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Abstract— We study data-driven policy construction for
dynamical systems using trajectories generated by surrogate
finite-horizon Model Predictive Control (MPC), with the goal
of approximating an infinite-horizon optimal control policy.
We interpret these trajectories as non-expert demonstrations
and propose a memory-based, nonparametric policy that
constructs a Lipschitz-regularized upper envelope of the finite-
horizon surrogate value function, which serves as an explicit
upper bound on the value of the resulting policy, thereby
providing a computable performance certificate while bypassing
explicit optimization at runtime. We establish relative optimality
guarantees with respect to the infinite-horizon optimal value
function and derive sufficient MPC horizon conditions, together
with sample complexity bounds, for achieving a prescribed
relative error. Numerical experiments on a rocket landing task
validate the theoretical predictions and demonstrate near-optimal
performance.

I. INTRODUCTION

Model Predictive Control (MPC) has become an impor-
tant tool for sequential decision-making problems, with
applications in robotics [1], autonomous racing [2], and
rocket landing [3]. MPC operates in a receding-horizon
manner, where an infinite-horizon (or long horizon) optimal
control problem is approximated by repeatedly solving a
finite-horizon problem online. Achieving high performance
typically requires a long prediction horizon to accurately
approximate the infinite-horizon objective. However, in many
real-time scenarios, control inputs must be computed under
strict latency constraints, often at millisecond or even sub-
millisecond time scales. This significantly increases online
computational burden, often exceeding the real-time capa-
bilities of CPUs, GPUs, or embedded processors [4]. As
a result, MPC faces a fundamental time—accuracy tradeoff:
long horizons improve performance but are computationally
prohibitive, while shorter horizons are tractable but may lead
to large optimality gaps [5, Section 10.3]. This motivates the
development of efficient methods for computing near-optimal
control policies in real time.

A common data-driven approach is to learn a mapping
m(x) from the initial state x to the optimal control u*(x)
via regression. Under specific structural assumptions, such as
linear dynamics and quadratic stage costs, the MPC problem
admits an analytical solution, leading to the framework
of explicit MPC [6], where the optimal control policy is
represented as a piecewise affine function of the state [7]. For
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more general MPC problems where such analytical solutions
are unavailable, data-driven approaches have been widely
explored to learn the policy mapping. Deep neural networks
(DNNs) are commonly used for this purpose, a paradigm
often referred to as deep MPC [8]-[10]. Beyond DNN:s,
other regression-based methods have also been investigated,
including set-membership approximation [11], kernel regres-
sion [12], Gaussian processes [13], and decision trees [14].
Although these approaches enable fast online implementation,
they generally lack a clear characterization of the sample
complexity required to achieve a prescribed performance
guarantee, nor provide guarantees on monotonic improvement
of policy performance as more data is collected.

As such, theoretical guarantees for data-driven MPC remain
limited. For example, Hertneck et al. [15] provide Hoeffding-
based probabilistic guarantees on the policy accuracy gap
solely applicable to sampled trajectories under stability
assumptions, while Tokmak et al. [16] establish deterministic
bounds on the policy gap and associated sample complexity
guarantees under RKHS and geometric regularity assumptions
on the policy mapping. However, these results rely on strong
assumptions on the policy class.

In this work, we focus on two fundamental questions in
(data-driven) MPC, related to the optimization horizon N of
the receding horizon controller.

1) How does NV influence the performance of the receding
horizon controller?

2) If we use solutions from the receding horizon controller
to build a data-driven policy, what can we say about
its performance as a function of N?

Many works have addressed the first question, both in terms
of performance [17], [18] and stability [19]-[21], but usually
requiring strong assumptions such as a Bellman inequality
[22], [23]. The second question is of great interest, and to the
best of our knowledge hasn’t been addressed before. In this
paper, we establish lower bounds on N that enable a particular
family of policies—built with data from the receding horizon
controller—to achieve a desired performance. Our work builds
upon the recent work of Castellano et al. [24], where the
authors proposed a nonparametric data-driven policy that is
greedy with respect to an upper bound of the optimal value
function. Their method, however, relied on solutions to the
full-length optimization problem—expert demonstrations—
while on this work we use solutions from the receding horizon
controller—i.e. non-expert demonstrations. In particular, we
leverage data from the receding horizon controller (RHC) with
horizon N to construct a similar nonparametric policy with



performance guarantees. Specifically, we make the following
contributions:

1) We derive lower bounds on the horizon length N of
the RHC to achieve a desired level of performance.

2) We propose a nonparametric policy that uses trajectories
from the RHC, and that is greedy with respect to a
computable upper bound of its value function.

3) Under mild assumptions, we establish a lower bound
on NN ensuring this data-driven policy outperforms the
RHC’s upper bound.

4) We derive sample complexity results for our policy to
achieve a desired performance.

The rest of the paper is organized as follows. Section
establishes preliminaries on MPC, our overall goal, and lower
bounds on the horizon of the receding horizon controller to
get a prescribed performance. Section [[II] introduces our data-
driven policy framework, and our two main results: conditions
that make our policy improving with respect to the RHC’s
upper bound, and the sample complexity needed to achieve a
desired performance. Experiments on Section [[V| empirically
validate our framework.

II. PRELIMINARIES
A. Infinite-Horizon optimal control problem

In this section, we introduce the system model and
the optimal control formulation used throughout the paper.
Consider a discrete-time invariant system,

i1 = f(xp,w), xe € X, up € U, £ 2> 0. (D

where X C R?% and U C R? are compact sets. The optimal
control problem can be cast as the following optimization
problem in R*°.

J(x0) =

min
{U-t; tZO}

> w)
t=0

S.t. Xt+1 == f(xtv ut)»
w €U, t >0,
xo € X is given.

t>0, (2

In @), v € (0,1). Generally, infinite-horizon problems like
() can be addressed in two ways:

« Directly finding the optimal value function J via fixed
point iteration (e.g. dynamic programming or RL).
o Approximating (2)) with a finite-horizon surrogate as in
model predictive control (MPC).
In this work, we adopt the latter approach. The following
assumptions are used throughout the paper.

Assumption 1 (Lipschitz continuity). System (I is Lipschitz
continuous with respect to states and controls, that is Vx,X €
X and Vu, 1 € U we have:

1F(x0) = F @)l < Lyllx = %lx + Lu/ju - |,

where || - ||x and || - |\u are norms defined in the state space
X and action space U, respectively.

Assumption 2 (Non-negative cost). In (), stage costs satisfy
I(x,u) >0,vxe X, uel.

Assumption 3 (Value function decay). Optimal trajectories
under @) satisfy J(xo) > J(x¢), t > 0.

Assumption 4 (X regularity). X is a compact robust positively
invariant set.

We make the following remarks regarding these assump-
tions.

Remark 1. Assumption |3| ensures that the value function
decays sufficiently fast along optimal trajectories, despite
discounting. This is would be generally satisfied for track-
ing/stabilization problems where the convergence rate is faster
than the discounting rate .

Remark 2 (Restriction on X). In this paper, we assume that
X is a robust positively invariant set (Assumption ) to focus
on the optimality analysis within the limited page budget.
By relaxing the requirement of expert demonstrations in [24,
Proposition 2], this direction can be incorporated into our
analysis as future work.

B. Goal of the paper

The goal of data-driven MPC is to learn a control policy
m, from recorded state data and their corresponding control
inputs, over the state space X. Given a policy 7 : X — U, its
associated value function is defined as:

Jr(x) = Z’yt I(xe, m(x4)),
t=0

where x¢11 = f(x¢, 7m(x¢)) with xg = x. The Bellman
operator 7™ associated with policy 7 is given by

TTJ(x) = l(x,7(x)) +7J (f(x,7(x))), VJ €T,

where 7 := {J : X — R | J is bounded}. The operator 7™
is monotone and admits a unique fixed point [25]. Further
discussion is provided in the Appendix

Our aim in this paper is for J, to satisfy the following
relative error criterion with respect to the optimal value
function J(x):

I (x) — J(x) <

T4y =M 3

xeX
where Jr(x) > J(x) always holds since J(x) denotes the
minimal value function of (@) while J;(x) is the cost induced
by the policy 7. Without loss of generality, we assume
tolerance p > 0. The constant 17 > 0 is introduced to ensure
the relative error is well-defined when J(x) — 0.

Relative error is widely adopted in industrial optimization
solvers (e.g., Gurobi [26] and CPLEX [27]). It is also an
important performance metric in various application domains,
including power systems [28] and autonomous racing [29].
However, learning methods that explicitly optimize or provide
guarantees in terms of relative error remain largely underex-
plored.



C. Non-expert demonstrations
To solve Problem (2), it is customary to transform or
approximate it by a finite horizon problem. We distinguish
between two settings:
« Expert setting [30, Assumption 2.5]: the terminal cost
is given by the exact value function J(xy):

N-1
J(xg9) = min f(x ,ug) + Nrx
(x0) win ;V (xt,ur) + 7 J(xN)

st x¢q1 = f(xe,w), t=0,...,N—1,
uwuelU ¢t=0,...,N—1,
x0 € X is given.
“)
o Non-expert setting: the terminal cost J(x) is approx-
imated by a surrogate function F'(xy):

N-1

> Ak w) + AN F(x)
=0

Sit. xeq1 = f(xe,ug), t=0,...,N—1,
weU, t=0,...,N —1,

x0 € X is given.

min
{uo:n-1}

JIn(x0) =

&)

The expert setting requires solving the infinite-horizon
problem to evaluate J(xp ), which is generally impractical
for data collection and control computation for a data-driven
policy. Therefore, we focus on the non-expert setting. The
challenge in this case is to find a suitable surrogate F(-).

Much attention has been given in the literature to the design
of a terminal cost function F'(+), particularly when stability
is desired. For constrained LQR, it is customary to use a
quadratic terminal cost F(xy) = x Pxy where P is the
solution to the algebraic Ricatti equation [31]; this approach
has been used for nonlinear systems too [32]. The key idea, in
general, is to design an F(+) that satisfies a one-step Bellman
inequality [33].

In @, we design a non-negative terminal cost F'(xy) >
0 that is always a lower approximate of J(xpx) such that
F(xy) < J(xn), Vxn € X. For any initial state xg € X, let
ul'(xo) denote the first control input obtained by solving (),
x¥(xg) the corresponding predicted next state, and x%;(xo)
the associated terminal state. Using this notation, we further
make the following implicit assumptions on the terminal cost
F(-).

Assumption 5 (Stage-cost bounds). Consider the approximate
problem ). For all xo € X, there exists a constant v > 0
such that

1(xo, ug(xo)) > vJn(xg). 6)

Moreover, there exists a constant C > 0 such that the terminal
state x&;(xo) under @) satisfies

J(xK (x0)) < C J(x0). (7)

Assumption [5] ensures that the stage cost at the initial state
I(x0,uf’(x¢)) is sufficiently large relative to the non-expert

value function Jy(xo), while the true tail cost J(x% (x¢))
in () is bounded in terms of the initial expert value function
J(xg). In the rocket landing experiment in Section
(nonlinear MPC with quadratic cost), we empirically show
that the terminal cost can be chosen as F' = 0 for quadratic
cost MPCs. An additional discussion v is shown in Appendix
Im

The following lemma provides a simple but important
observation. Since the function F(-) is designed as a lower
approximation of the unknown tail cost J(-), replacing J(xx )
with F'(x) in the truncated MPC problem results in a smaller
(optimization) cost.

Lemma 1 (Value lower approximation). Jy(x) < J(x),
vx e X

Lemma || shows that the non-expert optimization cost Jx
always underestimates the optimal control cost J in (@). The
cost Jn, however, should not be confused with the value
Jrupe associated with applying the MPC policy mvipc via
([@®). Nevertheless, the closer Jy is to J, e.g., as N grows, the
better is the quality of the resulting control uf’. This property
will be used in the next section.

The next result characterizes how large the MPC horizon
N should be for the truncated problem to provide a good

relative approximation.

Proposition 1 (Multiplicative suboptimality-based sufficient
MPC horizon). Under Assumptions 2|5} consider the non-
expert problem (B), then

1-~N1+40)J(x) < Jn(x), Vx € X. ®)

Moreover, if N > 1ci(17+c)

e(5)
ity holds:

§1(x0, uf (x0)) < Jn(x0)—7JIn(f (%0, ug (%0))), Vx0 € X,
©)

, the following 6-Bellman inequal-

where, N
§<1— Oy :
v(l —~4N(1+0))

The proof of Proposition [I] is shown in the Appendix [ITI]

(10)

III. DATA-DRIVEN POLICY

In this section we present our data-driven nonparametric
policy, and provide explicit theoretical guarantees on the
requirement of data points to achieve u-relative optimality

G-

A. Non-expert nonparametric policy

Following the approach in [24, Section 4], we construct
a nonparametric policy mp by sampling initial states from
the state space X and repeatedly solving () to generate
trajectories. In contrast to [24], which assumes access to
expert trajectories (@), our approach relies solely on non-
expert trajectories generated by finite-horizon MPC (3)), and
thus does not require expert information.

Let &k denote the trajectory index. For each sampled initial
state, we generate a non-expert trajectory 7y := {X; k, Q¢ i |



by repeatedly solving (3. The resulting tuples are stored in
the dataset

D& | {(Rek: s Tek) o, (11)
k

where 0 = ul' (%, ) and jwf = Jn(X¢ k), with uf'(+)
denoting the first optimal control input of ().

Definition 1 (Non-expert nonparametric policy [24]). Given
a dataset D as in (1) and a parameter \ > 0, define,

70t X > U, mp(x) = (),
. If multi-

where ((x) = arg min; <;<|p| {Ji + Aljx — 5(1-||X}
ple minimizers exist, one of them is selected arbitrarily.

A suitable choice of A will be provided later in Theorem
[2l The proposed nonparametric policy 7p can be interpreted
as a value-aware nearest neighbor based on the regularized
score J; + \||x — X;||x, where the first control associated with
the selected sample is applied to the system. The sampling
mechanism used to collect this data will be described later
on in Algorithm [I]

B. Policy evaluation bound

We now derive an upper bound for .J.,(x) based on
sampled non-expert values J; contained in the dataset D.
First, we introduce the following assumption on the Lipschitz
continuity of Jy(x) and the stage cost I(x,u) over state
space X.

Assumption 6 (Lipschitz Continuity). For system (1), Ju is
Lipschitz continuous, i.e.,

| I (x) —

Similarly, the stage cost l(x,u) is Lipschitz continuous in X,
uniformly over u € U, i.e.,

JN()A()| < LJ”X—)A(”X, Vx,x € X.

sup [l(x,u) — I(%,u)| = Li||x — X||x, Vx,x € X
uel

and we assume there exists k > 0 such that L; < kL.

From Assumption @ for any x,x’ € X, we know,
JN(X) < JN(X/) + LJ”X — X/”X .

We then establish a global upper bound for J;,, (), based on
the data in D.

Definition 2. For given A > 0 and § € (0,1), define:

JN X SR I (x) 20 {jiJr)\Hx—fc,;Hx},

min
1<i<|D

where 0 is the coefficient of Bellman inequality described in
Proposition [1|

Assumption 7 (Dataset ~consistency). For any (x;, ﬁi,ji) €
D, there exists (X;,0;,J;) € D such that X; = f(X;, ;).

A preparatory lemma on functional monotonicity is pre-
sented below to facilitate the proof of Theorem

Lemma 2 (Policy value bound [25]). If J:X — R satisfies
(T™J)(x) < J(x) for all x € X, then Jr(x) < J(x) for all
x e X

Our main result shows that, with appropriate choices of A
and the MPC horizon N, J,,(x) < JJ} (x).

Theorem 1 (Policy evaluation inequality). Under Assump-
tions suppose that yLy < 1. Given 1 > 6 > 0, if N is
greater or equal to the following:

lo 1 L1 | 2v(1-9)
e\ T1Eroy T2 4(1+c>2 ‘ c(14+0) log(2(1+C))

Tog(7) Tlog(2) (7

where both C' and v are constants from Assumption[3] then ()
holds. Furthermore, for any \ satisfying \ >

we have J.,,(x) < J) (x), Vx € X.

Proof. Step 1. Sufficient MPC horizon to ensure J-Bellman
inequality of Jy (x): To ensure that the 6-Bellman inequality
of Jy(x) in (9) holds, we seek the minimum horizon length
N such that (I3) is satisfied, where (I3) is obtained by

rearranging (10).

max

(12)

K
sty Lo

N
Cvy <1
v(l—4N(1+C))
We next derive a sufficient condition on the horizon length
N to satisfy (I3). Since the denominator 1 — V(1 + C) is
positive when vV (1 + C) < 1, we restrict to the regime

where this condition holds. To further simplify the bound,
we upper bound the LHS in (T3) via,

— 0. (13)

CyN _ YN (14 C)
- N1+0) (*1— (1+0)>
C( +2(1+ C)y*N),

provided that vV (14 C) < 1 3- Thus, a sufficient condition

for (T3) is to solve the following quadratic inequality:

v(1—9)

721+ O < =g (14)

1 1 1 20(1 — 6)

N< o = :
VS Tiayo) T 2\/4(1 o Tearoy Y
Because @ > 0, then the corresponding quadratic

equation (T4) always has 2 roots. Taking logarithms on
both sides (recalling that v € (0,1)) and combining with
W1+0)< % yields the horizon bound (12). It is worth
noting that for certain small values of ¢, the right-hand side of
(T3) may exceed 1. In this case, the constraint YN (14+0) < %
becomes effective.

Step 2. Bellman inequality of J(l\b: In the 2nd part of
the proof, we try to show the J2 (x) satisfies the Bellman
inequality described in Lemma [2| thus J., < J7\. From
the Definition [2| we assign the upper bound as J) (xo) =

Hi%lﬂ 61 (T4 N||xo —%;|x ). With a slight abuse of notation,
ic

we assume i € [|D|] minimizes the right hand side of J7} (xo)
and denote X; = f(X;,0;). Then, Vxo € X,

T Jy (%0) — Jy (%0) = 1(x0, ;) + 7T (X0) — Jop (%0)
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Fig. 1.

Non-expert data-driven MPC flowchart. An infinite horizon MPC problem is approximated via a finite horizon problem with a terminal cost function

F(-). Trajectory solutions from this approximate problem are used to define our data-driven policy, which enjoys—with sufficient coverage—guarantees on

performance.

(viid)

< (R, ) A+ (R, ) — (%0, W) | 4 70 (x0) — o (%0)

(i) ) i
< 0N (In(R) — v IN (X)) + 7 (x0) — T (%0)
+ |l()~cl7ﬁz) - Z(Xoaﬁi)|

@ - - A (ot A
< 0 (In(xi) —vIn(X5)) + v (x0) — Jin(X0)
+ kL% — %olx

(z1) _ ~ ~

< 07 A% — %jllx — Allxo — %illx] + £ Ly I%: — xollx
(wid) _

< (07 (9ALy = A) + KLg)lIx0 — Xillx <0,

where x{, = f(x0, ;) is the next state obtained by applying
0; on Xo, U; is the first optimal control by solving (3) with
initial condition X;, and 4 € arg mingeqp)) O NI+ AJxo —
Xk||x). The goal of step (viii) is to replace the first term
l(x0,1;) by I(X;,1;). Then, the §-Bellman inequality (@)
is applied to obtain (iz). Besides, step (z) is using the
Lipschitz condition (Assumptions [I] and [6) to bound the
comparison term on [. Finally, (z7) is obtained from the

following expansion: B
o= Xy

Ini) =Ti,  In(X) =5, X ;-7
T (x0) < 871 (J5 + Allxh — ;%) Tf i b
Tn(x0) = 071 (T Mlxo = illr), X0 -Bi- =77
where J; = Jn(%;) since (TT). Because of Assumption
x; = f(Xi,1;) is definitely in the data set D. Substitute it

into () to get (xi). Then, by further applying Assumption []
(see Figure above, take r = ||x¢ — X;||x), we have,

!
Xy

57T+ MIxh — %;llx) < 671, + ALyllx0 — %il[x)-

By substituting it into (xi), we obtain (xii).
Now, in order to apply Lemma [2] we need,

K
7[/
11 —~Ly) "

which also encodes the additional requirement yLy < 1 to
keep the denominator positive. Therefore, since J,, is the
fixed point of 77™?, we have 7™?.J., = J.,. Moreover,
TP Jj‘b < J‘i‘b. By monotonicity of the Bellman operator

(5_1(’}/)\Lf—)\)+/£LJSO—>)\Z

(Lemma , it follows that J,, < Jj‘b. This completes the
proof. O

Theorem [I] is related to Theorem 1 in [30] and Theorem
1 in [24]. The key difference is that we consider the non-
expert setting (5), which avoids explicit use of the Bellman
equation. To compensate, we require a sufficiently large MPC
horizon N so that the -Bellman inequality (9) holds, enabling
policy evaluation via data-driven upper bounds. The condition
«vLy < 11is a standard contraction requirement in the analysis
of error propagation for discounted dynamic programming
and Lipschitz systems; see, e.g., [34]-[36].

C. Adaptive Sampling with Performance Guarantees

This section presents an active sampling mechanism for

nonparametric data-driven policies (Definition [I)) along with
the theoretical guarantees. We start by providing conditions
coverage conditions on the data the ensure at relative
optimality gap of at most p. This will guide the design
of our sampling algorithm.
Theorem 2 (Performance guarantees). Let p > 0, § > ﬁ
and n > 0. Suppose that the policy Tp satisfies the conditions
of Theorem[I} and that the dataset D satisfies the following
coverage condition: for every x € X, there exists x; € D
such that

(1 =613 + p(Ji +n)
O IAN+(1+p)Ly
Then the relative performance guarantee (3)) holds. Moreover,

the sample complexity is
%))

M
O Ncover b
< (51A+ (1+ 1Ly

where Neoyer (1, X) denotes the covering number of X with
radius .

[[x — %illx < (16)

The proof is given in Appendix [IV] Theorem 2] shows that
the required coverage radius determines the achievable relative
error: a covering of X at this resolution ensures (3), and
the corresponding sample complexity follows from standard
covering arguments. The sample complexity is defined as the



number of cells verified in Algorithm 1, which is equal to
the number of memorized trajectories. Moreover, increasing
0 (e.g., by increasing the MPC horizon used to generate
the data) enlarges the admissible covering radius in (I6), as
illustrated in Table 1.

Algorithm 1 Relative Error MPC Adaptive Sampling
(REMAS)

Initialize: D = 0; Unverified = X; Verified = 0.
repeat
for X, € Unverified do
Get trajectory ¢ = {(X¢,k, Ut,k, I¢,1) }=0-
Trajectory from solving (3)) from Xo,» center of X,.
if (X0, Jo,1) perform over X, ((T6), Thm then
Verified.add(X},); Unverified.remove(Xy,).
else
Split X, into 3™ cells; add children to Unverified
end if
end for
until Unverified = ()

To obtain a dataset D that satisfies Theorem [2] Algorithm
adaptively partitions X to collect data for the nonparametric
policy in Definition [I] Each cell is represented by its center x;,
where a non-expert trajectory is generated by (T1) and verified
using Theorem [2] Cells that fail verification are recursively
refined, while verified cells are retained. The resulting dataset
ensures the policy satisfies (3).

IV. ROCKET LANDING EXPERIMENTS

We consider a 2D planar rocket landing task modeled as a
6D system. The state is given by x = [p., p., Vs, vz, 0, w] T,
where p,,p, denote the horizontal and vertical positions,
vz, U, the corresponding velocities, 6 the vehicle attitude, and
w the angular velocity. The control inputs are u = [y, 7],
where 7 is the thrust magnitude and 75 is the attitude torque.
The control inputs are constrained as 0 < 71 < 20, |72| < 0.2.
The continuous—time dynamics are,

Pz =0.3v,, p,=0.3v,, @lesinﬁ, 1')222(3059 — Q7
3m 3m 3

O=w, w=m/1,

where m = 1 denotes the mass, / = 0.1 the moment of
inertia, and g = 9.8 the gravitational acceleration. The control
objective is to land the rocket at the origin with zero velocity
and upright attitude. The stage cost is,

I(x,u) =x"Sx+u'Ru, xe€X; =400 otherwise,

where S, R > 0, the discount factor is set to v = 0.8, and
the terminal cost is chosen as F' = 0. This configuration
empirically yields C' = 2.056 and v = 0.232 (Assumption
[3). State constraints are imposed to represent feasible flight
conditions. In particular, the state space X is defined as

Ipe| <1,
lv.| <1,

0<p. <2
6] < 0.35,

lvg| <1,
lw| <1

We consider four different values of NV to study the relative
error performance trend. Table I reports the values of the
d-Bellman inequality (computed from (I0), Proposition
and the number of sampled trajectories (sample complexity)
required by Algorithm [I] for different choices of the horizon
N, with n = 3 and p = 1.2. As indicated by Theorem [2]
increasing the MPC horizon N drives J closer to 1, which
in turn reduces the number of trajectories required by
Algorithm [T] to satisfy (16).

TABLE 1
& AND TRAJECTORY NUMBER ON THE MPC HORIZON N.

N 15 18 20 27
0 0.6504  0.8309 0.894 0.9784
531441 413505 354537 354537

Number of trajectories

We apply Algorithm [T] across different horizon lengths N
on 50 rocket landing tasks that uniformly sampled from X.

Relative Error Distribution

Relative Error

Fig. 2. Distribution of the relative error ( boxplots) in @I) for different
choices of N in 50 rocket landing tasks. Each distribution is much lower
than the theoretical guarantee (blue dash line) with p© = 1.2.

The relative error performance is shown in Fig. 2. The
empirical relative error is lower than the theoretical guarantee
claimed in (@) to a great extent. Although the mean and
variance remains similar, the number of trajectories is
significantly reduced as the MPC horizon N increases.

V. CONCLUSION

In this paper, we proposed a data-driven nonparametric pol-
icy constructed from finite-horizon MPC trajectories without
requiring expert demonstrations. We established pu-relative
performance guarantees with respect to the original infinite-
horizon optimal value function and characterized sufficient
conditions on the MPC horizon and data coverage to achieve
this. Future work includes extensions to stochastic systems
and improving scalability in high-dimensional settings.
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APPENDIX I
ON THE BELLMAN OPERATOR T

The monotonicity and the fixed point uniqueness of 7™
are defined as follows.
1. For any policy m, 7™ is monotone, i.e.

J(x) < Jo(x), Vx e X, VJy, Jo € T
= (T"J1)(x) < (T™J2) (x), Vx € X, VJ1, J» € J.
2. For any policy m, J is the unique fixed point of T:
(TToT o 0T™) J=Jp, V€ J.

lim
t—o00

t times
where the uniqueness and existence of J; is guaranteed by
v €(0,1).
APPENDIX II
INTERPRETATION OF ASSUMPTION [3]

For the stage cost dominance condition (6)), we argue that
it is not restrictive. Based on [37, Assumption 11, Remark
12], if 0 € X is the unique equilibrium point, standard MPC
assumptions imply the existence of a1, as € K& such that

I(x,u) > a1 (||x]lx), vxeX uel,
In(x) < J(x) < ao([x][x), VxeX.
If, in addition, a;; and a9 are of comparable growth, i.e.,

there exists v > 0 such that a1 (r) > v as(r), ¥r > 0, then
it follows that

I(x,u) > a1 (||x]lx) = vax(|x]lx) > vIn(x),Vx € X;u e U

which implies (6).
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APPENDIX III
PROOF OF PROPOSITION[I]

We prove Proposition [I] by two parts.
Part 1. Multiplicative bound between J(x) and Jy(x):
Without loss of generality, let x = xg, for a given in-
put sequence u, define the truncated cost Vy(xg,u) =
Zt o ' yl(x¢,uy), and the augmented cost V(xp,u) =
Vi (x0,u) + vVJ(xy), which corresponds to the finite-
horizon cost with the true tail. Let u* be the optimal control
sequence associated with J(xo) in @). To simplify notation,

we denote x/'(x0) and ul(xq) by x/" and ul’, respectively,
fort =0,..., N — 1. Then,
J(Xo) - JN(X0> (]7)
=J(x0) — Vn(xo,u*) + Vn(x0,u*) — Jn(x0) -

) (1n)

Using the definition of J(x() and Assumption [3} we bound
@D as,

J(x0) — Vv (x0,u*) = vV J(xn) < ¥V J(x0).

On the other hand, to bound (II), we let u®” denote the optimal
control sequence of Jy (X¢). By optimality of u* in @), we
have,

V (x0,uf) > V(x0,u*) = J(x0).
Then,
(1)
Vi (%0, u?) + N J(xK) > Vi (%0, u*) + N J(xn),

(7) is obtained from expanding both sides from the definition
of V. Next,

(i1)
uF) + C’}/NJ<X0) > Vi (xo,

(7)
> Vi (%o,

Vi (%0, u”) + N JI(x})
u®) + N J(xn),

where applying in Assumption [5| leads to (i7). At last,
we have,

CyN J(x0) > Vi (x0,u*) — Vv (xg, ul) + 4N J(xn)
D)
> Vy(x0,u*) — Vv (x0,u”)
> VN (x0,u*) — Jn(%o0),

where (7i7) is from rearranging ]S“ and applying J(xpy) > 0.
Hence, (II) is bounded by Cv*J . Last, combining the
upper bound of (I), (II) and rearrangmg terms, we obtain (g).
Part 2. j-Bellman inequality of Jy(x): We consider the
Bellman type of inequality on Jy(Xg), Xo € X under first
optimal control input uOF , then,

vIn(x1) — Jn(x0)

(w)
[Z Y l Xt , Uy )+’Y l(X§7u;\7) + N+1F(XN+1):|

t=1

t=1

N-—-1
. [um, W)+ 37 A1 a2V P

=—l(x0,up) + 7" U(xn, uk) + 7V T F(xk ) — YV F(xR)

(v)
< = I(xo,ug) + 41N, uly) + N T () =V E(xR)

(wi)
< —l(x0,up) + 7V T (xN)

(vig)
< —I(x0,ud) + CyN I (x0),
where (iv) follows by applying the shifted control sequence

{ul'}X! obtained from (@) at x, to the state x}, and
appendmg the infinite-horizon optimal input uj, to get

Xj\/+1' (v) comes from the fact that F(x},H) < J(xj\,ﬂ).
(vi) is obtained from throw F(x%) > 0 away and have
I(xk,uy) + 'yJ(xNH) = J(x%) by Bellman equation.
Finally, by applying J(x%) < CJ(xq), we obtain (vii).
Considering the v-relative lower boundness (Assumption 8]
and changing J(xg) by its upper bound % we have,
cyN
(1 + m) In(x0) = U(x0,ug ) > vJn(x1)
O’YN F
(1 + m) I (x0) = vIn(x1) > I(x0,up)

O Y ixesul) < T (x0) — v (xF

cyN
v(1-yN(1+C))’

proof. It is remarkable that we need N > %

Thus by assigning 6 < 1 — we finished the
to ensure
1 —~N(1+4C) > 0 to let the 6-bound effective.
APPENDIX IV
PROOF OF THEOREM [2]
From J(x) > Jy(x), Vx € X (Lemma [I), we may bound
the objective as

T () = () Jen(x) = In ()
B T SRl (R N N

Hence, a sufficient condition on radius rx = ||x — X;||, 3¢ €
[|D|] is described as follows.

Jrp(X) = IN(X) = Jop (%) = T+ T; — In(X)

(111) 3%

(wiid) .
< (67t=1)d
(ziv)

(zv)
< pu(d;i—Lyrx+n) < p(JIn(x)+n),

The term (III) follows from Theorem [I| The term (IV)
is upper bounded by the Lipschitz continuity of Jy(x)
(Assumption [6), which yields (ziii). Inequality (ziv) is the
condition we want to enforce, and (zv) again follows from
the Lipschitz continuity in Assumption@ To guarantee (xiv),
given 1 — 61 + 1 > 0, the covering radius 7, should satisfy,

(671 = 1)y + 0 A + Lyrx < p(Js — Lyrs +1)
§ A+ (L4 )Ly < (1= 67 4 p) i +
(1—6"HT; + p(T: +n)
S IAN+(1+p)Ly

Therefore, by assigning J; = 0 from infyxex Jy(x) >0
(Assumption [2), the sample complexity of Algorithm [I]is

Hn
O Ncover 7X .
( (5_1/\+(1+M)LJ >)

i+ (5_1)\7“,( + Ljrg

X =
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