

pe(s) =
1

s
Lw(s)

<latexit sha1_base64="veTdyKQD3BtTzCKrFjTwJPQ2sCQ=">AAACAHicbVC7SgNBFL3rM8bXqkUQm8EgxCbsxsI0QtDGwiKCeUASw+xkNhky+2BmVgnLNv6KjYUitn6F2Glj62c4eRSaeODC4Zx7ufceJ+RMKsv6MObmFxaXllMr6dW19Y1Nc2u7KoNIEFohAQ9E3cGScubTimKK03ooKPYcTmtO/2zo126okCzwr9QgpC0Pd33mMoKVltpmJrymOXl40nQFJrGdxDK5uNVC28xaeWsENEvsCcmWil9vmc/v3XLbfG92AhJ51FeEYykbthWqVoyFYoTTJN2MJA0x6eMubWjqY4/KVjx6IEEHWukgNxC6fIVG6u+JGHtSDjxHd3pY9eS0NxT/8xqRcoutmPlhpKhPxovciCMVoGEaqMMEJYoPNMFEMH0rIj2so1A6s7QOwZ5+eZZUC3n7KF+41Gmcwhgp2IN9yIENx1CCcyhDBQgkcA+P8GTcGQ/Gs/Eybp0zJjM78AfG6w9A4Jnx</latexit>
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Assume all generators from a coherent group

Sum from 1 to n:

=0

Assume generators 
”output” identical 
frequencies

Coherent Dynamics:
Characterization of Coherent Dynamics

 
nX

i=1

g�1
i (s)

!
ŵ(s) =

nX

i=1

ui(s)�
nX

i=1

pei (s)
<latexit sha1_base64="zhjg8ROVTUbK3B/e135yPHqc5zA="></latexit><latexit sha1_base64="zhjg8ROVTUbK3B/e135yPHqc5zA="></latexit><latexit sha1_base64="zhjg8ROVTUbK3B/e135yPHqc5zA="></latexit><latexit sha1_base64="zhjg8ROVTUbK3B/e135yPHqc5zA="></latexit>

g1(s)
<latexit sha1_base64="bNQhr3Dm0hs+eKnGTCf/XWl/ytY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8OJJKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfZo4FX1+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTHjtp0zEiaGCLBaFCUdGoux1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEra9Zp3UavfX1Yad3kcRTiBU6iCB1fQgFtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBkjmOgQ==</latexit>

gi(s)
<latexit sha1_base64="xTVS9edIuQdsiYZeXLeIUg7nJwo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8OJJKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfZowKr6fFCuuDV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJrz2UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes27qNXvLyuNuzyOIpzAKVTBgytowC00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4A58GOuQ==</latexit>

gn(s)
<latexit sha1_base64="RxPDcbdk3EkHirSv81p8o/3+WKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8OJJKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfZoIKr6fFCuuDV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJrz2UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes27qNXvLyuNuzyOIpzAKVTBgytowC00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4A72SOvg==</latexit>

ŵ(s)
<latexit sha1_base64="k8OT+4lq08GWfIyWdMogwk7IaVY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXBS0DNlYSwSRKcoS9zV6yZPfu2J1TQsivsLFQxNafY+e/cZNcoYkPBh7vzTAzL0ikMOi6305uZXVtfSO/Wdja3tndK+4fNE2casYbLJaxvg+o4VJEvIECJb9PNKcqkLwVDK+mfuuRayPi6A5HCfcV7UciFIyilR46A4rkqWxOu8WSW3FnIMvEy0gJMtS7xa9OL2ap4hEySY1pe26C/phqFEzySaGTGp5QNqR93rY0ooobfzw7eEJOrNIjYaxtRUhm6u+JMVXGjFRgOxXFgVn0puJ/XjvF8NIfiyhJkUdsvihMJcGYTL8nPaE5QzmyhDIt7K2EDaimDG1GBRuCt/jyMmlWK95ZpXp7XqrdZHHk4QiOoQweXEANrqEODWCg4Ble4c3Rzovz7nzMW3NONnMIf+B8/gDjoI/Y</latexit>

P
i ui(s)

<latexit sha1_base64="ZQ1J/ls/0CToHMpNDCr7sFPn6S4=">AAAB9HicbVC7SgNBFJ2NrxhfUUubwSDEJuzGQsuAjYVKBPOAZFlmJ7PJkJnZdR6BsMTfsLFQJK0fY2fjd1g6eRSaeODC4Zx7ufeeMGFUadf9dDIrq2vrG9nN3Nb2zu5efv+grmIjManhmMWyGSJFGBWkpqlmpJlIgnjISCPsX078xoBIRWNxr4cJ8TnqChpRjLSV/LYyPKDQBLSoToN8wS25U8Bl4s1JoVK+/nocf99Ug/xHuxNjw4nQmCGlWp6baD9FUlPMyCjXNookCPdRl7QsFYgT5afTo0fwxCodGMXSltBwqv6eSBFXashD28mR7qlFbyL+57WMji78lIrEaCLwbFFkGNQxnCQAO1QSrNnQEoQltbdC3EMSYW1zytkQvMWXl0m9XPLOSuU7r1C5BTNkwRE4BkXggXNQAVegCmoAgwfwBF7AqzNwnp03ZzxrzTjzmUPwB877D2yzlac=</latexit>

parallel impedance formula
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Coherence in networked dynamical systems

Apr 11 2022 Enrique Mallada (JHU) 51

Block Diagram:

?

1.When does this 
network exhibit 

coherence?

ḡ(s)

1
n

Pn
i=1 ui ȳ

<latexit sha1_base64="ErWOCgjPvgrnZs1qFK8Jq+kY4lQ="></latexit>

2.What is the exact 
coherent dynamics of 

this network?

1. Coherence can be understood as a low rank 
property the closed-loop transfer matrix

2. It emerges as the effective algebraic 
connectivity increases

3. The coherent dynamics is given by the 
harmonic mean of nodal dynamics 

<latexit sha1_base64="IRG/yCjagirhiy84OpH//i9PsR0="></latexit>

ḡ(s) =

 
1

n

nX

i=1

g�1
i (s)

!�1



Justification for Previous Derivation

• Extension of recent result (CDC ’19) on coherence in networked dynamical 
systems

• Convergence on imaginary axis is related to time-domain response by Inverse 
Laplace Transform

• Algebraic connectivity of 𝐿 is an indicator of level of coherence
• accurately represents the aggregate dynamics in the asymptotic sense 

Theorem. Assume all gi(s) are positive real. Let the transfer matrix from u
to w be T (s), then for any ⌘0 > 0:

lim
�2(L)!+1

sup
⌘2[�⌘0,⌘0]

��T (j⌘)� ĝ(j⌘)11T
�� = 0, j =

p
�1.

<latexit sha1_base64="0dhA/sBFCM8/p/x8mPD1Ym0BKUQ="></latexit><latexit sha1_base64="0dhA/sBFCM8/p/x8mPD1Ym0BKUQ="></latexit><latexit sha1_base64="0dhA/sBFCM8/p/x8mPD1Ym0BKUQ="></latexit><latexit sha1_base64="0dhA/sBFCM8/p/x8mPD1Ym0BKUQ="></latexit>
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Step Disturbance
`

Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)

Apr 11 2022 Enrique Mallada (JHU) 53

Icelandic Grid

<latexit sha1_base64="YcvXqFeHXjGKn1qxH2kdzkpbbMs="></latexit>

gi(s) =
1

mis+ di +
r�1
i

⌧is+1

f(s) =
1

s



Example: Effect of Network Algebraic Connectivity
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𝜆) 𝐿 ↑

Coherent dynamics acts as a more accurate version of the Center of Inertia (CoI)



Example: Sinusoidal Disturbances: sin(𝝎𝒅𝒕)
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𝜔* ↑



Challenges on Aggregating Coherent Generators
For generator dynamics given by a swing model with 
turbine control:

The aggregate dynamics:

high-order if       are heterogeneous

Need to find a low-order 
approximation of 

⌧i
<latexit sha1_base64="ZGm6k+WzE2cGfm40L9qwIDMS5v0="></latexit><latexit sha1_base64="FNjADv7X3h4aXHwoaMfaawl4o7s="></latexit><latexit sha1_base64="FNjADv7X3h4aXHwoaMfaawl4o7s="></latexit><latexit sha1_base64="JN7VrcOeyQv6vrE2USLSxTISuVA="></latexit>
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Diagonalization for Step Disturbances u =
1

s
u0

step
disturbance

-
u

+

1
sL

<latexit sha1_base64="ToKOMFYe8GfIaETthIKlMP+9PVE=">AAACNXicbVA9SwNBEJ3z2/gVTWlzGARtwp2NlkFBLCwiGBNIguxt5pLFvb1jd06Mx/0NW/0X/hYLwUJs/QtuEguT+GDg8d4MM/OCRApDnvfmzM0vLC4tr6wW1tY3NreK2zs3Jk41xzqPZaybATMohcI6CZLYTDSyKJDYCO7Ohn7jHrURsbqmQYKdiPWUCAVnZKV2O9SMZ36emfzytlj2Kt4I7izxf0m5euidfwBA7XbbKbW7MU8jVMQlM6blewl1MqZJcIl5oZ0aTBi/Yz1sWapYhKaTjY7O3X2rdN0w1rYUuSP170TGImMGUWA7I0Z9M+0Nxf+8VkrhSScTKkkJFR8vClPpUuwOE3C7QiMnObCEcS3srS7vM5sD2ZwmtqRKkJl4I+tplvQFf5hUDaFQEdJjXijYGP3p0GbJzVHF9yr+lV+unsIYK7ALe3AAPhxDFS6gBnXgkMATPMOL8+q8O5/O17h1zvmdKcEEnO8f8Vqt7g==</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="BgDjVlDutAb1jNH2Adonjabvbbk=">AAACNXicbZC7TsNAEEXX4RXCKyEljUWERBXZNFBG0FBQBIk8pNiK1ptxssp6be2OEcHyb9DCX/AtFHSIll9g8yhIwpVWurozo5k9QSK4Rsf5sAobm1vbO8Xd0t7+weFRuXLc1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC+mdY7j6A0j+UDThLwIzqUPOSMook8L1SUZW6e6fyuX645dWcme924C1MjCzX7FavqDWKWRiCRCap1z3US9DOqkDMBeclLNSSUjekQesZKGoH2s9nRuX1mkoEdxso8ifYs/TuR0UjrSRSYzojiSK/WpuF/tV6K4ZWfcZmkCJLNF4WpsDG2pwTsAVfAUEyMoUxxc6vNRtRwQMNpaUsqOeqlb2RDRZMRZ0/LqUbgMgJ8zkslg9FdhbZu2hd116m7926tcb0AWiQn5JScE5dckga5JU3SIowk5IW8kjfr3fq0vqzveWvBWsxUyZKsn18jNawv</latexit>

G
<latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit><latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit><latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit><latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit>

w

u :=
1

s
u0

Enrique Mallada (JHU)Apr 11 2022 57



Diagonalization for Step Disturbances u =
1

s
u0

step
disturbance

-
u

+

1
sL

<latexit sha1_base64="ToKOMFYe8GfIaETthIKlMP+9PVE=">AAACNXicbVA9SwNBEJ3z2/gVTWlzGARtwp2NlkFBLCwiGBNIguxt5pLFvb1jd06Mx/0NW/0X/hYLwUJs/QtuEguT+GDg8d4MM/OCRApDnvfmzM0vLC4tr6wW1tY3NreK2zs3Jk41xzqPZaybATMohcI6CZLYTDSyKJDYCO7Ohn7jHrURsbqmQYKdiPWUCAVnZKV2O9SMZ36emfzytlj2Kt4I7izxf0m5euidfwBA7XbbKbW7MU8jVMQlM6blewl1MqZJcIl5oZ0aTBi/Yz1sWapYhKaTjY7O3X2rdN0w1rYUuSP170TGImMGUWA7I0Z9M+0Nxf+8VkrhSScTKkkJFR8vClPpUuwOE3C7QiMnObCEcS3srS7vM5sD2ZwmtqRKkJl4I+tplvQFf5hUDaFQEdJjXijYGP3p0GbJzVHF9yr+lV+unsIYK7ALe3AAPhxDFS6gBnXgkMATPMOL8+q8O5/O17h1zvmdKcEEnO8f8Vqt7g==</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="BgDjVlDutAb1jNH2Adonjabvbbk=">AAACNXicbZC7TsNAEEXX4RXCKyEljUWERBXZNFBG0FBQBIk8pNiK1ptxssp6be2OEcHyb9DCX/AtFHSIll9g8yhIwpVWurozo5k9QSK4Rsf5sAobm1vbO8Xd0t7+weFRuXLc1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC+mdY7j6A0j+UDThLwIzqUPOSMook8L1SUZW6e6fyuX645dWcme924C1MjCzX7FavqDWKWRiCRCap1z3US9DOqkDMBeclLNSSUjekQesZKGoH2s9nRuX1mkoEdxso8ifYs/TuR0UjrSRSYzojiSK/WpuF/tV6K4ZWfcZmkCJLNF4WpsDG2pwTsAVfAUEyMoUxxc6vNRtRwQMNpaUsqOeqlb2RDRZMRZ0/LqUbgMgJ8zkslg9FdhbZu2hd116m7926tcb0AWiQn5JScE5dckga5JU3SIowk5IW8kjfr3fq0vqzveWvBWsxUyZKsn18jNawv</latexit>

G
<latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit><latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit><latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit><latexit sha1_base64="JTF1fLNkeO91YbD+O+lLXujszO0=">AAAB/HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRZEdNmCfUAbymRy0w6dPJiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3yb+50nlIrH0aOeJOiGdBjxgDOqjdS8H1Sqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdjMqNWcCp+V+qjChbEyH2DM0oiEqN5sFnZJzo/gkiKV5kSYz9e9GRkOlJqFnJkOqR2rZy8X/vF6qgxs341GSaozY/FCQCqJjkv+a+Fwi02JiCGWSm6yEjaikTJtuFq74Ko82LZtinOUaVkn7subYNad5Va3fFRWV4BTO4AIcuIY6PEADWsAA4QVe4c16tt6tD+tzPrpmFTsnsADr6xe6mJVL</latexit>

1

s

u0 w

Enrique Mallada (JHU)Apr 11 2022 57



Diagonalization for Step Disturbances
G := g0(s)F -1

u =
1

s
u0

step
disturbance

-
+

u0 w

L
<latexit sha1_base64="WLGhssv9dTxPSARpHGMFjyQLrP4=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFpjokeiFw8eIJGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/cr/w28+gNA/lE04j8AI6knzIGUUjNR77xYpTdZawN4mbkgpJUe+XrHJvELI4AIlMUK27rhOhl1CFnAmYFXqxhoiyCR1B11BJA9Besrx0Zl8YZWAPQ2VKor1U/04kNNB6GvimM6A41uveQvzP68Y4vPUSLqMYQbLVomEsbAztxdv2gCtgKKaGUKa4udVmY6ooQxNOZkssOerMG8lI0WjM2UtW1QhcBoCvs0LBxOiuh7ZJWldV16m6jetK7S4NNE/OyDm5JC65ITXyQOqkSRgB8kbeyYf1aX1Zc+t71Zqz0pkyycD6+QVf6ac4</latexit><latexit sha1_base64="WLGhssv9dTxPSARpHGMFjyQLrP4=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFpjokeiFw8eIJGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/cr/w28+gNA/lE04j8AI6knzIGUUjNR77xYpTdZawN4mbkgpJUe+XrHJvELI4AIlMUK27rhOhl1CFnAmYFXqxhoiyCR1B11BJA9Besrx0Zl8YZWAPQ2VKor1U/04kNNB6GvimM6A41uveQvzP68Y4vPUSLqMYQbLVomEsbAztxdv2gCtgKKaGUKa4udVmY6ooQxNOZkssOerMG8lI0WjM2UtW1QhcBoCvs0LBxOiuh7ZJWldV16m6jetK7S4NNE/OyDm5JC65ITXyQOqkSRgB8kbeyYf1aX1Zc+t71Zqz0pkyycD6+QVf6ac4</latexit><latexit sha1_base64="WLGhssv9dTxPSARpHGMFjyQLrP4=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFpjokeiFw8eIJGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/cr/w28+gNA/lE04j8AI6knzIGUUjNR77xYpTdZawN4mbkgpJUe+XrHJvELI4AIlMUK27rhOhl1CFnAmYFXqxhoiyCR1B11BJA9Besrx0Zl8YZWAPQ2VKor1U/04kNNB6GvimM6A41uveQvzP68Y4vPUSLqMYQbLVomEsbAztxdv2gCtgKKaGUKa4udVmY6ooQxNOZkssOerMG8lI0WjM2UtW1QhcBoCvs0LBxOiuh7ZJWldV16m6jetK7S4NNE/OyDm5JC65ITXyQOqkSRgB8kbeyYf1aX1Zc+t71Zqz0pkyycD6+QVf6ac4</latexit><latexit sha1_base64="WLGhssv9dTxPSARpHGMFjyQLrP4=">AAACKnicbVBNT8JAEN3iF+IXyNFLIzHxRFpjokeiFw8eIJGPBBqyXQbYsN02u1MjNvwCr/ov/DXeiFd/iAv0YMGXTPLy3kxm5vmR4BodZ27ltrZ3dvfy+4WDw6Pjk2LptKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/cr/w28+gNA/lE04j8AI6knzIGUUjNR77xYpTdZawN4mbkgpJUe+XrHJvELI4AIlMUK27rhOhl1CFnAmYFXqxhoiyCR1B11BJA9Besrx0Zl8YZWAPQ2VKor1U/04kNNB6GvimM6A41uveQvzP68Y4vPUSLqMYQbLVomEsbAztxdv2gCtgKKaGUKa4udVmY6ooQxNOZkssOerMG8lI0WjM2UtW1QhcBoCvs0LBxOiuh7ZJWldV16m6jetK7S4NNE/OyDm5JC65ITXyQOqkSRgB8kbeyYf1aX1Zc+t71Zqz0pkyycD6+QVf6ac4</latexit>

1
sG

<latexit sha1_base64="yRIdYmNiTif1k6L84HOnraSepuI=">AAACB3icbVDLSsNAFL2pr1pfVZduBovgxpK40WVARJcVbCs0oUwmk3boZBJmJkIJ+QB/wK3+gTtx62f4A36DSydtF7b1wIXDOfdyDydIOVPatr+sysrq2vpGdbO2tb2zu1ffP+ioJJOEtknCE/kQYEU5E7Stmeb0IZUUxwGn3WB0VfrdRyoVS8S9HqfUj/FAsIgRrI3keZHEJHeKXBU3/XrDbtoToGXizEjDPQt+XABo9evfXpiQLKZCE46V6jl2qv0cS80Ip0XNyxRNMRnhAe0ZKnBMlZ9PMhfoxCghihJpRmg0Uf9e5DhWahwHZjPGeqgWvVL8z+tlOrr0cybSTFNBpo+ijCOdoLIAFDJJieZjQzCRzGRFZIhNDdrUNPclVGW0omaKcRZrWCad86ZjN507p+FewxRVOIJjOAUHLsCFW2hBGwik8Awv8Go9WW/Wu/UxXa1Ys5tDmIP1+QuQF5xJ</latexit><latexit sha1_base64="vfQCJb7ES4L6RsJrcymgKO6AwUo=">AAACB3icbVDLSsNAFL3xWeur6tJNsAhuLBkR6rIgossK9gFtKJPJpB06mYSZiVBCPsAfcKv4A25E3PoZ/oDf4NJJ24VtPXDhcM693MPxYs6Udpwva2l5ZXVtvbBR3Nza3tkt7e03VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUNL3O/dU+lYpG406OYuiHuCxYwgrWRut1AYpKiLFXZda9UdirOGPYiQVNSrp16P9W3l/N6r/Td9SOShFRowrFSHeTE2k2x1IxwmhW7iaIxJkPcpx1DBQ6pctNx5sw+NopvB5E0I7Q9Vv9epDhUahR6ZjPEeqDmvVz8z+skOrhwUybiRFNBJo+ChNs6svMCbJ9JSjQfGYKJZCarTQbY1KBNTTNffJVHy4qmGDRfwyJpnlWQU0G3qFy7ggkKcAhHcAIIqlCDG6hDAwjE8AhP8Gw9WK/Wu/UxWV2ypjcHMAPr8xexDZ3K</latexit><latexit sha1_base64="vfQCJb7ES4L6RsJrcymgKO6AwUo=">AAACB3icbVDLSsNAFL3xWeur6tJNsAhuLBkR6rIgossK9gFtKJPJpB06mYSZiVBCPsAfcKv4A25E3PoZ/oDf4NJJ24VtPXDhcM693MPxYs6Udpwva2l5ZXVtvbBR3Nza3tkt7e03VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUNL3O/dU+lYpG406OYuiHuCxYwgrWRut1AYpKiLFXZda9UdirOGPYiQVNSrp16P9W3l/N6r/Td9SOShFRowrFSHeTE2k2x1IxwmhW7iaIxJkPcpx1DBQ6pctNx5sw+NopvB5E0I7Q9Vv9epDhUahR6ZjPEeqDmvVz8z+skOrhwUybiRFNBJo+ChNs6svMCbJ9JSjQfGYKJZCarTQbY1KBNTTNffJVHy4qmGDRfwyJpnlWQU0G3qFy7ggkKcAhHcAIIqlCDG6hDAwjE8AhP8Gw9WK/Wu/UxWV2ypjcHMAPr8xexDZ3K</latexit><latexit sha1_base64="rJmPtra/JvWocfntTXSEBgJu8L8=">AAACB3icbVDLSsNAFL2pr1pfVZduBovgqmTc6LIgossKthWaUCbTSTt0MgkzE6GEfIA/4Fb/wJ249TP8Ab/DSZuFbT1w4XDOvdzDCRLBtXHdb6eytr6xuVXdru3s7u0f1A+PujpOFWUdGotYPQZEM8El6xhuBHtMFCNRIFgvmFwXfu+JKc1j+WCmCfMjMpI85JQYK3leqAjNcJ7p/HZQb7hNdwa0SnBJGlCiPaj/eMOYphGThgqidR+7ifEzogynguU1L9UsIXRCRqxvqSQR0342y5yjM6sMURgrO9Kgmfr3IiOR1tMosJsRMWO97BXif14/NeGVn3GZpIZJOn8UpgKZGBUFoCFXjBoxtYRQxW1WRMfE1mBsTQtfhrqIltdsMXi5hlXSvWhit4nvcaN1U1ZUhRM4hXPAcAktuIM2dIBCAi/wCm/Os/PufDif89WKU94cwwKcr1+qs5pC</latexit>
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Diagonalization for Step Disturbances u =
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s
u0

step
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-
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1
sL

<latexit sha1_base64="ToKOMFYe8GfIaETthIKlMP+9PVE=">AAACNXicbVA9SwNBEJ3z2/gVTWlzGARtwp2NlkFBLCwiGBNIguxt5pLFvb1jd06Mx/0NW/0X/hYLwUJs/QtuEguT+GDg8d4MM/OCRApDnvfmzM0vLC4tr6wW1tY3NreK2zs3Jk41xzqPZaybATMohcI6CZLYTDSyKJDYCO7Ohn7jHrURsbqmQYKdiPWUCAVnZKV2O9SMZ36emfzytlj2Kt4I7izxf0m5euidfwBA7XbbKbW7MU8jVMQlM6blewl1MqZJcIl5oZ0aTBi/Yz1sWapYhKaTjY7O3X2rdN0w1rYUuSP170TGImMGUWA7I0Z9M+0Nxf+8VkrhSScTKkkJFR8vClPpUuwOE3C7QiMnObCEcS3srS7vM5sD2ZwmtqRKkJl4I+tplvQFf5hUDaFQEdJjXijYGP3p0GbJzVHF9yr+lV+unsIYK7ALe3AAPhxDFS6gBnXgkMATPMOL8+q8O5/O17h1zvmdKcEEnO8f8Vqt7g==</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="x5LziFTLeOkpSAOY/CI8L131fWM=">AAACNXicbVBNS8NAEN3U7/jV6tFLsAh6KYkXPVYF8eBBwdpCW8pmO2mXbjZhdyLWkL/hTfRf+Fs8eBPxJvgL3H4cbOuDgcd7M8zM82PBNbrum5Wbm19YXFpesVfX1jc284WtWx0likGFRSJSNZ9qEFxCBTkKqMUKaOgLqPq9s4FfvQOleSRvsB9DM6QdyQPOKBqp0QgUZamXpTq7bOWLbskdwpkl3pgUywfu+dfP08lVq2BtN9oRS0KQyATVuu65MTZTqpAzAZndSDTElPVoB+qGShqCbqbDozNnzyhtJ4iUKYnOUP07kdJQ637om86QYldPewPxP6+eYHDcTLmMEwTJRouCRDgYOYMEnDZXwFD0DaFMcXOrw7rU5IAmp4ktieSoJ95IO4rGXc7uJ1WNwGUI+JDZtonRmw5tltweljy35F17xfIpGWGZ7JBdsk88ckTK5IJckQphJCaP5Jm8WK/Wu/VhfY5ac9Z4ZptMwPr+BeKIr8Y=</latexit><latexit sha1_base64="BgDjVlDutAb1jNH2Adonjabvbbk=">AAACNXicbZC7TsNAEEXX4RXCKyEljUWERBXZNFBG0FBQBIk8pNiK1ptxssp6be2OEcHyb9DCX/AtFHSIll9g8yhIwpVWurozo5k9QSK4Rsf5sAobm1vbO8Xd0t7+weFRuXLc1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC+mdY7j6A0j+UDThLwIzqUPOSMook8L1SUZW6e6fyuX645dWcme924C1MjCzX7FavqDWKWRiCRCap1z3US9DOqkDMBeclLNSSUjekQesZKGoH2s9nRuX1mkoEdxso8ifYs/TuR0UjrSRSYzojiSK/WpuF/tV6K4ZWfcZmkCJLNF4WpsDG2pwTsAVfAUEyMoUxxc6vNRtRwQMNpaUsqOeqlb2RDRZMRZ0/LqUbgMgJ8zkslg9FdhbZu2hd116m7926tcb0AWiQn5JScE5dckga5JU3SIowk5IW8kjfr3fq0vqzveWvBWsxUyZKsn18jNawv</latexit>

u0 w
F -12

F -12 F -12

F -12g0(s)
s I

<latexit sha1_base64="BbksP6VVqPZEM5JROuzorNoMEww="></latexit><latexit sha1_base64="WAn4bykBfgYmjujNIOXOO3Ph5DE="></latexit><latexit sha1_base64="WAn4bykBfgYmjujNIOXOO3Ph5DE="></latexit><latexit sha1_base64="+yzD3eHy2Jg73QTRErsBXfTyc0U="></latexit>

� = diag (�i) , �0 =0 � �1 � · · · � �n�1

F� 1
2LF� 1

2 := LF = V ⇤V T
<latexit sha1_base64="hGhOAznEAxKOOGv8ILScuz8TnT4=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2AR3FhmqqAIhaJQXHRRoZ0WOtMhk2ba0MyFJCOUYR7Eja/ixoUiblwIvo3pZaGtPwQ+/nNOkvN7MaNCGsa3lltZXVvfyG8WtrZ3dvf0/QNLRAnHpIUjFvGOhwRhNCQtSSUjnZgTFHiMtL3R7aTefiBc0ChsynFMnAANQupTjKSyXP281kvPbJ8jnJpZWs6y+qJxXam7tYpl19WlfQStXtPVi0bJmAougzmHIpir4eqfdj/CSUBCiRkSomsasXRSxCXFjGQFOxEkRniEBqSrMEQBEU46XS6DJ8rpQz/i6oQSTt3fEykKhBgHnuoMkByKxdrE/K/WTaR/5aQ0jBNJQjx7yE8YlBGcJAX7lBMs2VgBwpyqv0I8RCoYqfIsqBDMxZWXwSqXTMX3F8XqzTyOPDgCx+AUmOASVMEdaIAWwOARPINX8KY9aS/au/Yxa81p85lD8Efa1w9VaKDd</latexit><latexit sha1_base64="hGhOAznEAxKOOGv8ILScuz8TnT4=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2AR3FhmqqAIhaJQXHRRoZ0WOtMhk2ba0MyFJCOUYR7Eja/ixoUiblwIvo3pZaGtPwQ+/nNOkvN7MaNCGsa3lltZXVvfyG8WtrZ3dvf0/QNLRAnHpIUjFvGOhwRhNCQtSSUjnZgTFHiMtL3R7aTefiBc0ChsynFMnAANQupTjKSyXP281kvPbJ8jnJpZWs6y+qJxXam7tYpl19WlfQStXtPVi0bJmAougzmHIpir4eqfdj/CSUBCiRkSomsasXRSxCXFjGQFOxEkRniEBqSrMEQBEU46XS6DJ8rpQz/i6oQSTt3fEykKhBgHnuoMkByKxdrE/K/WTaR/5aQ0jBNJQjx7yE8YlBGcJAX7lBMs2VgBwpyqv0I8RCoYqfIsqBDMxZWXwSqXTMX3F8XqzTyOPDgCx+AUmOASVMEdaIAWwOARPINX8KY9aS/au/Yxa81p85lD8Efa1w9VaKDd</latexit><latexit sha1_base64="hGhOAznEAxKOOGv8ILScuz8TnT4=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2AR3FhmqqAIhaJQXHRRoZ0WOtMhk2ba0MyFJCOUYR7Eja/ixoUiblwIvo3pZaGtPwQ+/nNOkvN7MaNCGsa3lltZXVvfyG8WtrZ3dvf0/QNLRAnHpIUjFvGOhwRhNCQtSSUjnZgTFHiMtL3R7aTefiBc0ChsynFMnAANQupTjKSyXP281kvPbJ8jnJpZWs6y+qJxXam7tYpl19WlfQStXtPVi0bJmAougzmHIpir4eqfdj/CSUBCiRkSomsasXRSxCXFjGQFOxEkRniEBqSrMEQBEU46XS6DJ8rpQz/i6oQSTt3fEykKhBgHnuoMkByKxdrE/K/WTaR/5aQ0jBNJQjx7yE8YlBGcJAX7lBMs2VgBwpyqv0I8RCoYqfIsqBDMxZWXwSqXTMX3F8XqzTyOPDgCx+AUmOASVMEdaIAWwOARPINX8KY9aS/au/Yxa81p85lD8Efa1w9VaKDd</latexit><latexit sha1_base64="hGhOAznEAxKOOGv8ILScuz8TnT4=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2AR3FhmqqAIhaJQXHRRoZ0WOtMhk2ba0MyFJCOUYR7Eja/ixoUiblwIvo3pZaGtPwQ+/nNOkvN7MaNCGsa3lltZXVvfyG8WtrZ3dvf0/QNLRAnHpIUjFvGOhwRhNCQtSSUjnZgTFHiMtL3R7aTefiBc0ChsynFMnAANQupTjKSyXP281kvPbJ8jnJpZWs6y+qJxXam7tYpl19WlfQStXtPVi0bJmAougzmHIpir4eqfdj/CSUBCiRkSomsasXRSxCXFjGQFOxEkRniEBqSrMEQBEU46XS6DJ8rpQz/i6oQSTt3fEykKhBgHnuoMkByKxdrE/K/WTaR/5aQ0jBNJQjx7yE8YlBGcJAX7lBMs2VgBwpyqv0I8RCoYqfIsqBDMxZWXwSqXTMX3F8XqzTyOPDgCx+AUmOASVMEdaIAWwOARPINX8KY9aS/au/Yxa81p85lD8Efa1w9VaKDd</latexit>
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Diagonalization for Step Disturbances u =
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s
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step
disturbance
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u0 wg0(s)
s I

<latexit sha1_base64="BbksP6VVqPZEM5JROuzorNoMEww="></latexit><latexit sha1_base64="WAn4bykBfgYmjujNIOXOO3Ph5DE="></latexit><latexit sha1_base64="WAn4bykBfgYmjujNIOXOO3Ph5DE="></latexit><latexit sha1_base64="+yzD3eHy2Jg73QTRErsBXfTyc0U="></latexit>

F -12 F -12

�

V V TV T V
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Diagonalization for Step Disturbances u =
1

s
u0

step
disturbance

-
+

u0 wg0(s)
s I

<latexit sha1_base64="BbksP6VVqPZEM5JROuzorNoMEww="></latexit><latexit sha1_base64="WAn4bykBfgYmjujNIOXOO3Ph5DE="></latexit><latexit sha1_base64="WAn4bykBfgYmjujNIOXOO3Ph5DE="></latexit><latexit sha1_base64="+yzD3eHy2Jg73QTRErsBXfTyc0U="></latexit>

F -12 F -12

�

V T V
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u
<latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit><latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit><latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit><latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit> w

<latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit><latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit><latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit><latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit>

F -12 F -12V T V

h0
<latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit><latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit><latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit><latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit>

hk

hn-1
<latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit><latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit><latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit><latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit>

where                                                   , with 

Diagonalization for Step Disturbances

�0 =0 � �1 � · · · � �n�1

Imbalance

Global Response

u =
1

s
u0

step
disturbance

hk(s) =
g0(s)

s+ �kg0(s)
<latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit><latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit><latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit><latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit>

System 
Frequency:

w̄(s) =
1P
i fi

h0(s)1
Tu0

<latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit><latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit><latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit><latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit>

H = diag(hk)
<latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit><latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit><latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit><latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit>
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H = diag(hk)
<latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit><latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit><latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit><latexit sha1_base64="B2JSyTy8XRPMgmeNW6qBrkaqtI4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2AR6qYkIuhGKLrpsoK9QBvCZDJph04mYeZEWkJexY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDMFtv1tlDY2t7Z3yruVvf2DwyPzuNpVcSoJ7ZCYx7LvY0U5E7QDDDjtJ5LiyOe050/u5/XeE5WKxeIRZgl1IzwSLGQEg7Y8s9q6HQKdQhYwPMrrY29y4Zk1u2EvZK2DU0ANFWp75tcwiEkaUQGEY6UGjp2Am2EJjHCaV4apogkmEzyiA40CR1S52eL23DrXTmCFsdRPgLVwf09kOFJqFvm6M8IwVqu1uflfbZBCeONmTCQpUEGWi8KUWxBb8yCsgElKgM80YCKZvtUiYywxAR1XRYfgrH55HbqXDUfzw1WteVfEUUan6AzVkYOuURO1UBt1EEFT9Ixe0ZuRGy/Gu/GxbC0ZxcwJ+iPj8weDapQV</latexit>

Diagonalization for Step Disturbances

where                                                   , with �0 =0 � �1 � · · · � �n�1

System 
Frequency:

Synchronization 
Error:

w̃(s)=F� 1
2 V�H̃(s)V T

� F� 1
2 u0

Network Dependent ResponseH̃(s) :=diag(h1(s), . . . , hn�1(s))

V := [v0 V�]

Imbalance

Global Response

u =
1

s
u0

step
disturbance

w̄(s) =
1P
i fi

h0(s)1
Tu0

<latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit><latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit><latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit><latexit sha1_base64="10puAoHlwte7rTGZO76lUrrZo9o="></latexit>

u
<latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit><latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit><latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit><latexit sha1_base64="0/cbbuAIkBeLQpsy+V73ed0vjXg=">AAACKXicbVDLTgJBEJzFF+IL5OhlIjHxRHaNiXoj8eIREldIgJDZoYEJs7ObmV4jbvgCr/oXfo0n9eqPOMAeBKykk0pVd7q7glgKg6775eQ2Nre2d/K7hb39g8OjYun4wUSJ5uDzSEa6FTADUijwUaCEVqyBhYGEZjC+nfnNR9BGROoeJzF0QzZUYiA4Qys1kl6x4lbdOeg68TJSIRnqvZJT7vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzMhtC2VLEQTDedXzqlZ1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7x2goPrbipUnCAovlg0SCTFiM7epn2hgaOcWMK4FvZWykdMM442nKUtiRJolt5Ih5rFI8GfllWDIFQI+DwtFGyM3mpo68S/qN5UvcZlpXaZ5ZknJ+SUnBOPXJEauSN14hNOgLyQV/LmvDsfzqfzvWjNOdlMmSzB+fkF+aWnJw==</latexit> w

<latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit><latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit><latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit><latexit sha1_base64="9fmnjqz/aR+/b8gvhqg9kazFr9o=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1F3BjcsWrC20oUwmN+3QySTMTJQS6g+41T9wJW79GH/A73DSZmFbDwwczrmXe+b4CWdKO863VVpb39jcKm9Xdnb39g+qh0cPKk4lxTaNeSy7PlHImcC2ZppjN5FIIp9jxx/f5n7nEaVisbjXkwS9iAwFCxkl2kitp0G15tSdGexV4hakBgWag+pPP4hpGqHQlBOleq6TaC8jUjPKcVrppwoTQsdkiD1DBYlQedks6NQ+M0pgh7E0T2h7pv7dyEik1CTyzWRE9Egte7n4n9dLdXjtZUwkqUZB54fClNs6tvNf2wGTSDWfGEKoZCarTUdEEqpNNwtXApVHm1ZMMe5yDaukfVG/qbuty1rjsmioDCdwCufgwhU04A6a0AYKCC/wCm/Ws/VufVif89GSVewcwwKsr19oSZU+</latexit>

F -12 F -12V T V

h0
<latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit><latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit><latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit><latexit sha1_base64="iDGRFAsTZwXIF4dyE6p9z9KnAQw=">AAACLHicbVDLSgNBEJz1GeMrMUcvg0HwFHZFMMeAF48RzQOSJcxOOsmQ2dllpleMSz7Bq/6FX+NFxKvf4STZg0ksaCiquunuCmIpDLrup7OxubW9s5vby+8fHB4dF4onTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXjm5nfegRtRKQecBKDH7KhEgPBGVrpftRze4WyW3HnoOvEy0iZZKj3ik6p2494EoJCLpkxHc+N0U+ZRsElTPPdxEDM+JgNoWOpYiEYP53fOqXnVunTQaRtKaRz9e9EykJjJmFgO0OGI7PqzcT/vE6Cg6qfChUnCIovFg0SSTGis8dpX2jgKCeWMK6FvZXyEdOMo41naUuiBJqlN9KhZvFI8Kdl1SAIFQI+T/N5G6O3Gto6aV5WPMvvrsq1ahZojpySM3JBPHJNauSW1EmDcDIkL+SVvDnvzofz5XwvWjecbKZEluD8/ALXt6ft</latexit>

hk

hn-1
<latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit><latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit><latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit><latexit sha1_base64="Zou1bnYEVX4tfFjCKCFJa/V/LzM=">AAACN3icbZDLSsNAFIYnXmu9tXbpJlgEN5ZEBLssuHFZwV6grWUyPWmHTiZh5kRaQ97Drb6Fj+LKnbj1DZxeFqb1h4GP/5zDOfN7keAaHefD2tjc2t7Zze3l9w8Oj44LxZOmDmPFoMFCEaq2RzUILqGBHAW0IwU08AS0vPHtrN56AqV5KB9wGkEvoEPJfc4oGutx1E9kF2GCyWXqpv1C2ak4c9nr4C6hTJaq94tWqTsIWRyARCao1h3XibCXUIWcCUjz3VhDRNmYDqFjUNIAdC+Zn53a58YZ2H6ozJNoz92/EwkNtJ4GnukMKI70am1m/lfrxOhXewmXUYwg2WKRHwsbQ3uWgT3gChiKqQHKFDe32mxEFWVokspsiSVHnflGMlQ0GnE2yboagcsA8DnN502M7mpo69C8qriG76/Lteoy0Bw5JWfkgrjkhtTIHamTBmFEkRfySt6sd+vT+rK+F60b1nKmRDKyfn4B4MqtCA==</latexit>

hk(s) =
g0(s)

s+ �kg0(s)
<latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit><latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit><latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit><latexit sha1_base64="mVsxujCPlZ+DuXnboW8nORtwiDA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WsCCURQTdCQQSXFewDmhAmk0k7dDIJMxOhhHyCv+EPuNU/cCcu3Lj0O5y0WdjqgYEz59w7987xE0alsqxPo7K0vLK6Vl2vbWxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj68LvPRAhaczv1SQhboSGnIYUI6UlzzweeeOGPLlyQoFwNvQsfckzeeow/UaAvHEpeWbdalpTwL/ELkkdlGh75rcTxDiNCFeYISkHtpUoN0NCUcxIXnNSSRKEx2hIBppyFBHpZtMP5fBIKwEMY6EPV3Cq/u7IUCTlJPJ1ZYTUSC56hfifN0hVeOlmlCepIhzPBoUpgyqGRTowoIJgxSaaICyo3hXiEdLRKJ3h3JRAFqvlNR2MvRjDX9I9a9pW0747r7duyoiq4AAcggawwQVogVvQBh2AwSN4Bi/g1Xgy3ox342NWWjHKnn0wB+PrByWspGU=</latexit>

Enrique Mallada (JHU)Apr 11 2022 57Back



Synchronization Cost

Proposition: 

where                                  , with elements

,                                                           

Depends on Generators and Controls.       Depends on Network and Inertia.

Y 2 R(n�1)⇥(n�1)
<latexit sha1_base64="5w8L01l7pghEW39qwOj8WCsPvlo=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHqwpJUQZdFNy6r2Ic0sUym03boZBJmJkIJ/QA3/oobF4q49QPc+TdO0i609cCFwzn3cu89fsSZ0rb9bS0sLi2vrObW8usbm1vbhZ3dhgpjSWidhDyULR8rypmgdc00p61IUhz4nDb94WXqNx+oVCwUt3oUUS/AfcF6jGBtpE6heOcygdwA64HvJzfj+6Qkjp0jV7OAKpTxsemyy3YGNE+cKSnCFLVO4cvthiQOqNCEY6Xajh1pL8FSM8LpOO/GikaYDHGftg0V2OzykuyZMTo0Shf1QmlKaJSpvycSHCg1CnzTmV6tZr1U/M9rx7p37iVMRLGmgkwW9WKOdIjSZFCXSUo0HxmCiWTmVkQGWGKiTX55E4Iz+/I8aVTKzkm5cn1arF5M48jBPhxACRw4gypcQQ3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sD6/AGCa5n7</latexit>

ykl = �kl

Z 1

0
hk(t)hl(t)dt

<latexit sha1_base64="VHHv7Pc/aSwjptm6dlCsgkcfE1s="></latexit>

� = (�kl) := V T
? F�1V?

<latexit sha1_base64="XkljL49rrLML1hwDHCrNkbCxetg="></latexit>

z0 = V T
? F�1u0

<latexit sha1_base64="ZtBnsa5LW2NDFugfrz3Pso3Fag4="></latexit>

and

||w̃||22 =

Z 1

0
w̃(t)T w̃(t)dt

<latexit sha1_base64="7I5iCCnjNbAoFbCzhQ7yiFvLXus=">AAACJHicbVDLSgMxFM34rPU16tJNsAi6KTNVUBCh6MZlhb6gjyGTydRgJjMkd5TS9mPc+CtuXPjAhRu/xfQhVOuBkJNz7uXmHj8RXIPjfFpz8wuLS8uZlezq2vrGpr21XdVxqiir0FjEqu4TzQSXrAIcBKsnipHIF6zm314O/dodU5rHsgzdhLUi0pE85JSAkTz7rN9vAhcBw/f9vldoF/A5bnIJntM2Vwhd/GMfwGG7PPUIwLNzTt4ZAc8Sd0JyaIKSZ781g5imEZNABdG64ToJtHpEAaeCDbLNVLOE0FvSYQ1DJYmYbvVGSw7wvlECHMbKHAl4pE539EikdTfyTWVE4Eb/9Ybif14jhfC01eMySYFJOh4UpgJDjIeJ4YArRkF0DSFUcfNXTG+IIhRMrlkTgvt35VlSLeTdo3zh+jhXvJjEkUG7aA8dIBedoCK6QiVUQRQ9oCf0gl6tR+vZerc+xqVz1qRnB/2C9fUNN7+j6A==</latexit>

w̃(t) :=
n�1X

k=1

hk(t)F
� 1

2 vkv
T
k F

� 1
2u0

<latexit sha1_base64="1l4lD7unlTE5Vh9zIZW1JhsOGo0="></latexit>

||w̃||22 = zT0 Y z0
<latexit sha1_base64="A7XBiPbj+FllPQVE91ZKTY6W6B4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsD7o1CGT3mow8yC5o9bp/I4bf8WNgqJu/RHTaRfaeiDhcM59JMePpdBo25/WxOTU9MxsYa44v7C4tFxaWT3VUaI4NHgkI3XuMw1ShNBAgRLOYwUs8CWc+TeHff/sFpQWUXiC3RhaAbsKRUdwhkbySjUX4R7zOakvE8jSXs9FIdtA73o9r3pZzeg+HSt68OzLkwtzZ16pbFfsHHScOENSJkPUvdKr2454EkCIXDKtm44dYytlCgWXkBXdREPM+A27gqahIQtAt9J8eUY3jdKmnUiZEyLN1d8dKQu07ga+qQwYXutRry/+5zUT7Oy1UhHGCULIB4s6iaQY0X5stC0UcJRdQxhXwryV8mumGEcTbtGE4Ix+eZycVivOdqV6vFOuHQzjKJB1skG2iEN2SY0ckTppEE4eyTN5I+/Wk/VifVhfg9IJa9izRv7A+v4BfG2ojw==</latexit>

Average over step direction:                               where  Eu0

⇥
||w̃||22

⇤
<latexit sha1_base64="Ah2d77jWB4Z76reEbucZeHpsYHU=">AAACIHicbVDLSgNBEJyN7/iKevQyGARPYTcK8RgUwaOCUSG7LrOT3mTI7IOZXjVs9lO8+CtePCiiN/0aJzEHXwUNRVX3THcFqRQabfvdKk1Nz8zOzS+UF5eWV1Yra+vnOskUhxZPZKIuA6ZBihhaKFDCZaqARYGEi6B/OPIvrkFpkcRnOEjBi1g3FqHgDI3kVxouwi2O38kDmUGRH/l55tuFKyHE9nDoopAdoDfDoV+/qrtKdHvoFdSvVO2aPQb9S5wJqZIJTvzKm9tJeBZBjFwyrduOnaKXM4WCSyjKbqYhZbzPutA2NGYRaC8fL1bQbaN0aJgoUzHSsfp9ImeR1oMoMJ0Rw57+7Y3E/7x2huG+l4s4zRBi/vVRmEmKCR2lRTtCAUc5MIRxJcyulPeYYhxNpmUTgvP75L/kvF5zdmv1071q82ASxzzZJFtkhzikQZrkmJyQFuHkjjyQJ/Js3VuP1ov1+tVasiYzG+QHrI9PGNSkvA==</latexit>

E
⇥
u0u

T
0

⇤
= ⌃u

<latexit sha1_base64="ODgCL46Huh126YElyHcibvOVHWc=">AAACG3icbVDLSgMxFM3Ud31VXboJFsFVmamCboSiCC4VrQqdacmkd9rQzIPkRixD/8ONv+LGhSKuBBf+jWntQquHBA7n3Htzc8JMCo2u++kUpqZnZufmF4qLS8srq6W19SudGsWhzlOZqpuQaZAigToKlHCTKWBxKOE67B0P/etbUFqkySX2Mwhi1klEJDhDK7VKVR/hDkdz8lAaGOQnvoQIG6bl2tO89JXodDE49C9EJ2ZNM6CtUtmtuCPQv8QbkzIZ46xVevfbKTcxJMgl07rhuRkGOVMouIRB0TcaMsZ7rAMNSxMWgw7y0U4Dum2VNo1SZW+CdKT+7MhZrHU/Dm1lzLCrJ72h+J/XMBgdBLlIMoOQ8O+HIiMppnQYFG0LBRxl3xLGlbC7Ut5linG0cRZtCN7kl/+Sq2rF261Uz/fKtaNxHPNkk2yRHeKRfVIjp+SM1Akn9+SRPJMX58F5cl6dt+/SgjPu2SC/4Hx8AVnaojA=</latexit>
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Swing Dynamics

Homogeneous Case:

Independent of Inertia!

Heterogeneous case:

• High Inertia:

• Small Inertia:

Swing Dynamics with Turbines

Homogenous Case:

Moderate Improvement w/ Inertia

Heterogeneous Case:
•More involved expressions…
• Limits are always finite

• High Inertia:

Synchronization Cost (II) ykl = �kl

Z 1

0
hk(t)hl(t)dt

<latexit sha1_base64="VHHv7Pc/aSwjptm6dlCsgkcfE1s="></latexit>

||w̃||22 = zT0 Y z0
<latexit sha1_base64="A7XBiPbj+FllPQVE91ZKTY6W6B4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsD7o1CGT3mow8yC5o9bp/I4bf8WNgqJu/RHTaRfaeiDhcM59JMePpdBo25/WxOTU9MxsYa44v7C4tFxaWT3VUaI4NHgkI3XuMw1ShNBAgRLOYwUs8CWc+TeHff/sFpQWUXiC3RhaAbsKRUdwhkbySjUX4R7zOakvE8jSXs9FIdtA73o9r3pZzeg+HSt68OzLkwtzZ16pbFfsHHScOENSJkPUvdKr2454EkCIXDKtm44dYytlCgWXkBXdREPM+A27gqahIQtAt9J8eUY3jdKmnUiZEyLN1d8dKQu07ga+qQwYXutRry/+5zUT7Oy1UhHGCULIB4s6iaQY0X5stC0UcJRdQxhXwryV8mumGEcTbtGE4Ix+eZycVivOdqV6vFOuHQzjKJB1skG2iEN2SY0ckTppEE4eyTN5I+/Wk/VifVhfg9IJa9izRv7A+v4BfG2ojw==</latexit>

Z 1

0
hk(t)hl(t)dt =

2d

m(�k � �l)2 + 2(�k + �l)d2
<latexit sha1_base64="KSSTe7uwPlQ4Tb/jC6PN/pYpRqI="></latexit>

Eu0

⇥
||w̃||22

⇤
=

1

2d

n�1X

k=1

1

�k
<latexit sha1_base64="9MYhm3C5DO4Z1sm35DURmeNCLDw="></latexit>

m ! 0
<latexit sha1_base64="+b/BqSDyh4eu7fPb8KgtrpaGNCQ=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZD5rHO9EZCyHd48aCIVz/Gm3/jJNmDJhY0FFXddHdFieAWfP/by62tb2xu5bcLO7t7+wfFw6OG1amhrE610KYVEcsEV6wOHARrJYYRGQnWjIa3M785YsZyrR5gnLBQkr7iMacEnBTKjuH9ARBj9JPfLZb8sj8HXiVBRkooQ61b/Or0NE0lU0AFsbYd+AmEE2KAU8GmhU5qWULokPRZ21FFJLPhZH70FJ85pYdjbVwpwHP198SESGvHMnKdksDALnsz8T+vnUJ8HU64SlJgii4WxanAoPEsAdzjhlEQY0cINdzdiumAGELB5VRwIQTLL6+SRqUcXJQr95el6k0WRx6doFN0jgJ0haroDtVQHVH0iJ7RK3rzRt6L9+59LFpzXjZzjP7A+/wBBc6SQg==</latexit>

m ! 1
<latexit sha1_base64="/rrfAO9UWk5djPg4UQKDQ5C1JI8=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTtQQ+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APqx2dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jeQ5YwPyIjyUNOCRhpYFcjT/HRGIhS8aPHZQjZwK45dWcOvErcgtRQgdbA/vKGMU0jJoEKonXfdRLwc6KAU8GmFS/VLCF0Qkasb6gkEdN+Pr99ik+NMsRhrExJwHP190ROIq2zKDCdEYGxXvZm4n9eP4Xwys+5TFJgki4WhanAEONZEHjIFaMgMkMIVdzciumYKELBxFUxIbjLL6+STqPuntcbdxe15nURRxkdoxN0hlx0iZroFrVQG1H0hJ7RK3qzptaL9W59LFpLVjFzhP7A+vwB4MiU+w==</latexit>

F =I =) �=I
<latexit sha1_base64="1yF1owZQr9qa/h1bzolsBscLKKI="></latexit>

Eu0

⇥
||w̃||22

⇤
=

n�1X

k=1

||hk||2
<latexit sha1_base64="4ZXQ+UVg35bxFegl1DPCwd8YSFU="></latexit>

lim
m!0

||hk||2 > lim
m!1

||hk||2
<latexit sha1_base64="E4mrena4UkKBVZgI47sq9yf4NbE=">AAACKnicbVDLSgMxFM34tr6qLt0Ei+CqzFRBV1J147KCfUCnDpk004YmmSG5o5Rpv8eNv+LGhVLc+iGmD/BRDwQO55zLzT1hIrgB1x05C4tLyyura+u5jc2t7Z387l7NxKmmrEpjEetGSAwTXLEqcBCskWhGZChYPexdj/36A9OGx+oO+glrSdJRPOKUgJWC/KUvuAwy6Wve6QLROn50h4NBN+gNBvclfDFv+1xF0P/OBPmCW3QnwPPEm5ECmqES5F/9dkxTyRRQQYxpem4CrYxo4FSwYc5PDUsI7ZEOa1qqiGSmlU1OHeIjq7RxFGv7FOCJ+nMiI9KYvgxtUhLomr/eWPzPa6YQnbcyrpIUmKLTRVEqMMR43Btuc80oiL4lhGpu/4ppl2hCwbabsyV4f0+eJ7VS0Tsplm5PC+WrWR1r6AAdomPkoTNURjeogqqIoif0gt7Qu/PsvDoj52MaXXBmM/voF5zPL3rbqb8=</latexit>

||w̃||22=
n�1X

k=1

�kkz20k
2d�k

d

d+ r�1
g

<latexit sha1_base64="PAstZo70xGSEr4Q7VMf1AbvFpm4="></latexit>

||w̃||22=
n�1X

k=1

�kkz20k
2d�k

<latexit sha1_base64="oVnbpiZz8+6KaAG7AbPRoU+QS2I="></latexit>

||w̃||22=
n�1X

k,l=1

�klz0kz0l
d(�k + �l)

<latexit sha1_base64="Y5DsezcwBeQrk9o9ws9aW/VOnD0="></latexit>

Inertia has limited effect
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Synchronization Cost (II)
Nominal System d⇥ 2.5

<latexit sha1_base64="u10PD7RkuB8c5hTZbhZOhKah9iU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0iqoseiF48V7AekoWw2m3bpZjfsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBPcgOd9O6W19Y3NrfJ2ZWd3b/+genjUNirXlLWoEkp3I2KY4JK1gINg3UwzkkaCdaLR3czvPDFtuJKPMM5YmJKB5AmnBKwUxD3gKTO47l71qzXP9ebAq8QvSA0VaParX71Y0TxlEqggxgS+l0E4IRo4FWxa6eWGZYSOyIAFlkpiF4WT+clTfGaVGCdK25KA5+rviQlJjRmnke1MCQzNsjcT//OCHJKbcMJllgOTdLEoyQUGhWf/45hrRkGMLSFUc3srpkOiCQWbUsWG4C+/vEradde/cOsPl7XGbRFHGZ2gU3SOfHSNGugeNVELUaTQM3pFbw44L86787FoLTnFzDH6A+fzBykWkIM=</latexit>

m⇥ 2.5
<latexit sha1_base64="myFQyq46vLrSE2sbNf+eqWM/jJQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0iqoseiF48V7AekoWy2m3bpbjbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcgOd9O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3I2KY4AlrAQfBuqlmREaCdaLx3czvPDFtuEoeYZKyUJJhwmNOCVgpkD3gkhlcd6/61ZrnenPgVeIXpIYKNPvVr95A0UyyBKggxgS+l0KYEw2cCjat9DLDUkLHZMgCSxNiF4X5/OQpPrPKAMdK20oAz9XfEzmRxkxkZDslgZFZ9mbif16QQXwT5jxJM2AJXSyKM4FB4dn/eMA1oyAmlhCqub0V0xHRhIJNqWJD8JdfXiXtuutfuPWHy1rjtoijjE7QKTpHPrpGDXSPmqiFKFLoGb2iNwecF+fd+Vi0lpxi5hj9gfP5AzcUkIw=</latexit>

r�1
g ⇥ 2.5

<latexit sha1_base64="k5FQLU7Eb2qkTEY53UwfFlESlws=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBjSGpii6LblxWsA9oY5hMJ+3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+FMKtv+Nkorq2vrG+XNytb2zu6euV9tyzgVhLZIzGPR9bGknEW0pZjitJsIikOf044/vpn6nUcqJIujezVJqBviYcQCRrDSkmdWhTd8yE6dvK9YSCWqWxeeWbMtewa0TJyC1KBA0zO/+oOYpCGNFOFYyp5jJ8rNsFCMcJpX+qmkCSZjPKQ9TSOsF7nZ7PYcHWtlgIJY6IoUmqm/JzIcSjkJfd0ZYjWSi95U/M/rpSq4cjMWJamiEZkvClKOVIymQaABE5QoPtEEE8H0rYiMsMBE6bgqOgRn8eVl0q5bzplVvzuvNa6LOMpwCEdwAg5cQgNuoQktIPAEz/AKb0ZuvBjvxse8tWQUMwfwB8bnD56kk4I=</latexit>

⌧
<latexit sha1_base64="Wa8bCywmcQCIXorlDsXU45DPVf0=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkRSgYxVzqI00Glapbc+cgq8QrSBUKNAeVr/4wYoniGpmk1vY8N0Y/pQYFk3xW7ieWx5RN6Ij3Mqqp4tZP57fOyHmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPOQvCWX14l7XrNu6zVH66qjdsijhKcwhlcgAfX0IB7aEILGIzhGV7hzVHOi/PufCxa15xi5gT+wPn8ASJ7jkw=</latexit>

r�
1

g
<latexit sha1_base64="YxxrI93PplMTi0pkGaAcRpp0GNA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMYB6QxDA7mU2GzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3Uz95hPXRkTqHscx74Z0oEQgGEUrtXRv8JCeeZNeseSW3RnIMvEyUoIMtV7xq9OPWBJyhUxSY9qeG2M3pRoFk3xS6CSGx5SN6IC3LVU05Kabzu6dkBOr9EkQaVsKyUz9PZHS0Jhx6NvOkOLQLHpT8T+vnWBw1U2FihPkis0XBYkkGJHp86QvNGcox5ZQpoW9lbAh1ZShjahgQ/AWX14mjUrZOy9X7i5K1essjjwcwTGcggeXUIVbqEEdGEh4hld4cx6dF+fd+Zi35pxs5hD+wPn8AazXj7o=</latexit>

d <latexit sha1_base64="i4T7bfCHibYNJNngwp/p1+TXADk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyTeM7A==</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

Red dots: nominal values
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