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A World of Success Stories
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2017 AlphaZero – Chess, Shogi, Go 2019 AlphaStar – Starcraft II2017 Google DeepMind’s DQN

OpenAI – Rubik’s Cube

Boston Dynamics

Waymo



Reality Kicks In
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Safety Critical Sequential Decision Making

Key ideas:
• Focus on almost sure feasibility, not optimality (Egerstedt et al.,2018)
• Enhanced with logical feedback, naturally arising from constraint violations
• Damage may depend on 𝑅!, or not. May not be directly accessible
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Requirements:
High Priority -> Safety
o Sequential / Online / Real-time
o Limited Failures/Mistakes
o High-probability (or A.S.) Guarantees

Lower Priority -> Accuracy 
o Optimality of the policy
o Full characterization of the safety set? 



Safety Critical Sequential Decision Making

Talk Punchline:
• Can characterize all feasible policies (𝐷$ ≡ 0) with finite mistakes
• Learning feasible policies is simpler than learning the optimal ones
• Adding constraints makes optimal policies easier to find
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• Learning feasible policies is simpler than learning the optimal ones
• Adding constraints makes optimal policies easier to find



Prior Art

• Foundation work on constrained Markov Decision Processes (Altman,  1998)

• Learning with modelling assumptions
• Constrained LQR (Dean et al., 2019)
• (Achiam et al., 2017)
• Explore safety for GPs and then optimize rewards (Wachi and Sui, 2020)

•Model-free Constraints via Primal Dual methods
• (Paternain et al., 2019;Ding et al., 2020)
• Safety guarantees are achieved in the limit

• Our approach
• Model-free based learning of constraints and optimal policy
• Detect and prevent unsafe actions in finite time
• Learn from constraint violations and rewards together

Nov 2 2021 Enrique Mallada (JHU) 6



Reinforcement Learning with Almost Sure Constraints

• Formulated as an MDP with a.s. constraints

• Constraints not given a priori: Need to learn from experience!
• Notice: Model free è Constraint violations are inevitable
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Reinforcement Learning with Almost Sure Constraints

• Formulated as an MDP with a.s. constraints

• Constraints not given a priori: Need to learn from experience!
• Notice: Model free è Constraint violations are inevitable
• Damage indicator 𝐷$ ∈ {0,1} turns on (𝐷$ = 1) when constraints are violated
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Formulation via hard barrier indicator

• Safe RL problem

• Unconstrained formulation achieved using

where the hard-barrier indicator is given by 
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Hard Barrier Action-Value Functions
Consider the Q-function for a given policy 𝜋,

and define the hard-barrier function

Notes on 𝑩𝝅 𝒔, 𝒂 :
• 𝑩𝝅 𝒔, 𝒂 ∈ 𝟎,−∞
• Summarizes safety information 
• 𝑩𝝅 𝒔, 𝒂 = 𝟎 iff 𝜋 is safe after choosing 𝐴! = 𝑎 when 𝑆! = 𝑠

• It is independent of the reward process 
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Separation Principle

Notes:
• As mentioned, the HBF (𝐵!) can be learned in dependently from the rewards
• Any solution to 

is feasible for the Constrained MDP, in fact 𝐵!∗ = 𝐵∗.
• We can thus focus on learning 𝐵∗!
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Feasibility Principle
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Theorem (Bellman’s Optimality for 𝐵∗)
Let                                           , then the following holds:               
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• Experienced damage summarized in hard 
barrier function (HBF)

• Wraps around existing learning algorithms 
( Q-learning, SARSA)

• Use the HBF to trim the exploration set and 
avoid repeating unsafe actions, next!
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• Generative Model: Query on any (𝑠, 𝑎)-pair to sample a transition 
(𝑠, 𝑎, 𝑠0, 𝑑) according to the MDP

• Update barrier function with sampled transition

Draw 𝑠, 𝑎 -pair 
uniformly among 
those considered to 
be “safe” at time t

Update barrier function

Initially, all 𝑠, 𝑎 -pairs 
are “safe”

Assured Q-Learning with Generative Model
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Theorem (Safety Guarantee): Let 𝑇 = min
$

𝐵($) = 𝐵∗ , then

𝔼𝑇 ≤ (𝐿 + 1)
𝑆 𝐴
𝜇

;
345
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1
𝑘

• After 𝑇 = min
$

𝐵($) = 𝐵∗ , all “unsafe” (𝑠, 𝑎)-pairs are detected

• 𝜇: Lower bound on the non-zero transition probability
𝜇 = 𝑚𝑖𝑛 𝑝 𝑠0, 𝑑 𝑠, 𝑎 : 𝑝 𝑠0, 𝑑 𝑠, 𝑎 ≠ 0

• 𝐿: Lag of the MDP

𝐿 = max
(8,9)

:∗ 8,9 4;<

Minimum number of transitions 
needed to observe damage, 
starting from unsafe (𝑠, 𝑎)

Assured Q-Learning with Generative Model
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Theorem (Sample Complexity): With at least 1 − 𝛿 probability, the algorithm learns 
optimal barrier function 𝐵∗ after 

(𝐿 + 1)
𝑆 𝐴
𝜇

;
345
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1
𝑘

log
1
𝛿

iterations

• Concentration of sum of exponential random variables

• Much more sample-efficient than “learning an 𝜖-optimal policy with 1 − 𝛿
probability” (Li et al. 2020) 

𝑁 =
𝑆 𝐴

(1 − 𝛾)=𝜀>
log>

𝑆 𝐴
(1 − 𝛾)𝜀𝛿

Assured Q-Learning with Generative Model

Li et al. “Breaking the Sample Size Barrier in Model-Based Reinforcement Learning with a Generative Model”, NeurIPS, 2020
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Theorem (Sample Complexity): With at least 1 − 𝛿 probability, the algorithm learns 
optimal barrier function 𝐵∗ after 

(𝐿 + 1)
𝑆 𝐴
𝜇

;
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• Concentration of sum of exponential random variables

• If the Barrier Function is learnt first, then learning an 𝜖-optimal policy takes

𝑁′ =
𝑆89?@ 𝐴89?@
(1 − 𝛾)=𝜀> log>

𝑆89?@ 𝐴89?@
(1 − 𝛾)𝜀𝛿

samples (Trimming the MDP by learning the barrier)

Assured Q-Learning with Generative Model

Li et al. “Breaking the Sample Size Barrier in Model-Based Reinforcement Learning with a Generative Model”, NeurIPS, 2020
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Barrier learner + Learning 𝜖-optimal policy

• First, run Barrier Learner for (𝐿 + 1) 6 7
A

∑345
6 7 5

3 log 5
B/> Iterations.

• Then, learn an 𝜖-optimal policy with the trimmed MDP using existing algorithms 
(Li et al. 2020, etc.), with 1 − 𝛿/2 confidence level

• With at least 1 − 𝛿 probability, the Optimal Barrier Function 𝑩∗ and the 𝝐-optimal 
safe policy is learnt, and the entire procedure takes

𝐿 + 1
𝑆 𝐴
𝜇

;
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log
2
𝛿
+
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log>
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1 − 𝛾 𝜀𝛿/2

samples

Li et al. “Breaking the Sample Size Barrier in Model-Based Reinforcement Learning with a Generative Model”, NeurIPS, 2020

Assured Q-Learning with Generative Model
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Numerical Experiments
Goal: Reach the end of the aisle 
without touching the yellow wall
Results

• Adding constraints to the problem can accelerate learning
• Barrier function avoids actions that lead to further wall bumps
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Numerical Experiments II
Setup: Rectangular grid, stepping into holes gives damage 𝐷! = 1.

Actions  𝐴 = 𝑢𝑝, 𝑑𝑜𝑤𝑛, 𝑙𝑒𝑓𝑡, 𝑟𝑖𝑔ℎ𝑡 .
With every action, small probability to move to a random adjacent state.

Result: Barrier-learner identifies all the state space as unsafe.
Immediately unsafe states (near damage) are identified first.
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Summary and Future Work

Summary

• Studied safe/constrained reinforcement learning: 
• Focus on safety first, show it can be achieved quickly, and with strong 

• Treat constraints separately, or in parallel

•Motivate the need of additional information, damage

Ongoing Work

• Reinforcement Learning with constraints: ∑34DE< 𝐷3E5 ≤ 𝐶 𝑎. 𝑠.
•More generally, trajectory dependent constraints
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Thanks!
Related Publications:
• Castellano, Bazerque and M, “Learning to be safe, in finite time”, ACC, 2021
• Castellano, Min, Bazerque and M, “Learning to Act Safely with Limited Exposure and Almost Sure constraints”,

under review
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