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Abstract— Inductive bias refers to restrictions on the hy-
pothesis class that enable a learning method to generalize
effectively from limited data. A canonical example in control is
linearity, which underpins low sample-complexity guarantees
for stabilization and optimal control. For general nonlinear
dynamics, by contrast, guarantees often rely on smoothness
assumptions (e.g., Lipschitz continuity) which, when combined
with covering arguments, can lead to data requirements that
grow exponentially with the ambient dimension. In this pa-
per we argue that data-efficient nonlinear control demands
exploiting inductive bias embedded in nature itself—namely,
structure imposed by physical laws. Focusing on Hamilto-
nian systems, we leverage symplectic geometry and intrinsic
recurrence on energy level sets to solve target reachability
problems. Our approach combines the recurrence property
with a recently proposed class of policies, called chain policies,
which composes locally certified trajectory segments extracted
from demonstrations to achieve target reachability. We provide
sufficient conditions for reachability under this construction and
show that the resulting data requirements depend on explicit
geometric and recurrence properties of the Hamiltonian rather
than the state dimension.

I. INTRODUCTION

A central challenge in data-driven control is how to
achieve reliable generalization from limited data. In learn-
ing theory, this capability is governed by inductive biases,
namely, structural restrictions on the hypothesis class—the
set of models or control laws considered—that enable gener-
alization [1]-[3]]. By limiting the class complexity, inductive
bias determines how solutions inferred from finite data ex-
tend beyond observed data, and how data requirements scale
with problem complexity. In control, such inductive bias
typically appears through assumptions on the system model,
such as linearity, polynomial structure, or smoothness (e.g.,
Lipschitz continuity), which define the class of admissible
dynamics or policies over which guarantees are derived.

For linear systems, this structure leads to tractable and
often sample-efficient data-driven control methods. A broad
class of problems—including system identification, stabiliza-
tion, and optimal control—can be addressed directly from
data using a range of techniques, such as convex optimiza-
tion, LMI-based formulations, and trajectory-based predic-
tive control [4]—[12]. In several cases, these approaches admit
rigorous finite-sample guarantees that explicitly characterize
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how data requirements scale with system dimension and
control objectives [4]-[7], [9]. As a result, the linear setting
provides a relatively rich understanding of the interplay
between data, computation, and control objectives.

In contrast, for nonlinear systems, there is no a pri-
ori canonical inductive bias, and different modeling as-
sumptions—such as polynomial, rational, or Lipschitz mod-
els—lead to significantly different methodologies and out-
comes [13]-[16]. While these approaches enable controller
synthesis with explicit guarantees, sample complexity bounds
remain comparatively scarce. A few exceptions include sam-
ple complexity results for stability [17]], stabilizability [18]],
and reachability analysis [[19]. Notably, in all these cases, the
resulting data requirements scale exponentially with the state
dimension, reflecting the intrinsic difficulty of data-driven
control in nonlinear systems.

The above-mentioned results suggest a fundamental lim-
itation in data-driven control for nonlinear systems. In this
paper, we argue that this apparent limitation stems from the
choice of function class—such as polynomial or Lipschitz
models—which fail to capture the rich structure embedded
in physical systems. To overcome this, we advocate for
an inductive bias grounded in physical laws. In particular,
we focus on Hamiltonian systems, where the dynamics are
governed by an energy function and evolve on invariant
energy level sets. Leveraging their symplectic structure and
intrinsic recurrence properties, we study the problem of target
reachability and show how these features can be used to
design data-driven control policies that fundamentally alter
the dependence of sample complexity on system dimension.

Our approach builds on a novel class control policies,
called chain policies [[18]], which construct control strategies
by composing locally validated control segments derived
from data. By recurrently composing the execution control
segments, chain policies guarantee certain recurrent condi-
tions that is sufficient for stability and safety in nonlinear
systems [20]-[23]. In the Hamiltonian setting, however,
recurrence is not imposed as a design principle but arises
intrinsically from the dynamics on invariant energy layers,
creating natural opportunities to reuse locally valid behav-
iors. This leads to a reachability framework where global
performance can be achieved from a finite collection of
trajectory segments. We establish sufficient conditions under
which target reachability is guaranteed and show that the
associated data requirements depend on intrinsic geometric
and recurrence properties of the Hamiltonian—such as en-
ergy variation and ergodic structure—rather than the ambient
state dimension.



The remainder of the paper is organized as follows.
Section [II] introduces the Hamiltonian system model and for-
mulates the target reachability problem. Section [I1I| presents
the main theoretical results, including reachability guaran-
tees and sample complexity bounds under chain policies.
Section [IV] provides numerical validation on representative
systems, and Section [V]concludes with a discussion of future
directions.

Notation: We denote by |- || the Euclidean norm. For € R"
and 7 > 0, let B,(z) == {w € R" | |jx —w| < r} be
the closed ball of radius r centered at x. For a compact
set S C R, let Dg := sup, ,cqllz — y|| denote its
diameter, S its closure, dS its boundary, and int(S) its
interior. For Vo € R™, the distance from z to set S is
d(z,S) = infyes ||z — y||. [-] and |-] denote the ceiling
and floor operators, respectively.

II. PRELIMINARIES AND PROBLEM FORMULATIONS
A. Hamiltonian System

In this paper, we firstly review mathematical formulation
of Hamiltonian System.

Definition 1 (Hamiltonian System). A Hamiltonian system
without energy dissipation is a dynamical system of the form

z = f(z,u) = J(x)VH(z) + G(2)u, ()

where x € X C R" is the state defined on a compact set X,
H : R™ — R is the Hamiltonian function, J(x) € R™"*" is
skew-symmetric, and w € U C R™ is the input of the system
defined on a compact U.

Physically, H(z) describes the energy of system (i), i.e.,
sum of kinetic and potential energy in mechanical system,
while the skew-symmetric matrix J(x) encodes the intrinsic
power-conserving structure. In particular, J(x) determines
how energy flows between state variables without creating
or dissipating energy. We make the following assumptions
about system ().

Assumption 1 (Bounded Hamiltonian Gradient). The Hamil-
tonian function H is continuously differentiable on X and
there exists an upper bound Ly > 0 such that Vx €
X[ VH (@) < L.

Assumption 2 (Lipschitz Continuity of the Dynamics). The
dynamics f(x,u) in (1) are Lipschitz continuous w.rt. x in
both the state and the input. Namely, for any u € U, there
exist constants L > 0 such that

||f(x1,u) - f($27U)|| < L”Il - xQ”avxlaxZ S

Remark 1 (Bounded Vector Field). Since X and U are
compact, and f is continuous by Assumption [2| there exists
a constant C'y > 0 such that

| f(z,u)|| < C¢, Ve e X, Vu e U. )

Since the Hamiltonian H (-) is conserved along the zero-
input dynamics, it is natural to partition the state space into
invariant energy layers.

Definition 2 (Energy Layer). For each energy value E €
H(X), the corresponding energy layer is defined as

Yp:={reX:H(z)=FE}

Y. g is called an invariant energy layer because, under the
zero-input, every trajectory starting in ¥ g remains in X g for
all future times.

B. Target Reachability Problem

We now formalize the control objective considered in this
paper. Given the Hamiltonian structure introduced above, our
goal is to design control inputs that steer the system from a
set of admissible initial conditions to a desired target set.

Let 2% denote the set of admissible control signals on
(0,t], where each u : (0,t] — U is piecewise continuous
(and measurable); we also use U := U (0,00), Further, given
any initial condition € X and control input u € (!, we
use ¢(t,z,u) to denote the state of system (I)) at time ¢.

Let Sy C X be a compact set of admissible initial states,
and let Sigy € X be the prescribed target set.

Problem 1 (Target Reachability). Given system (1)), an initial
state o € So, and a target set Sy, determine a control
signal v € UOY and a time t > 0 such that

¢(t7 Zo, ’LL) € Stgt-
C. Recurrence on Energy Layers

We next recall the recurrence structure of the zero-input
dynamics associated with (I)). Since the system is lossless,
the Hamiltonian is conserved along zero-input trajectories.
Hence, for each energy value E € H(X), the energy layer
Yp = {x € X : H(z) = E} is invariant under the
zero-input flow ¢(¢,z,0). Our interest is in how trajecto-
ries repeatedly revisit dynamically relevant regions on each
compact invariant energy layer. We first introduce invariant
measures, which describe measures preserved by the zero-
input flow.

Definition 3 (Invariant Measure). A probability measure L
on M is said to be invariant under the flow ¢ if for any
measurable set A C M and any t > 0, u(¢p(t, A)) = u(A).

To further characterize whether trajectories explore the
whole invariant set or remain confined to smaller invariant
subsets, we next introduce ergodicity.

Definition 4 (Ergodic Measure). Let p be an invariant
probability measure on a set M. The measure p is said to be
ergodic if for any measurable set A C M that is invariant
under the flow, ie., ¢(t,A,0) C A for all t > 0, it holds
that p(A) € {0,1}.

Intuitively, ergodicity means that trajectories are not con-
fined to smaller invariant subsets, but instead propagate
throughout M. In particular, for almost every initial con-
dition, trajectories are dense in the support of p. The next
theorem [24, Theorem 5.1.3] illustrates how every finite
invariant measure admits an ergodic decomposition.



Theorem 1 (Ergodic Decomposition on an Energy Layer).
Let up be an invariant measure on Y. Then there exists
a measurable family of ergodic measures {1F} e, and
a probability measure vy on the index set Ag such that

p = [, 1E dvs(o).

For each « € Ag, define the corresponding support of the
ergodic component by

KEP = supp(ul) C Sp,

where supp(u) := {z € g : u(B.(x)) > 0, Vr > 0} is
the smallest closed subset of X that has full y-measure.
In Theorem each measure uZ represents an ergodic
component of the invariant dynamics on Xg, and K f is
the closed region where the corresponding ergodic dynamics
take place. On each K, typical trajectories are dense [24}
Proposition 4.3.5].

Proposition 1 (Density of Typical Trajectories in an Ergodic
Support). For pE-almost every x € KE, the forward orbit
of x is dense in KZ, namely

{o(t,x,0):t >0} = KZ.

Hence, for uE-almost every initial condition in K2, the zero-
input trajectory visits every neighborhood of every point in
KE infinitely often.

D. Chain Policies

Motivated by the nonparametric chain-policy idea in [18]],
we now specialize the policy construction to the reachability
problem for the system (I). The basic idea is to build a
finite library of demonstrated control snippets and then select
among them according to the current state.

Suppose we are given a finite set of expert demonstrations
D = {(I’j,’u]‘('),’rj)}é\il, where each u; : (0,7;] = U
is a piecewise continuous control signal, and x; is the
corresponding initial states of the expert demonstrations’
trajectories of (I). In addition, let ug : (0,70] — U be a
prescribed default control signal, where 79 > 0.

Definition 5 (Control Alphabet). A control alphabet is a
finite collection of control signals

— . M
where each u; is piecewise continuous and T; > 0.

The control alphabet provides a library of candidate con-
trol snippets. To determine where each snippet should be
applied in the state space, we introduce an assignment set.

Definition 6 (Assignment Set). An assignment set is a finite
collection of verification triples

K= {(xiariaui)}zj‘vzl - R™ x R>Q X A,

where x; € R"™ is the center state point, u; € A is the
control signal assigned to that region, and r; > 0 is its

effective radius. The support of K is

N
Supp(K) := | By, (x:),
i=1
where N := |K| is the size of the assignment set.

While an assignment set specifies regions that the control
is effective, it does not by itself resolve which control to
apply when balls overlap, nor what to do when a state
lies outside Supp(K). Based on assignment set, we intro-
duce a normalized nearest-neighbor selection rule with a
default fall-back option. For each = € X, define px(x) :=
mini<;<n ”1";71” The associated index map t(x : X —
{0,1,...,N} is given by

[l — ]

arg min —— ) <1
ngiSN r ) PIC( )— 5

0, otherwise.

tic(x) =

Thus, if € Supp(K), the rule selects the assignment whose
normalized distance is minimal; otherwise, it selects the
default control ug. In the present analysis, we take ug to be
the zero input, so that when the state lies outside Supp(K),
the system follows the zero-input dynamics until it re-enters
the support of the assignment set. Building on this rule, we
now formalize the induced nonparametric policy.

Definition 7 (Nonparametric Chain Policy). Given an as-
signment set JC and a default control ug, the nonparametric
chain policy (NCP) is the map

e X — A

defined by Tic(x) = Uy, ()

Remark 2 (Execution of the Nonparametric Chain Policy).
Given an initial state xo = x, the policy wi induces
an infinite-horizon control signal by concatenation. For
each n > 0, define recursively u, = wi(xy),Tn =
T(Un), Tny1 = O(Th,Tn,uy), where 7(u,) denotes the
duration of the selected control snippet u,. Let sg := 0
and Sp4+1 = Sp + T,. Then the induced control signal
uk,z : (0,00) = U is defined by

U,z (t) == upn(t — sn), t € [Sn, Snt1)-

III. REACHABILITY IN HAMILTONIAN SYSTEMS

We are now ready to present the main results of this
paper. We establish target reachability by combining two
ingredients: local control actions that reduce an energy-
based distance to the target, and recurrence of the zero-
input Hamiltonian flow, which returns trajectories to regions
where those actions can be reused. Repeating this interplay
allows the trajectory to reach the target energy band and,
ultimately, the target set. This separation between controlled
energy reduction and passive recurrence underlies all results
in this section.



A. Target Reachability via Chain Policies

As mentioned above, our strategy for reachability is
energy-based. We aim to design control actions that drive
the system toward the energy levels associated with the target
set. Since St is compact and connected, its image under the
Hamiltonian is an interval,

H(Stgt) = [Hmim Hmax]a

where Hyin:=minges, M (x) and Hpax:=maxzes,, H ().

Once the trajectory reaches this energy band, the zero-
input dynamics preserve energy, and the ergodic structure
of each energy layer can be used to reach the target set,
provided that the target is not dynamically isolated within
the layer. This motivates the following assumption.

Assumption 3 (Ergodic Component Coverage). For every
E € [Huin, Hyax) and every ergodic component KX C Y,

St N KE # 2.

Remark 3. Assumption 3] is done for ease of exposition.
Violation of this assumption would require a more sophisti-
cated strategy that in philosophy does not depart from the
presented here and is left for the journal version of this paper.

To quantify progress toward the target set, we introduce
an energy-based distance that measures how far a state lies
from the target energy interval. This quantity will serve as a
Barrier-like function that we aim to decrease through control
actions.

Definition 8 (Energy Signed Distance to Sig). Let
H(Stgt) = [Hmin, Hmax), and define

H . _Ho.
max + Hmln, Hi = Hmax Hmln .
2 2
The energy distance to the target set is defined as
AH(z):=|H(z)— H}| - H*.
In particular, AH (z) < 0 if and only if H(x) € H(Sgt).

HY =

We are therefore interested in finding controls that bring
the system toward the set

Htgt = {ZC e X AH(.’L‘) S 0}

However, in order to provide guarantees, we will require our
demonstrations to reach a slightly smaller set. Thus, for any
0 < e< H*, we define

Hiy :={r € X: AH(x) < —¢}.
This leads to the following assumption.

Assumption 4 (Reachability of H,,). For all z € X'\ H,,
there exist T > 0 and v € UOT] such that

O(T,z,u) € Hgy.

To quantify how quickly the system can be driven toward
the target energy band, we introduce the corresponding first

hitting time. For any € X" and control signal u € U, define
Te(w,u) :=1inf{t > 0: ¢(t,z,u) € Hy }.

Thus, using the energy distance AH(x), we can compute
the average decrease rate as

_ AH(z) - AH(¢(Te(x,u), z,u))

€ I = . 3
velm ) Te(z,u) ®
By definition ¢(7¢(z,u), z,u) € OHf,, thus
AH(z)+e
velm ) = Te(x,u)
Thus the best achievable decrease rate at x is given by
AH(z)+e

ve(x) := stelgve(:v,u) =
u

4
Tr(o) “4)
where T(x) is the optimal hitting time maximized (@),
ie., TX(z) = infyey Te(zr,u). This leads to our final
requirement.

Assumption 5 (Uniform Positive Energy Decrease Rate).
There exists € > 0 such that

ve:= inf w(z) > 0.
TEX\HE

tgt

We will use the above assumptions to ensure uniform
energy decrease toward the target energy band and repeated
opportunities to apply control through recurrence of the
zero-input dynamics. Once the trajectory reaches this energy
band, the ergodic structure of the Hamiltonian flow ensures
eventual arrival to the target set.

Theorem 2 (Target Reachability). Consider system (1)) under
Assumptions Let K = {(zs,7ri,ui)}Y, be a finite
assignment set. Assume that IC satisfies the following:
1) Local energy decrease: For each (xv;,r;,u;) € K,

AH (xi(;))+vori+ Lyrie? <AH(z;)— Ly,

where x;(1;) := ¢(Ti, iy U;), Tmin = min; 74, and vy>0.
2) Energy coverage: Let c := sup,.s, AH(x). Then

AH(z) <c¢ = H(x) € H(Supp(K)).

3) Ergodic coverage: For all E € H(Supp(K)) and all
ergodic components KE¥ C Yp,

int(Supp(K)) N KZ # 0.

Then, the chain policy mx ensures that for almost every
To € Sy, there exists t < oo such that

¢(ta Zo, 7TIC) S Stgt~

Proof. We first establish three key points: (i) each control
segment decreases the energy distance on its associated
support ball, (ii)) whenever the trajectory leaves the support,
the zero-input dynamics return it to the support in finite time
for almost every initial condition, and (iii) once the trajectory
enters the target energy band, it reaches the target set in finite
time for almost every initial condition. We then combine
these three arguments to conclude the theorem.



Step 1: Energy decrease on the support. Let y € Supp(K).
Then there exists ¢ such that y € B, (x;), i.e., ||y — x| <
;. By Lipschitz continuity of the dynamics and Gronwall’s
inequality,

||¢(t, Ly, UZ) - ¢(ta Y, uz) || < TieLt'
Since ||VH (x)|| < Ly, the function AH is Lipschitz with
constant Ly, and therefore

AH(¢(7i,y,ui)) < AH(6(73, 23,u3)) + Lyrie™™, (5)

Combining (3)—(6) with Condition [I] yields
AH(¢(Ti7 Y, ul)) +uom < AH(y) (7)

Thus, whenever the state lies in Supp(K), the corresponding
control segment strictly decreases the energy distance to the
target set.

Step 2: Return to the support. Suppose that after applying
a control segment from some y € Supp(K), the state

Y= o(ri,y,w)
lies outside Supp(K). From (7), we have
AH(y') < AH(y).

Since the trajectory starts from Sy and AH decreases along
each controlled execution, it follows that
AH(y') < c:= sup AH(x).
€Sy

By Condition [2 this implies that H(y') € H(Supp(K)).
Notably, for a point ¢’ s.t. H(y') € H(Supp(K)), the chain
policy applies © = 0, so the Hamiltonian is preserved and
the trajectory remains on the energy layer

Sp, Ei=H®).

By Condition [3} int(Supp(K)) intersects every ergodic com-
ponent K C Y. Hence, by Theorem |1/ and Proposition
for almost every initial condition y' € Xpg, the zero-
input trajectory ¢(¢,y’,0) is dense in its ergodic component.
Therefore, for almost every y’ s.t. H(y') € H(Supp(K)),
there exists a finite time 7" > 0 such that

o(T,y',0) € Supp(K).

Step 3: Reachability inside the target energy band.
Suppose now that y € Hygt, i.e., H(y) € [Hmin, Hmax]- By
Assumption [3 the target set St intersects every ergodic
component of the energy layer Xy (,). Since the zero-input
dynamics preserve the Hamiltonian, the trajectory remains
on Y (y). Therefore, by Theorem [I| and Proposition [T} for
almost every initial condition y € Hgy, the zero-input trajec-
tory is dense in its ergodic component and hence intersects
Stgt in finite time. That is, for almost every y € Hygt, there
exists 7" > 0 such that ¢(7”,y,0) € Stgy.

Conclusion. Starting from any xy € Sy, the chain policy
alternates between controlled segments and zero-input evo-

lution. By Step 1, each controlled execution decreases AH
by at least vgTmin > 0, and thus after at most N, = Lofmin-‘
executions the trajectory enters Hig¢. By Steps 2 and 3, each
excursion outside the support returns in finite time, and once
in Hyg the trajectory reaches Sig¢ in finite time for almost
every initial condition.

Since only finitely many such events occur and the flow
maps are continuous, the union of all exceptional null sets
remains null after finitely many concatenation of controls.
Therefore, for almost every xy € Sy, there exists ¢ < oo
such that ¢(t, o, ) € Sigt. O

Remark 4. Theorem [2| shows that reachability does not
require coverage of the full state space. Instead, it is sufficient
to cover (i) the one-dimensional energy interval connect-
ing So to Sigt, and (ii) the ergodic components within
each corresponding energy layer. This reduces the coverage
requirement from the full n-dimensional state space to a
structure parameterized by energy and the ergodic index o
In particular, reachability can be achieved by covering a set
whose effective dimension is that of o plus one, accounting
for energy, without requiring demonstrations throughout the
state space.

B. Existence of the Chain Policy

Theorem [2] provides conditions on the assignment set /C
under which the chain policy guarantees target reachability.
However, it is not a priori clear whether such conditions can
be satisfied using a finite set of control segments. To address
this question, we first derive upper and lower bounds on the
quantities that govern energy decrease and recurrence, which
will allow us to establish existence and sample complexity
guarantees for /C.

Lemma 1 (Velocity and Hitting-Time Bounds). Under As-
sumption[3] the energy decrease rate and the first hitting time
to Hiy, satisfy, for all v € X \ Higs,

and T} (z) > ‘

’UG(ZE)SLHCJI, = LHCf

Proof. From (@), we have
|AH(x) = AH((T, z,u))| < Lullz — ¢(T, z, u)|
T
= LHH/O F((t @, 0),u(t)) dt| < LuCyT.

Combining the above with (3], it follows that

= < L .
ve(z,u) T (o) < LyCy
Hence ve(z) < LyCY, and
AH(z) + € AH(z)+ e
=—7 <L T > — <
Uf(m) T:((E) — HCf’ = € (l‘) - LHCf

Since AH(z) > 0 for all x € X'\ Hygy, we obtain

Te(z,u) >Tr(x) >

€
7@, V‘TGX\Htgt,UEU.

O



To establish the existence of the assignment set K, we
reduce the problem to a covering argument. In particular,
constructing K requires (i) controlling the complexity of
the dynamics within each energy layer, and (ii) relating
spatial coverage of X to coverage of the corresponding
energy values. The following two assumptions address these
requirements.

Assumption 6 (Ergodicity of Energy Layers). For every E €
H(Supp(K)), the energy layer ¥ is ergodic, ie.,

VE € H(Supp(K)), K[ =3g.

Assumption 7 (Strong Convexity of the Hamiltonian). The
Hamiltonian function H is strongly convex on X, i.e., there
exists g > 0 such that for all x,y € X,

H(y) > H(x) + V(@) (y — ) + 5 |y — %

Remark 5. Assumption [6] reduces each energy layer to a
single dynamically connected region, so that the relevant
coverage is effectively one-dimensional and parameterized
by energy. This corresponds to a simple setting, which in-
cludes, for example, Anosov energy surface and Axiom A sys-
tems [25]-[27|]. In the numerical section, we also consider
examples where this assumption is not satisfied. Extending
the analysis to more general ergodic decompositions is left
for future work.

Remark 6. Assumption [6|ensures that each energy layer be-
haves as a single dynamically connected region, eliminating
the need to cover multiple ergodic components. Assumption|7]
provides a regular relationship between distance in state
space and variation in energy, allowing geometric coverings
of X to translate into coverage of the corresponding energy
values. Together, these assumptions enable finite coverings
that lead to the construction of K.

Theorem 3 (Existence of Chain Policy). Consider system (T))
satisfying Assumptions Assumption E] Let vo € (0,ve).
Then there exists a nonparametric chain policy mi, con-
structed from a finite assignment set K = {(z;, 74, u;)} Y1,
where

_ (ve(wi) — o) T ()

" Lp(1+4elTe )
with u; : (0,T*(x;)] — U being the optimal control for
reaching OHg,, from x;, T} (x;) denoting its hitting time,
such that the following holds:

>0,

1) Reachability: For almost every xy € Sy, there exists t <
oo such that ¢(t, o, i) € Sigt-
2) Sample complexity: Let H(Supp(K)) = [Hy, Ha]. Then

eXp( 2L(L}i)x+€) )

2

1612

Vo

(1~ 2 e

N < (Hy — Hy)

Proof. We construct a canonical assignment set and then
verify the three conditions of Theorem

Step 1: Canonical local construction. Let

Xo={xeX:AH(x) <c}\ H

otr >0

For every € X, by Assumptions [4] and [5} choose an
optimal control u, : (0,7 (x)] — U such that

A €
AT (x), 7, 1) € OH{yy, ve(x) = %

where T () is the shortest reaching time from z to OH{,,.
Then we could define the certified radius

T(l‘) - (Ue(m) - UO)T:(-r)
© Ly(1+etTe@) -

Since vy < v, < ve(x), we have r(x) > 0. Moreover,

AH(¢(T:($), xz, uz)) + UOT:(JJ) + LH'/"(;L')QLT:(@')
=AH(x) — Lgr(z),

so each triple (z,7(z),u,) satisfies Condition [I| of Theo-
rem 21

Step 2: Uniform lower bound on the certified radii.
According to Assumption 5} v.(z) > v. > 0,v.(x) =

%, we have T (z) < %. Now recall that
AH(@)te—vo T (2) -
T = LH(He—LT(:*(m)). Then

AH(z)+e—voTr(x) > (AH(x) + €) <1 - vO) >0,

Ve

because of 0 < vy < ve.

Therefore, for each fixed x € X., we obtain the lower
bound of radius r(z)

(AH(z) +¢) (1 - “—0)

Ve

r@) = Ly (1 +exp(w)>

Ve
13

> Ve

L(LgD ’

( ( ng+6))

®)

" 2Lpyexp

where equation (8) holds from the fact that H(x) is Lg-
continuous.

Step 3: Each certified ball covers a nontrivial energy
interval. Fix » € X, and consider the ball B,(z). By
Assumption [7| for any ||v|| = 1, we have

H(z+7rv)+ H(x —rv) > 2H(z) + pgr?,

so at least one of = &£ rv is larger than the average value,
that is to say,

max{H (z+rv), Hx —rv)} > H(z) + 'UTHTZ. )

For any y1,y2 and y € B, (y)(x), according to (9) it follows



that

max H - H
e (z)( (1) — H(y2))

> max (H(y)— H(z))

T YEB () (2)
> %r(m)?
If HY ¢ H(B,(y)(x)), we have:
|AH (y1) — AH (y2)|

|H (y1) — H(y2)l

max
Y1,Y2 GBT(z)(I)

= max
Y1,Y2E€B () ()

> MTHT(x)Q.

And if HY € H(B,(y(x)), since Q) holds, there exists
at least one y* € B,(,)(x) such that H(z) + £2Zr(2)? <
H(y*) < maxH(Byy)(v)). Thus [H(x),H(x) +
By (2)?] C H(B,(1)(x)), and therefore we have:

max{|H () — HZ|, |H(x) + Sr(e)? - H1[} = Elr(@)?.

2
Consequently, for any y1,y2 € B, (z)(x), we have

max |AH(y1) — AH(y2)]
Y1,y2€ By (x)
> max |H — H* 10
_yleBr(w)| () + (10
- 0

where inequality holds since we can chose y» €
B,.(z)(x) such that H(yz) = HJ.
Above all, we know that Vz € X, we have

[AH () — AH(y)| > Bl r(e)?

max
Y1,Y2 EB’V‘(I)(I)

>,UH( _fzg)z 52
=163, (2LLuDat),

Ve

Y

exp

Step 4: Finite covering of the relevant energy interval.
Let
[Hy, Ho] := H(X.) U H(Hy,)-

For every E € [Hy,Hs], choose any © € X, with
H(xr) = E. Then £ € H(B,)(z)), so the family
{H (B, (z)()) }zc x, covers [Hy, Hy]. Since [H1, Hy] is com-
pact and lower bound holds, there exists a finite sub-
cover

N
[Hy1, Ho] € | H(B,, ().
i=1

For each selected center x;, define r; := r(x;), u; := uy,,
and let

K= {($i7 Ty Ui)}i\ip
where this finite selection implies
[Hy, Ho] € H(Supp(K)),

which verifies Condition 2] of Theorem
Step 5: Ergodic Coverage. Moreover, under Assumption [6}

each energy layer in the relevant range is itself a unique
ergodic component. Since Supp(K) intersects every energy
level in [Hy, Hs), Condition [3] of Theorem [2] also holds.

Therefore all three conditions of Theorem [2] are satisfied,
and the resulting chain policy 7 guarantees that for almost
every xg € S, there exists ¢ < co such that

¢(ta Zo, 7TIC) S Stgt~

Step 6: Sample complexity bound. By (L)), every selected
interval B, (z;) has length at least 7. Hence a greedy
interval-covering argument on [H;, Hs] gives

Hy — Hy
S n(i-my? "
IGL% cxp(QL(LI'{)f)XJrE))
1612, exp(izL(Lfﬁe))
= (Hy — Hy) 5 5
PR
v,

This completes the proof.

C. Finite Time Reachability

The previous subsection establishes a general reachability
theorem and the existence of a chain policy that realizes
it. We now refine this qualitative result into a finite-time
guarantee by deriving a uniform upper bound on the time
required for the chain policy to drive the system to the target
set. The key additional assumption is the uniform bounds on
the uncontrolled hitting times:

Assumption 8 (Upper Bound of Hitting Time). Assume that
there are upper bounds of the return time:

1) Return time to the support set Supp(K): Vx satisfies
H(x) € [Hi, Ha), there exists a finite time Ty > 0,s.t.
mine o, 7, d(¢(t, z,0), Supp(K)) = 0

2) Reaching time to the target set Siy: Vx satisfies
H(x) € [Hmin, Hmax), there exists a finite To > 0,s.t.
minte(()’Tz] d(qb(t, Z, O), Stgt) =0

Under this assumption, the maximal time needed to reach
the target set can be bounded explicitly.

Theorem 4 (Finite-Time Reachability). Let K be an assign-
ment set satisfying the conditions of Theorem |2| and define
Tmin ‘= min; 7;. Under Assumption |8| the time required to
reach the target set from any initial state x € Sy is uniformly
bounded by

LDy

T < (1+
Vo

Ty

Tmin

)+T2.

Proof. For any initial state zy € So, Theorem [2] ensures that
each time the trajectory leaves the support set Supp(K), it
returns to the support within time at most 77.

Accordingly, we construct two sequences of states
{x;}i=0,..~ and {y;}i=0.. n as follows. Starting from x;,
there exists a time 0 < ¢;; <77 such that

Yi = ¢(t1,4,2:,0) € Supp(K).



From y;, applying the control u; € U(%7! for time to; =T
yields
Tit1 = P(tai, yi, ui),
with the energy decrease condition
AH(ziq1) +votz: < AH(y;),

forallv=0,...,
t1.4 t i
sequence x; 1—) Yi 2—) XTig1-
Now, let N be the smallest index such that xy € Hy
Then

N. Thus the policy, iteratively induces the

AH(
NTmln S ZtQ 7> xO)
which implies

NﬂAH(%)J.

V0Tmin
Since ¢ ; < 11, the total time to reach Higy, i.e. T s.t.

Voo € So, 3T <T s.t. ¢(T,z0,7k) € Higs,

satisfies
N
T<> ta;+NTy (12)
=1
AH AH
< (o) n { (fﬂo)J e (13)
Vo V0 Tmin
LyD T:
< ZHZX (1 + =1 ) (14)
Vo Tmin

Finally, by Assumption [8] the maximum time T},x to reach
Stet from Sy satisfies

LyDy
Vo

T

Tmin

Tmax§T+T2§ (1+ )+T2

D. From Expert Demonstrations to NCPs

This subsection explains how the assignment set is con-
structed from expert demonstrations and how it induces the
nonparametric chain policy introduced in Section [[I-D]

Consider a data set D = {(x;, u;(-), T;)}}L, consisting of
M expert trajectories, where for each tuple (x;,u;(-),T}) €
D, the trajectory ¢(t,x;,u;), t € (0,T}] satisfies, x; € S
and ¢(T},x;,u;) € ngt,Vj = 1,..., M, where Sggt -
H{, NSt The assignment set is obtained by extracting local
control snippets and their certified radii along this trajectory.
As Algorithm [T] shows, starting from an anchor time s €
[0,T}), define x; := ¢(s,x;,u;). Given a small vy, for each
candidate duration ¢ € (0,7} — s], let u;, be the restriction
of u; to (s,s+1t], so that ¢(t, i, u; ) = @(s+t,x;,u;). Its
certified radius is

AH((b(lf, ZTi, ui,t)) — ’Uot
Ly + LHBLt '
If 7;(t) > 0, then u; ; is valid on B, ;) (x;). We choose t; €

arg MaXye (0,1, —s], ri (t)>0 Ti(t), S€t 7; = t;, u; := u;4,, and
r; := ri(t;), and add (x4, 73, u;) to K. Then let o; := inf{¢ €

T (t) =

Trajectory

Fig. 1: Assignment set construction.

0,7) | ¢(s+0,2;,u;) € OB,,(x;)}, with o; := 7; if the
set is empty. The next anchor is z;+1 := ¢(s + 0y, x5, u;),
which is displayed in Fig [T} Repeating this procedure until
the trajectory reaches Sigt, and then over all demonstrations
in D, yields K = {(@;,r;,u;)}Y ;. After the assignment set
is constructed, the NCP follows Remark |Z| for Vo € X.

Algorithm 1 Assignment-Set Construction

1: Input: D = {(z;,u;(-),Tj) jﬂil
2: Output: C

3K« 0

4. for y=1,...,M do

5 s+ 0

6 while s < T and ¢(s,z;,u;) ¢ Siet do

7: x; < o(s, 5, uy)

8 choose t; € argmax;c(o,7; s, ri(1)>0 Ti(t)
9: if no such t; exists then

10: break

11: end if

12: Ti 4 ti, Uy Wity T < Ti(ti)

13: IC(*ICU{(.TZ,T'Z,’U%)}

14: o; < inf{d : |¢(s + 9, x5, u;) — z;|| = ri}
15: if the set is empty then

16: O; < T;

17: end if

18: S < s+ 0;

19: end while

20: end for

IV. NUMERICAL SIMULATION

We evaluate the proposed NCP on two systems: a spring-
mass system and a pendulum, and compare them with a
vanilla Behavior Cloning (BC) baseline. The state is written
as ¢ = [¢',p"]T, where q and p denote the generalized
coordinates and momenta. The goal is to drive the state to a
small neighborhood of a target state 2*, namely Sigy = {2 :
lx—z*|| < e}, where e = 0.1. The BC policy is a three-layer
multilayer perceptron with hidden sizes (24, 24, 16), trained
with Adam on the mean-squared imitation loss using learning
rate 1.2 x 1073, weight decay 5 x 10™%, and 40 epochs.
Expert demonstrations are generated offline by a nonlinear
model predictive controller (NMPC) implemented in Python
using CasADi and do-mpc.

For each system, we uniformly sample 500 initial states
from the set of states whose total energy is no greater than H



for testing. For each number M of expert demonstrations, we
construct the proposed chain policy and train the BC baseline
using the same M trajectories. We report the success rate
and the average reach time, where unsuccessful trajectories
are assigned the simulation horizon. The horizon is 20s for
the spring-mass system and 150s for the single pendulum.
All experiments are conducted on a 3.2 GHz AMD Ryzen 7
7735HS CPU with 16 GB RAM.

1) Spring-Mass: The spring-mass dynamics are given by

2

_la] _ |« _ b7k,

. 0 1 0

= {_1 0} VH(x)+ [J U.
Here, m = 1 is the mass, and k = 1 is the spring stiffness.
In the simulations, the control input is constrained to v €
[—20,20] and z* = [0,0] .

1.0

B Chain Policy
B Vanilla BC

Success Rate
I o o
= (=] =]

e
o

o
)

1 2 3 4 5
Number of Trajectories

1 2 3 4 5
Number of Trajectories

(a) Success rate (b) Average reach time

Fig. 2: Spring-mass system results.

As shown in Fig. 2a] the proposed chain policy achieves
a success rate of 1.0 for all tested numbers of expert
trajectories, indicating that the task can be solved reliably
with very limited demonstration data. In contrast, vanilla BC
performs poorly when only a small number of trajectories are
available, with success rates of only 0.062 and 0.19 for M =
1 and M = 2, respectively. Fig. [2b] further shows that the
average reach time of the chain policy decreases from 5.54s
at M = 1 to about 2.94s when more demonstrations are
provided. The largest improvement occurs between M = 1
and M = 3, after which the performance becomes nearly
saturated. This suggests that adding a small number of
expert trajectories is sufficient to substantially improve the
efficiency of the learned assignment set in this relatively
simple system.

2) Single Pendulum: The single pendulum dynamics are

2

o= [ = o] O =

i:{% HVH@H{ﬂw

+ mgt(1 — cosq),

Here, m = 1 is the pendulum mass, ¢ = 2 is the pendulum
length, and g = 9.81m/s? is the gravitational acceleration.
In the simulations, the control torque is constrained to u €
[—20,20] and z* = [r,0]".

1.0 160 mm Chain Policy
® 140 @ Vanilla BC
008 E 120
15 <
o
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§ ~ 80
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20.4 %1 60
wn [
g 40
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0.0 0

1 2 3 4 5
Number of Trajectories

1 2 3 4 5
Number of Trajectories

(a) Success rate (b) Average reach time

Fig. 3: Single pendulum results.

In this task, as Fig @ shows, the success rate of the
proposed chain policy increases from 0.348 at M = 1
to 0.678 at M = 2, and reaches 1.0 for all M > 3.
However, vanilla BC remains consistently inferior, with
success rates 0.008, 0.53, 0.418, 0.65, and 0.744 for M =
1,...,5, respectively. Besides, the average reach time shown
in Fig. [3bJalso decreases significantly as the number of expert
trajectories grows, from 114.71s at M = 1 to 13.16s at
M = 5. This trend indicates that enlarging the assignment
set with additional expert trajectories substantially improves
the ability of the chain policy to find effective local control
snippets and steer the system to the target set more efficiently.

V. CONCLUSIONS AND FUTURE WORK

This paper proposed a data-driven control framework for
Hamiltonian systems that leverages physical structure as an
inductive bias. Rather than learning policies over the entire
state space, we exploit energy conservation and recurrence
to construct control laws from a finite collection of locally
verified trajectory segments. By combining controlled en-
ergy reduction with recurrence on invariant energy layers,
we establish target-set reachability and derive finite-time
guarantees under suitable conditions. Numerical examples
demonstrate the effectiveness of the approach.

Future work will focus on extending these ideas to more
general settings, including systems with multiple ergodic
components and partial observability, as well as robust
formulations that account for model uncertainty and energy
dissipation [28]. Another direction is to develop principled
strategies for data selection and augmentation that improve
coverage of the relevant low-dimensional structures while
mitigating compounding errors [29].
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