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Abstract: Reachability analysis is central to safety-critical control, robotics,
and neural network verification, but classical computational methods, such as
Hamilton—Jacobi reachability and set propagation, scale poorly with state dimen-
sion. Sampling-based methods have emerged as a promising alternative, often pro-
viding finite-sample guarantees that bound the probability-mass left uncovered.
However, an explicit account of how the geometry of the initial set, the dynamics,
and the sampling law affect the accuracy of the estimator is not fully available
in the literature. We study this by casting sampling-based reachable-set recovery
as geometric support estimation over a family of problems specified by an initial
set, its dynamics, and a sampling law. First, we identify two regularity proper-
ties, positive reach of the initial set’s complement and Lipschitz continuity of the
dynamics, that together make recovery well-posed: a probability-mass coverage
guarantee can be upgraded to accuracy r in Hausdorff distance. Second, we bound
the resulting sample complexity: recovery is achievable with O((e** /r)™) sam-
ples, exponential in both the state dimension and the time horizon. Third, we
show that neither can be removed: an almost-matching minimax lower bound
of Q((eLT / r)”) holds for every estimator, so the exponential dependence on di-
mension and the degradation over the horizon are both intrinsic, not artifacts of
a particular method. Experiments on nonlinear systems confirm that adversarial
sampling improves constants but not the scaling.

Keywords: Reachability analysis, sample complexity, positive reach

1 Introduction

Reachability analysis is a fundamental tool for certifying the safety of dynamical and learning-
enabled systems [1, 2, 3, 4]. Classical computational methods, based on Hamilton—Jacobi reach-
ability [5, 6] or set propagation [7, 8], give strong deterministic guarantees but scale poorly with
state dimension. This barrier is especially pronounced in modern learning-enabled systems, where
neural-network controllers and learned dynamics put classical methods out of reach. To improve
scalability, sampling-based methods approximate reachable sets by propagating finitely many initial
states through the dynamics [9, 10, 11, 12]. They are model-agnostic, parallelizable, and easy to
implement, applicable to general nonlinear and learning-based systems. These methods are part of a
broader rise of sampling-based control and optimization for high-dimensional systems [13, 14, 15],
made practical by modern parallel hardware.

The accompanying finite-sample guarantees, however, are limited. They either bound the
probability-mass the estimate fails to cover [16, 17, 18], permitting an estimate to miss a thin, spa-
tially separated region without violating the bound, or they measure error in Hausdorff distance
against the convex hull of the reachable set [19, 20], which over-approximates nonconvex sets by

All codes and relevant materials are available at: https://github.com/AnonyDreamer/reachapprox
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filling holes and merging disconnected components. What remains missing is a characterization
of Hausdorff recovery of the actual set, and an account of how the sample cost depends on the
geometry of the initial set, the dynamics, and the sampling law. Posed this way, the question be-
comes one of geometric support estimation under flow distortion, a perspective with a rich classical
theory [21, 22, 23] that has not yet been brought to bear on the reachability setting.

Contributions. To fill this gap, we study these questions for autonomous systems & = F(x),
recovering the reachable set ST = R (Sy) from endpoint samples of trajectories initialized in Sy.
Casting recovery as geometric support estimation over a family of problems specified by the initial
set, its dynamics, and a sampling law, we make the following contributions:

1. Well-posedness. We identify two regularity properties, positive reach of the initial set’s comple-
ment (o) and Lipschitz continuity of the dynamics (L), under which a probability-mass coverage
guarantee can be upgraded to Hausdorff-accurate recovery of the reachable set.

2. Sample complexity. We give a random-covering upper bound showing that O((e*L7 /r)")
endpoint samples suffice for r-accurate inner coverage of the reachable set. Together with an
estimator-dependent outer-deviation condition, this yields a Hausdorff guarantee.

3. Unavoidability. We prove an almost-matching minimax lower bound: any estimator, under any
sampling law, requires Q((eLT / r)”) samples on some instance, so the dimension dependence
and the horizon degradation are intrinsic, not artifacts of a method.

4. Numerical experiments. On a 2D non-Lipschitz example outside our assumptions and a multi-
link robot arm in MuJoCo, the empirical sample complexity tracks the predicted dimension-
dependent scaling, and adversarial sampling improves the constants but not the scaling.

Closely related work. Our analysis is closely related to that of Lew et al. [20], who derive a finite-
sample Hausdorff guarantee for a sampling-based estimator of the convex hull of the reachable set
under essentially the same problem family as ours: the complement of the initial set is r-convex,
the vector field is Lipschitz, and the sampling law admits a Lebesgue density lower bound. Our
positive-reach assumption reach(S§) > 7o (Definition 1) is strictly stronger and implies their r-
convexity. We go further in three directions: (i) we study Hausdorff recovery of the actual endpoint
support, rather than the convex hull of the reachable set; (ii) we make the horizon dependence
explicit, rather than absorbing it into a single Lipschitz constant of the flow; and (iii) we certify
the rate with a matching minimax lower bound that holds for every sampling law. The r~" rate is
classical in geometric support estimation [21, 22, 23] and is known to be minimax-optimal under
positive-reach conditions [24]; in our setting it persists under flow distortion with an explicit e"~”
amplification. A more extensive discussion of adjacent literatures, including scenario optimization,
conformal prediction, and Lipschitz-based bloating, is provided in Appendix A.

Notation. For a Lebesgue measurable set A C R", we write A° := R™ \ A for its complement,
A for its closure, and OA for its boundary. Let |A| := \,(A), where ), is the n-dimensional
Lebesgue measure. For z € R™, r > 0, and nonempty sets A, B C R", define B,.(z) := {y €
R™: |ly —z|| < r}d(z,A) :=infaeca |z — al|, and B,.(A) := {z € R" : d(z, A) < r}. The
Hausdorff distance between A and B is di (A, B) := max{sup,c 4 d(a, B), sup,cp d(b, A)}. Let
wy, := |B1(0)] denote the volume of the unit ball in R”. Weuse A® B:={a+b:a € A, be B},
AoB:={zeR":2+ B C A},and Ao B := (A©S B) ® B for Minkowski sum, erosion, and
opening, respectively. For a probability measure P, supp(P) denotes its support, and for probability
measures P, Q, Dk, (P||Q) denotes the Kullback-Leibler divergence.

2 Problem Formulation

We consider an autonomous continuous-time dynamical system & = F(x), where z € X C R™ and
F : X — R™. Given an initial condition zg € X, let ©(t, 2¢) denote the solution at time ¢ > 0. For
an initial set Sy C X and a time horizon T" > 0, the forward reachable set is

Rr(So) == {p(T,x0) € X : x0 € So}. 1)
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When Sy and T are known, we write St := R (Sp). This paper studies the problem of approximat-
ing St from finitely many endpoint samples. Specifically, suppose that initial states X1, ..., Xy are
sampled independently from a probability distribution Py supported on Sy, and the corresponding
endpoints are Y; := (T, X;),i = 1,..., N. These endpoints are i.i.d. samples from the push-
forward distribution Pr := (p(T,-))4« Py, whose support is S7. A sampling-based reachable-set
estimator is a measurable set-valued map §N = §N(Y1, ..., Yyn) C R” that approximates the
reachable set St.

Many existing sampling-based and learning-based approaches provide probabilistic coverage guar-
antees. Informally, such results show that, with probability at least 1 — §, the estimated set misses
at most & probability-mass under the endpoint distribution Pr. A typical guarantee takes the form
Pr(St \ Sn) < e with probability larger than 1 — § over the sampled endpoints and the joint dis-
tribution P of (Y1,...,Yn) [16, 18]. However, probability-mass accuracy alone does not imply
geometric accuracy. An estimator may miss only a small amount of probability-mass while still
incurring a large Hausdorff error. This can happen when the missed region has small probability but
is geometrically far from the estimated set, or when the reachable set contains thin cusps, spikes, or
low-density regions. In safety and verification problems, such geometric errors are important: miss-
ing a small-probability but spatially significant region may still lead to an incorrect reachable-set
certificate.

Motivated by this gap, our goal is to understand how many endpoint samples are necessary and
sufficient for S to approximate St in Hausdorff distance. To be more specific, for a target accuracy
r > 0 and confidence level 1 — §, we seek conditions and sample size N under which:

Py (du(Sr,8n) <) 214, 2

This objective is stronger than controlling the probability-mass of the missed region. It requires
every point of the true reachable set to lie within distance r of the estimator, and conversely requires
the estimator not to extend too far away from the true reachable set. This property is arguably
necessary for safety-critical circumstances.

The central question is therefore: when can a probability-mass guarantee be converted into a
Hausdorff-distance guarantee? Such a conversion is impossible without additional structure. In-
deed, if there exists a point € Sy such that B,.(z) N St has arbitrarily small Ppr-mass, then an
estimator may miss this entire r-scale neighborhood while still satisfying a small probability error
bound. In that case, the probability error is small, but the Hausdorff distance from St to Sy is at
least of order r. Thus, to make (&, d)-type probability guarantees geometrically meaningful, one
needs a lower bound on the probability-mass of local geometric neighborhoods.

Figure 1 illustrates this phe- initial Reachable-set approximation error

nomenon on the autonomous L.l Eilndcn L iog

system ¢ = 0, & = 2. Start- 107 —— 52 star, N = 100

ing from two initial sets with § Fopmestee
comparable geometric scale, S

a disk and a nonconvex b

star, we uniformly sample 5 )

initial conditions, propagate § b

the samples, and construct = i

support estimators from the 107 ‘_‘_*‘_,,.-**“'
endeintS' The ﬂOW map Q’;QQQQQQQQQQ%QQQQ
expands regions with large . disk samples diskboundary  oSSORORSROENS NS IR IR RIRANS
x, causing geometric error e star samples star boundary time t

to increase with time, i.e. o

the Hausdorff distance grows Figure 1: Reachable-set approximation under the autonomous dy-
. foq ) = 0 = 2

super-exponentially as the namicsy =0, =a"

time horizon increases, reflecting the strong expansion of the flow map. Moreover, for the same
sampling budget and comparable geometric scale, the star-shaped set produces larger Hausdorff
error than the disk. This behavior is not explained by probability-mass alone. Rather, it reflects
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two separate effects. First, the dynamics can distort local neighborhoods and probability-mass over
time. Second, the geometry of the initial set determines whether every small spatial neighborhood
contains enough volume, and hence enough probability-mass, to be detected from samples. This
discussion motivates the following problem class. We require the flow to be well posed over the finite
horizon of interest and Lipschitz with respect to initial conditions, so that local neighborhoods can
be related through the pushforward dynamics. We also impose a geometric regularity condition on
the initial set to exclude thin degeneracies. Throughout, for each finite horizon T' considered below,
we assume that (¢, -) is well defined and unique on the relevant initial states for all ¢ € [0, T'; this
is a standing well-posedness convention, separate from the statistical problem class. To state the
geometric condition, we first recall the notion of reach.

Definition 1 (Reach [25]). Let S C R™ be nonempty and closed. For x € R", define d(z,S) :=
infyes ||z —y| ands(z) :={y € S : ||z — y|| = d(x, S)}. The reach of S is defined as follows:

reach(S) :=sup {r > 0 : Ilg(x) is a singleton whenever d(x,S) < r}.

We now collect the dynamical and geometric requirements into a single problem family.

Definition 2 (Problem family). Fix constants L > 0 and ro > 0. Let Fy, ,, denote the class of
triples (So, F, Py) such that:

1. So C X is a bounded open set with 0 < |Sy| < oo,

2. reach(S§) > ro, where S§ := R™ \ Sp;

3. F: X — R"is L-Lipschitzon X, i.e., | F(z) — F(y)|| < L||lz — y||,Va,y € X;
4. the initial distribution Py satisfies supp(FPy) = So.

The problem family allows arbitrary finite positive volume. Throughout the paper, we use the nor-
malization |Sp| = 1 only to fix the spatial scale and simplify constants. This normalization is
not essential and can be replaced by any other fixed finite volume, with the corresponding rescal-
ing of the reach parameter. This family gives a local thickness property: by [26, Lemma 4.8],
So = So o B,,(0), positive reach of the complement rules out inward cusps and thin degeneracies,
yielding lower bounds of the form |B,(z) N Sy| = p™ for some small p > 0.! This local volume
bound is the bridge from probability to geometry. After accounting for Lipschitz flow distortion and
endpoint density lower bounds, it ensures that missing an r-scale region of the reachable set incurs
non-negligible probability mass, which enables Hausdorff accuracy guarantees.

3 Reachable Set Approximation under Regular Geometry

Under the regularity conditions introduced above, we study Hausdorff approximation of the reach-
able set from finite endpoint samples. The key ingredient is a local endpoint probability lower
bound, obtained by combining positive reach, an initial density lower bound, and Lipschitz flow
distortion. This bound yields an inner-coverage sample-complexity result for any estimator contain-
ing all endpoint samples; a full Hausdorff guarantee follows after adding an estimator-dependent
outer-deviation condition. We then prove that the »~™ dependence is information-theoretically un-
avoidable.

3.1 Local Mass Bounds under Flow Distortion

We first establish local mass lower bounds for the reachable set. Positive reach gives a static vol-
ume lower bound near the initial support, and the probability density lower bound converts it into
sampling probability.

Propositioi 1 (Lower Lebesgue mass bound for the inﬂal set). Let (So, F, Py) € Fr ro. Then, for
every x© € Sy and every r € (0,rq], we have |B,.(x) N Sp| > wy, 27"r™.

'A > B means A > ¢B for a constant ¢ > 0 independent of the scale of B.
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Proof. See Appendix B.1. O

Assumption 1 (Initial density lower bound). The sampling distribution Py is absolutely continuous
with respect to Lebesgue measure on Sy, with density pg. Moreover, there exists Py > 0 such that

po(z) > py.forae x € So.

Combining Proposition 1 with Assumption 1 gives an initial local probability lower bound, making
explicit the roles of 7y and Dy

Corollary 1 (Initial local probability lower bound). Suppose (So, F, Py) € Frr, and Assumption 1
holds. Then, for every x € Sy and every r € (0,79,

Py(B,(z) N Sp) > PyWn 27",

To apply this local-mass argument to the reachable set at time 7', we do not track the reach parameter
itself. Instead, we propagate the local thickness implied by reach(S§) > r( through the Lipschitz
flow and combine it with the propagated density lower bound.

Proposition 2 (Propagation of local Lebesgue mass). Let (So, F, Py) € Frr,- Then, for every
x € St and every r € (0,e"Trg], | B (x) N Sp| > w, 2~ "e 2" ETpn,

Proof. See Appendix B.3. O

Proposition 3 (Propagation of density lower bounds). Suppose (So, F, Py) € F v, and Assump-
tion 1 holds. Then, Pr is absolutely continuous with respect to Lebesgue measure on St. Moreover,
if pr denotes its density, then pp(y) > Qoe_"LT,for a.e. y € Sp. In particular, at the terminal time

T, Py = Eoe_”LT is the sample density lower bound for the reachable set at time T..

Proof. See Appendix B.3. O

Combining Proposition 2 with Proposition 3, we obtain the local endpoint probability lower bound
used in the sampling-covering argument in the next subsection.

Corollary 2 (Endpoint local probability lower bound). Suppose (So, F, Py) € FiL,, and As-
sumption 1 holds. Define T'p(r) := P, wp2 e LTy - Then, for every x € St and every
r € (0,erTrg),

Pr(B.(z) N St) > Tp(r).

Proof. See Appendix B.3. O

3.2 Sample Complexity Bounds

Corollary 2 shows that every r-neighborhood centered on the reachable set carries at least I'p(r)
endpoint probability mass. We now use this local probability lower bound to quantify how many
endpoint samples are sufficient to cover the reachable set in the inner direction. The argument is
estimator-agnostic: it only requires that the estimator contains all sampled endpoints.

Theorem 1 (Sampling upper bound for inner coverage). Let (So, F, Py) € FL ry and Y1,...,Yn

be i.i.d. samples from Pr. Suppose that Assumption 1 holds and the estimator Sy contains all
endpoint samples, i.e., Y; € Sy foralli =1,...,N. Fix0 < r < 2elTrq. If

2271, 3nLT 23n nLT 1
N > € {log( € ) + log } ,
Pywnt" WnT™ 0

then, with probability at least 1 — §, sup,,cg,. d(x, §N) <r.

Proof. See Appendix B.4. O
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Corollary 3 (Hausdorff bound with outer deviation). Under the conditions of Theorem 1, suppose
in addition that the estimator satisfies the outer-deviation condition Sy C B, (St) for some 1 > 0.

Then, with probability at least 1 — 6, dy (St, Sy) < max{r,n}.

Proof. See Appendix B.4. O

Remark 1 (Estimator-dependent outer deviation). The parameter 1 measures the outer deviation
of the estimator where Sy C B, (St) is equivalent to SUp, .3, d(z,St) < n. In Corollary 3, the

missed-mass condition controls the directed error from St to S N, while 1 controls the opposite
direction. Its value is estimator-dependent: 1 = 0 for inner estimators, 11 = h for a union-of-balls
estimator with radius h, and for a convex-hull estimator it is governed by the convexification error
SUP. cconv(sy) A(2; ST). For a Christoffel-function estimator SGhr = {2 € X : kn(2) < TN}, the
corresponding value is 1chr,N = SUD,,  (5)<rx d(z, St).

‘We next show that the »~" dependence is not a proof artifact, but an intrinsic limitation of sampling-

based reachable-set approximation.

Theorem 2 (Minimax Hausdorff lower bound). Let C' := 3"w,,. For any accuracy 0 < r <
2= eLTrg and any confidence level 1 —d with § € (0,1), if N < % log % andro < C~w,
then for every estimator S N, there exists an instance (Sy, F, Py) € Fr, r, such that

PqN(dH(ST,gN) > ’I“) > 0.

Proof. See Appendix B.4. O

Together, the bounds show that the intrinsic dependence on the accuracy parameter is »~". The up-
per bound gives inner-coverage achievability up to logarithmic and flow-dependent factors, while the
lower bound shows that Q(e"~T7~"log(1/5)) samples are unavoidable in the worst case. Table 1
summarizes the comparison.

Table 1: Comparison between the upper and lower bounds.

Upper bound Lower bound
Type Achievability Minimax Hausdorff impossibility
Rate  O(e*"LTr—m[log(1/8) + log(e"tTr—m))) Q(entTr=m1og(1/6))

4 Algorithm Design

The r~" dependence in the lower bound highlights the intrinsic coverage burden of Hausdorff
reachable-set approximation. This motivates the practical question studied in our experiments: un-
der a fixed sample budget, can sampling be allocated more effectively than uniform sampling so
as to improve geometric coverage and reduce the empirical burden of this curse of dimensionality?
Accordingly, we focus on the sampling stage rather than on the downstream set representation. In
the autonomous setting, samples are selected only through their initial conditions in Sy. For each
sampled initial condition X; € Sy, we write Y; := ¢(T, X;) for the corresponding endpoint. Given
endpoint samples Yy = {Yj}é\[:l, the reachable-set estimate is constructed as S '~ = C(Yn), where

C(+) denotes a generic reachable-set estimator.

In the experiments, we compare uniform sampling with the adversarial sampling heuristic described
by Lew and Pavone [19]. The purpose of using these two different sampling algorithms is to
investigate whether adversarial sampling can improve finite-sample coverage by directing samples
toward geometrically informative regions. We emphasize that the adversarial sampling procedure
can improve finite sample coverage but cannot violate the lower bound. The worst-case Hausdorff
sample complexity remains governed by the intrinsic r~" coverage requirement. Implementation
details of the adversarial sampling procedure (Algorithm 1) are provided in Appendix C.2. When
Nadv = 01in Algorithm 1, no adversarial update is performed, and the method reduces to the uniform
sampling method used in the experiments.
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5 Experiments

In this section, we compare uniform and adversarial sampling on two 2D systems, one non-Lipschitz
and one Lipschitz, and on a closed-loop robot-arm control task with different dimensions.

5.1 Adversarial Reachable Set Approximation under Non-Lipschitz Dynamics

Using the system in Figure 1, we first evaluate reachable-set approximation for the non-Lipschitz
autonomous dynamics. This vector field is not globally Lipschitz and exhibits finite-time blow-up,
so sampling errors can be strongly amplified in the positive x-direction. We consider three initial
sets centered at (2,0): a disk, an equilateral triangle, and a morphologically opened triangle, all
with the same area but different boundary geometry. For each set, we approximate the reachable
set by the convex hull of propagated samples and report its Hausdorff distance to a high-resolution
reference reachable set over time. Solid and dashed curves denote uniform and adversarial sampling,
with shaded regions showing 95% confidence intervals over 50 random seeds.
Reachable-set approximation error

Circle Opened triangle Triangle
10! N=100, uniform
® N=100, adversarial
o s
a —e— N=1000, uniform
5] .
© 4 10°y -== N=1000, adversarial
]
=0
CE
IS 07
=3 =
5 P
o) SE——
102
19,6090 O 19,0100, 100D 12 100120 D10 AP 10,0199, A0 AP0 200 ND, 0,10, DD 12 D12, 02D
A R R I N I SN INNES S R A R N N N I M OS) R A N N N S S M IS )
D e N A R N N e N N N e R R e e e S R g N
Lo 1€[0.01,0.29] 1€[0.01,0.29] 1€[0.01,0.29]
® _ 10!
9 107! ese——t—————
g PSS S S
oz ¥ PSS 10-2 ——
2 102 e T =
e O, O W o) e ® N
o 3 < = 3 SR o
ﬁ“g S oF T -4 > oF
g 107!
2] -
E 4__r—r-r—"”'_'—r
-
= N s r—._r_.,_..-r
1072 o r‘.__.._.-—-—r"'
| o=
O (19,40, V00 e o a3 19 DAV AO® Dot 12,20 G o0 e o e 99 DAV D A9, GO o) o (0 (4D e O
SO ASRaR e S coNAeReed (N e e henOAed O NOPERAg S 2oV AR (02020 De LGN O SOPERAg S 2oV AR D (0202 De LAV O
RN R R PR SR R IR S RN O R R R R S G IR G S IO O R S NS SR RGN SN
time t time t time t

Figure 2: Hausdorff error versus time for ¢ = 0,4 = 22 and 5y = 0,4 = x using different sampling
methods. Solid and dashed curves denote uniform and adversarial sampling.

To isolate the effect of flow regularity, we also compare with the Lipschitz linear system y = 0,2 =
x under the same initial-set configurations. Figure 2 shows that the linear system follows the ex-
pected exponential flow expansion, while the nonlinear system grows much faster due to finite-time
blow-up. Across both systems, adversarial sampling reduces finite-sample error but mainly im-
proves constants; the triangle and opened triangle remain harder than the disk, reflecting the effect
of initial-set geometry.

5.2 Intrinsic Curse of Dimensionality Cannot be Circumvented

We also consider a vertical n-link robot arm tracking problem with n € {2,3,4}. The state is
r=[q",v"]T € R?, where ¢ € R™ denotes joint angles and v = ¢ € R™ denotes joint velocities.
The trajectories are simulated in MuJoCo under the rigid-body dynamics M (q)0 + C(q,v)v +
g(q) = 7. Given a smooth reference trajectory ¢,(¢), we use a non-adaptive tracking controller
T = M(q)da(t) + C(q,v)v+ g(q) — Kp(q — qa(t)) — Ka(v — ¢a(t)) for control.

Although the nominal task is trajectory tracking, the initial state is uncertain, so safety verifica-
tion requires characterizing how this uncertainty propagates through the closed-loop dynamics. We
model the initial uncertainty by So = ([—pq, pg]™ X [—puv, pu]™) © Br(0), pg = p» = 0.1,7 = 0.01.
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We propagate sampled initial states to 7" = 1.0 second and measure approximation error by the
point-cloud directed Hausdorff distance from a dense reference terminal cloud to the convex hull of

the sampled terminal states.

As shown in Figure 3 and
Table 2, the Hausdorff er-
ror decreases with the sam-
ple size under both uni-
form and adversarial sam-
pling. However, the decay
becomes slower as the state
dimension increases: the fit-
ted log—log slopes become
less negative from dimension
4 (2-link) to dimension 8
(4-link).  Adversarial sam-
pling gives steeper slopes
than uniform sampling in all
dimensions, indicating bet-
ter finite-sample efficiency.
Nevertheless, its slopes also
flatten as the dimension in-
creases. Thus, targeted sam-
pling improves the constants
but does not remove the in-
trinsic dimension dependent

Robot-Arm Uniform Sampling Robot-Arm Adversarial Sampling

——n
- n

Hausdorff distance
Hausdorff distance
3

10° 10° 10°

10! 102 10! 102
number of samples N number of samples N

Figure 3: Hausdorff error versus sample size for robot-arm uncer-
tainty propagation corresponding to different state dimensions under
uniform sampling and adversarial sampling.

Dimension 4 6 8
Uniform sampling -0.2806 -0.2094 -0.1662
Adversarial sampling -0.3535 -0.2701 -0.2224

Table 2: Empirical log—log slopes for robot-arm uncertainty propaga-
tion. Each slope is obtained by fitting log dj; versus log N, where d g
is the Hausdorff distance and N is the number of samples.

degradation predicted by the r~"-type sample-complexity scaling. Additional implementation de-
tails and more detailed comparisons and explanation, including the sample-budget-dependent im-
provement of adversarial sampling, are provided in Appendix C.3.

6 Conclusion and Future Work

This paper studied the finite-sample limits of sampling-based reachable-set approximation in Haus-
dorff distance. By viewing endpoint samples as observations from a pushforward distribution, we
formulated reachable-set recovery as a geometric support estimation problem. We showed that,
under positive-reach regularity of the initial domain and Lipschitz continuity of the autonomous
flow, probability-mass coverage can be upgraded to Hausdorff accuracy. Our results give matching
upper- and lower-bound perspectives. The upper bound shows that Hausdorff accuracy is attain-
able once every relevant r-scale region of the reachable set receives samples. The minimax lower
bound shows that the dominant »~" dependence, together with the flow-induced factor e™“7, is
intrinsic in the worst case. Experiments further support this picture: adversarial sampling improves
finite-sample performance by emphasizing geometrically informative regions, but cannot remove
the intrinsic dimension-dependent scaling. A natural direction for future work is to go beyond geo-
metric regularity and global Lipschitz continuity by exploiting physics-informed inductive biases in
the dynamics [27], such as energy conservation [28], contraction [29], or Hamiltonian structure [30],
which may reduce the effective sample complexity for physically structured systems [31].

7 Limitations

The analysis is restricted to autonomous dynamics. This includes uncontrolled systems and closed-
loop systems, but not open-loop reachable sets, which are unions over a control class rather than
images of Sy under a single flow map. As a result, the injectivity, volume-distortion, and endpoint-
density arguments used here do not directly apply. Moreover, endpoint mass depends on how control
signals are sampled, so geometrically important regions may receive very small probability mass.
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Appendix

The Appendix is organized as follows. Section A provides additional related work on sampling-
based reachable set approximation methods. Section B presents the proofs of the theoretical results
in the main paper, including the lower Lebesgue-mass bound, the mass-to-Hausdorff conversion
argument, and sample complexity’s lower bound and upper bound. Section C reports additional
numerical experiments and implementation details.
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A Further Related Work

Beyond the Hausdorff-oriented works discussed in the main paper, much of the sampling-based
reachability literature studies weaker probabilistic notions of approximation, such as volume cover-
age, and violation probability, which are often characterized by scenario optimization and conformal
prediction. We briefly review these adjacent frameworks below. While some of them provide im-
portant finite-sample and high-confidence guarantees, they do not by themselves ensure geometric
recovery of the full reachable set. This makes them complementary to our goal of understanding
when probability-level guarantees can be upgraded to Hausdorff accuracy.

A.1 Other Sampling-based Reachable Set Approximation Methods

Scenario optimization and sampling-based certificates. Scenario optimization provides a prin-
cipled framework for deriving probabilistic guarantees from finitely many sampled constraints. In
the classical scenario approach, an infinite family of constraints is replaced by a finite set of sampled
constraints, leading to high-confidence bounds on the probability of constraint violation [32, 33].
This viewpoint has been adopted in reachability and safety verification, where sampled reachable
states are used to construct data-driven outer approximations or safety certificates. For instance,
scenario-based methods have been used to estimate reachable sets within tractable templates such
as boxes, ellipsoids, and other parameterized set families [34, 35]. Related work has also studied
reach-avoid problems for discrete-time linear time-invariant systems with additive probabilistic un-
certainty, using Voronoi partition-based scenario reduction to accelerate sampling-based stochastic
reachability computation [36]. Scenario-based techniques have also been extended to nonconvex set
representations [37] and model-predictive control settings [38].These methods are attractive since
they reduce reachable-set estimation or safety certification to finite-dimensional optimization prob-
lems with explicit confidence bounds. However, their guarantees are typically expressed in terms of
violation probability or marginal coverage, rather than Hausdorff distance. This distinction is im-
portant: a set of small probability-mass can still be geometrically far from the estimator, especially
in the presence of low-density regions, thin components, or separated reachable branches. Thus,
such guarantees do not directly imply Hausdorff accuracy without additional geometric regularity
and local lower-mass assumptions.

Set growth and Lipschitz constant-based bloating. Another line of sampling-based reachability
methods estimates how sets grow under the dynamics by bounding the sensitivity of trajectories to
initial conditions, disturbances, or model parameters. These methods often rely on Lipschitz con-
stants, local discrepancy functions, finite-order Taylor approximations, or learned expansion rates to
inflate sampled trajectories into tubes covering nearby trajectories. For example, some algorithms
use smoothness of the dynamics together with Lipschitz constants to control the Lagrange remain-
der of Taylor approximations and thereby compute outer approximations of reachable sets [39].
Tools such as DryVR use discrepancy functions to quantify how the distance between trajectories
evolves over time, allowing finitely many simulations to certify a larger reach tube [40]. More
recent statistical verification methods, such as GoTube, estimate local expansion or Lipschitz-like
quantities to construct probabilistic tubes for continuous-depth models and neural ODEs [41, 42].
A key limitation of this line of work is that tight Lipschitz constants are rarely available in data-
driven or learning-based control systems. Computing upper bounds on the Lipschitz constants of
neural networks is itself an active research problem [43, 44], and such bounds can be computation-
ally expensive or overly conservative. Although scalable sampling-based procedures can estimate
Lipschitz-like quantities, these estimates are generally not guaranteed to be valid upper bounds.
These approaches are closely related to our flow-dependent analysis, since both use sensitivity of
the dynamics to translate finite sampling resolution into geometric coverage after propagation. Our
theory instead isolates the sample-complexity dependence needed for Hausdorff approximation of
the reachable set itself, showing how flow distortion enters through dimension-dependent factors.
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Conformal prediction and distribution-free coverage. Conformal prediction offers another
route to finite-sample guarantees. Given a calibration dataset and a user-defined nonconformity
score, conformal methods compute an empirical quantile of the calibration scores to construct pre-
diction sets with distribution-free marginal coverage, where a future test sample is contained in the
conformal set with a prescribed probability [45]. Since this construction does not require a paramet-
ric model of the data-generating distribution, it has been widely used as an uncertainty-quantification
tool in learning-enabled autonomous systems, including perception, prediction, safe control, offline
verification, and online monitoring [46, 47, 48, 49]. For instance, in safe planning for dynamic en-
vironments, conformal prediction calibrates prediction regions around learned trajectory predictors
and incorporates them into model predictive control constraints to obtain user-specified probabilistic
safety guarantees [50]. In reachability and safety verification, conformal prediction is typically used
as a calibration layer on top of a data-driven reachable-set representation or a learned reachability
surrogate. It has been used to calibrate Christoffel function’s sublevel set thresholds for data-driven
reachability, improving sample efficiency and robustness to outliers [51]; to verify DeepReach-
style [52] neural HJ reachable tubes with probabilistic safety guarantees despite outlier errors [53];
and to inflate neural surrogate flowpipes for black-box stochastic systems using conformal residual
bounds [54]. Recent PCA-based variants further reduce the conservatism of this inflation and im-
prove scalability under distribution shift [55]. These methods are appealing because they require
weak distributional assumptions and provide finite-sample coverage or safety guarantees. However,
their guarantees remain probabilistic: a conformal set contains a future sample, trajectory, or pre-
diction error with prescribed probability, but need not be close to the full reachable set in Hausdorff
distance. It may cover most endpoint samples while missing a low-probability but spatially sep-
arated component. Thus, conformal prediction is complementary to our analysis, which identifies
sampling conditions under which probability-mass coverage can be upgraded to Hausdorff accuracy.

B Proofs and Auxiliary Results

B.1 Lower Lebesgue Mass Bound for the Initial Set
We prove the local thickness property used in Proposition 1. Recall and that the positive-reach
condition is imposed on the closed complement S§ = R™ \ Sp.

Proposition 1 (Lower Lebesgue mass bound for the initial set). Let (So, F, Py) € Frr,- Then, for
every « € Sg and every r € (0, 79|,

|B,(x) N So| > wp 27 ™™,

-

Figure 4: Local ball inclusion used in the proof of Proposition 1.

Proof of Proposition 1. Fix x € S and r € (0, 7). By the positive-reach opening property [26,
Lemma 4.8], the condition IELCh(SS) > 70 impliﬁ that Sy has an interior rolling-ball @resentation
at scale ro: for every z € Sy, there exists ¢ € Sy such that x € B, (c), By, (c) C Sp. We claim
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that B,.(z) N Sy contains a Euclidean ball of radius r /2. This immediately implies the desired lower
bound. Let d := ||x — ¢||. If z = ¢, then since r < ry,

B,.(x) C By, (c) C So-
Therefore,

|B,.(z) N So| = wpr™ > wp,27 "™,

Now suppose = # c. Define v := ¢=Ir, 2 := = + 5v. Then |z — x| = 7/2, and hence B, /5(z) C
B,.(x). It remains to show that B, /5(z) C By,(c). Take any w € B,/3(2). If d > r/2, then
||z — ¢|| = d — r/2, and therefore

r r
lw—ell < flw =zl +llz—cll < 5 + (d=5) =d <ro.

If d < r/2,then ||z — ¢| = r/2 — d, and hence

T T
hw—cll < w=z + e —cl < 5+ (5 —d) =r—d<r<m.

Thus, in both cases, w € B, (c). Since w was arbitrary,
B, /2(2) C Byr(z) N Byy(c) C Br(z) N Sp.

Taking Lebesgue measure gives
1B,(2) N So| > B, /a(2)] = w (g) = w, 27

This proves the claim. O

B.2 Closure of the Reachable Set

We first record a simple topological fact used to identify the support of the endpoint distribution.

Lemma 1 (Reachability commutes with closure). Suppose Sy C R™ is bounded and the finite-time
Sflow map ¢(T,-) is continuous on Sy = Sy. Then

Rr(So) = (T, So) = ¢(T, So) = Rr(So).

In particular, if St := R1(So), then Rr(So) = St.

Proof. Since Sy is dense in Sy and o(T),-) is continuous on S, we have (T, Sy) € (T, So).
Conversely, since Sp is bounded, Sy is compact. Therefore »(T, Spy) is compact, hence closed.
Moreover, ¢(T, Sg) C ¢(T, Sp), so

@(T’ SO) - (P(Ta SfO)

Combining the two inclusions gives the claim. O

B.3 Volume Distortion and Density Propagation

We next prove the flow-regularity and density-propagation statements used in the main text.
Throughout this subsection, So = Sy and St := Rr(So) = Rr(So) by Lemma 1. We begin
with the basic distortion properties of the finite-time flow. These estimates show that the flow is

bi-Lipschitz on the relevant support and that Lebesgue volume cannot shrink by more than a factor
e—nLT.

Proposition 4 (Lipschitz regularity and geometry distortion of the flow). Let (So, F, Py) € Fr -
Then we have:

1. the map x v+ (T, x) from Sy to St is injective;
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2. forall
z,y € So, |e(T, ) — o(T,y)|| < e[|z — yl|;

3. forall
2,y € So, [|p(T, 2) = @(T,y)| > e~ |z =y,
equivalently, the inverse map o(T,-)~% : S — Sy is el -Lipschitz;
4. for every Lebesgue measurable set

A C S5y, |Rr(A) > e ™FTAl 3)

Proof of Proposition 4. We prove the four claims in such an order: 2 — 1 — 3 — 4. First, we
prove the upper Lipschitz bound. Fix x,y € Sy. Since (So, F, Py) € Fr r,. the vector field F' is
L-Lipschitz on X. Hence, for all s € [0, T,

1E(p(s,2)) = F(e(s, 9)|| < Lllp(s, ©) — @(s,y)l]-

Using the integral form of the flow,

o(5,2) — p(s,y) = — y+ / [F(e(o.2) — Flp(o,y))] do-

Taking norms gives

le(s.2) = el < e =yl + L | lle(o.2) = ol do
By Gronwall’s inequality [56, Corollary 3.17],

lp(s,2) = @(s,9)| < e™llz—yll,  s€[0,T].
Taking s = T proves
(T, x) = o(T,y)ll < e la—y|.

Next, we prove injectivity. Suppose that ¢(T',a) = (T, b) for some a,b € Sy. Define the reverse-
time trajectories

77a(5) = @(Tfsaa% 77b(5) = @(Tf&b)v s € [OvT]
Then 7,(0) = 7,(0), and both trajectories solve the reverse-time equation
1(s) = —F(n(s)).
Since F' is L-Lipschitz, the reverse-time vector field —F' is also L-Lipschitz. By uniqueness of

solutions, 74 (s) = my(s) for all s € [0, T]. Evaluating at s = T gives a = b. Thus z — ¢(T, x) is

injective on Sy.
We now prove the lower Lipschitz bound. Fix x,y € Sy and set
p=oTx), q=¢Ty).

Apply the upper Lipschitz estimate to the reverse-time dynamics. Since the reverse flow from p and
q over time T" returns to = and y, respectively, we obtain

lz =yl < e llp — qll = "T|o(T, ) = (T, )|l
Equivalently,
lo(T,2) = (T, )|l = e |lz —yl.
This also shows that the inverse map (7, -)~! : Sp — Sy is T -Lipschitz.
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It remains to prove the volume distortion bound. By [57, Theorem 2.8], we know that the inverse
flow map (T, )~ : Sp — Sy, which is e£T-Lipschitz, gives |¢(T,-)"1(B)| < e"tT|B|,¥B C
(T, Sp) for every Lebesgue measurable set B. Taking B = ¢(T, A) = R(A) and using injectivity
of x — (T, z) on Sy, we have

Al = [(T, )~ (p(T; A))l
< e"MRr(4)].

Rearranging yields [R7(A)| > e "LT| A|, which proves (3). This completes the proof. O

The preceding proposition is the technical tool needed to propagate the local thickness of the initial
set. We now combine its Lipschitz and volume-distortion bounds with the initial local Lebesgue-
mass bound from Proposition 1. This yields a corresponding local Lebesgue-mass lower bound for
the reachable set at time 7.

Proposition 2 (Propagation of local Lebesgue mass). Let (So, F, Py) € Fr . Then, for every
x € Sy and every r € (0,e"Trg], |B,.(z) N Sp| > w, 2~ 27 LTpn,

Proof of Proposition 2. Fix x € St and r € (0,eXTrg]. Since S = ¢(T, Sp) and the flow map

is injective on Sy by Proposition 4, there exists a unique y € Sy such that x = ¢(T,y). Set
p:=e LTr Then 0 < p < ry. By Proposition 1,

By(5) N Sl > wn2 ™"

Define L
A= Bp(y) N So.

For every p € A, the Lipschitz estimate in Proposition 4 gives

(T, p) — || = [lp(T,p) — (T y)|| < e Tllp —yl| < eTp=r.

Therefore, Rr(A) C B,.(x) N Sr. Using the volume distortion lower bound in Proposition 4, we
obtain |¢(T, A)| > e "FT| A|. Hence,
B, () N St| = |o(T, A)]
> 6_”LT|A‘

e—nLTwn2—npn

AV

n27n€72nLT7,n

w )

where the last equality uses p = e £7r. O

The previous result propagates geometric thickness from Sy to S7. We also need to propagate the
sampling density lower bound. The next proposition shows that the pushforward distribution re-
mains absolutely continuous and that its density lower bound degrades by at most the same volume-
distortion factor.

Proposition 3 (Propagation of density lower bounds). Suppose (So, F, Py) € Frr, and Assump-
tion 1 holds. Then Pr = ((T),-))# Py is absolutely continuous with respect to Lebesgue measure
on St. Moreover, if py denotes its density, then

—nLT
)

pr(y) > pe fora.e. y € St.

In particular,

L —nLT
BT T B()e

is a density lower bound for the endpoint distribution at time 7'.

Proof of Proposition 3. Let B C St be a Lebesgue measurable set and define
A:=o(T,-)(B) € 5.
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Since Pr is the pushforward of Py under ¢(T,-),

Pr(B) = Py(A).

We first prove absolute continuity. By Proposition 4, the inverse map o(7T',-)~' : Sy — Sp is
eLT-Lipschitz. Hence, for every Lebesgue measurable B C Sy,

Al = |o(T,)"1(B)| < " T|B].

Therefore, if |B| = 0, then [A| = 0. Since F is absolutely continuous with respect to Lebesgue
measure on Sy, this implies

Pr(B) = Py(A) = 0.

Thus, Pr is absolutely continuous with respect to Lebesgue measure and admits a density pr. It
remains to prove the density lower bound. Since the flow map is injective on Sy, we have B =
Rr(A). By the upper Lipschitz bound in Proposition 4,

|B] = [Rr(4)] < e TA].

Therefore, |A| > e~"LT| B|. Using the lower bound on the initial density, we get
Pr(B) = Py(A) = / po(z)dz > p |A] > Boe_"LT\B\.
A

Since this holds for every Lebesgue measurable set B C St, the density pp satisfies

—nLT
b

pr(y) > P,€ forae. y € Sp.

This proves the claim. O

We now combine the initial local Lebesgue-mass bound, the flow distortion estimate, and the end-
point density lower bound to prove the local probability lower bound used in the sample-complexity
argument.

Corollary 2 (Endpoint local probability lower bound). Suppose (So, F, Py) € Fr, », and Assump-
tion 1 holds. Define

]-—‘T(r) = BO wn27n673nLT,r,n.

el Tr

Then, for every x € St and every r € (0, ols

Pr(B.(z) N St) > Tr(r).

Proof of Corollary 2. By Proposition 3 and Proposition 3, we know for every = € St and every
r e (0,eMro), |Br(x) N Sp| > wy, 27" 2" ™ and the endpoint density satisfies pr(z) >
Boe_”LT, for a.e. z € Sp. Therefore,

Pr(B.(x)NSt) = / ~ pr(2)dz
BT(-’»U)PIST

> p,e "B, (x) N 57
Z Boe—nLTMHQ—ne—QnLTTn

— po wn2—ne—3nLT,rn

= FT(T).

This proves the claim. O
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B.4 Sample Complexity

Sample Complexity Upper Bound. We prove Theorem 1 using a direct random-covering argument,
which only uses the fact that Sy contains all endpoint samples.

We first record the covering-number estimate used in the proof.

Definition 3 (Covering number). For a bounded set A C R"™ and a radius p > 0, the p-covering
number of A is defined as

M
N(A,p) :=min{M € N:3zq,..., 20 € A suchthat A C U B,(z)}.
j=1

Figure 5: Set Covering

Lemma 2 (Covering number of the reachable set). Let (So, F, Py) € Fp, . Forevery0 < p <
et Trg,

- 22nenLT
N(Sr,p) < ———.
Wnp
In particular, for p = r/2, N(St,r/2) < 23:::5T

Proof. Since the flow map (T, -) is e“T-Lipschitz an injective on Sp, any e~ =T p-cover of Sy is
mapped to a p-cover of S7. Hence

N(St,p) <N (So, e Tp).

It remains to bound the covering number of Sy. Fix 3 € (0,7¢]. Let {21,...,2p} C So be a
maximal (-separated set, meaning that ||z; — ;|| > /3,7 # j, and no additional point of Sy can be
added while preserving this property. By maximality, this set is a 3-net of Sy. Indeed, as Figure 5
shows, if there existed = € Sy such that

M
x ¢ U Bg(z5),

then ||z — z;|| > S for every j, so {#1, ..., zam, 2z} would still be 3-separated, contradicting maxi-
mality. Therefore, Sy C Uj\il Bgs(z;), and hence

N(So, ) < M.

We now upper bound M. Since the points z1, ..., zys are 3-separated, the balls Bg /5 (z;) are pair-
wise disjoint up to their boundaries. Therefore, the sets

Bgja(zj) N So,  j=1,...,M,
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are also pairwise disjoint. By Proposition 1, applied with radius /3/2, we have

|Bg)2(z;) N So| > wp2™" (§> =w,272"B" j=1,..., M.

Since these sets are pairwise disjoint subsets of So, and |So| = 1 in Fr .
M

1= |So| > ZlBE/Q(Zj) n So| > Mwn272nﬂn.
j=1

Thus, M < % Combining this with A'(Sy, 3) < M gives

2n

N(57075)§w”ﬂn7 0<ﬂSTO-
Finally, take 3 = e~ %7 p. Since p < eT'ry, we have 3 < rg, and therefore
- o T 22n 22nenLT
S < N(Sy, e~ < —
N(St,p) < N(Sose p) < wn (e~ LT p)» Wy p
Setting p = r/2 yields
_ 23nenLT
N(S7p,r/2) <
(S1,7/2) < o

O

We now prove the sampling upper bound. The proof combines the endpoint local probability lower
bound from Corollary 2 with a covering argument: we cover St by an r/2-net and show that, with

high probability, every net ball is hit by at least one endpoint sample.

Theorem 1 (Sampling upper bound for inner coverage). Let (So,F,Py) € Fir, and let

Yi,..., YN R Pr. Suppose that Assumption 1 holds and that the estimator §N contains all

endpoint samples, i.e., Y; € Sy foralli =1,... , N.Fix0 <r < 2eLTyrg. If

22n 3nLT 23n nLT 1
N > € [log( € ) + log } ,
Wy T 1)

then, with probability at least 1 — 4,

sup d(x,gN) <r.
zE€ST

Proof of Theorem 1. Let

n
qr = FT(T/Q) — BO OJn2—ne—3nLT (g) _ BO wn2—2ne—3nLT,rn
and {z1,.. .L,TZM} C St be an r/2-net of Sp. By Lemma 2, we may choose this net so that
3n _n
M < Z¢ By Corollary 2, foreach j =1,..., M,

wprh

Pr(B,/2(z;) N St) > Tr(r/2) = ;-

Since Pr is supported on St this also gives Pr (B, /2(z;)) > g,. For each j, define the bad event

E; = {BT/Q(ZJ') N {Yl,...,YN} = @}

Let P(E;) represents the probability that £; happens. Because Y7, . . ., Y are independent samples

from Pr,
N _
P(E;) = (1= Pr(B,2(z)))" < (1—g)V <e N,

Therefore, by the union bound,
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Then suppose sample-size N > Dot log R + log 5|, because = g and

M < 23:‘9’:5 T. Thus,Me~ N9 < §. Hence, with probability at least 1 — J, none of the events E;
occurs. Enquivalently, every r/2-net ball contains at least one endpoint sample. On this event, fix
any z € Sp. Since {21,...,2n} is an r/2-net, there exists z; such that ||z — z;|| < r/2. Since
E; does not occur, there exists a sample Y; such that ||Y; — z;|| < r/2. By the sample-containment

assumption, Y; € S ~. Therefore,

d(z,5n) < o = Yill < |lz — 2l + ||z — Vil < .
Since this holds for every x € S, we conclude that

sup d(z,Sy) = sup d(z,Sy) <r.
TEST CEGE

This completes the proof. O

The preceding theorem controls only the inner directed error from the reachable set to the estimator.
We now add the estimator-dependent outer deviation to obtain a full Hausdorff bound.

Corollary 3 (Hausdorff bound with outer deviation). Under the conditions of Theorem 1, suppose
in addition that the estimator satisfies the outer-deviation condition

Sy C By(Sr)
for some 1 > 0. Then, with probability at least 1 — ¢,

dH(ST, §N) S max{r,n}.

Proof of Corollary 3. By Theorem 1, with probability at least 1 — 4, sup, .5 d(z, §N) < r. The
outer-deviation condition S| ~ C B, (St) implies sup, . d(z,St) < n. Therefore, on the same
event,
dg (ST, §N) = max{ sup d(z, §N)7 sup d(z,St)}
z€ST Z€§N

< max{r,n}.
Thus, with probability at least 1 — 9,
dg (S, §N) < max{r,n}.

O

Sample Complexity Lower Bound. To obtain the sample-complexity lower bound, we first identify
the local statistical obstruction that any sampling-based method must face. The upper bound relies
on the fact that every r-scale neighborhood of the reachable set has nontrivial probability-mass. For
the lower bound, we need the converse type of phenomenon: among many disjoint r-scale regions
inside a regular support, at least one region must have small probability-mass. Otherwise, the total
probability over all such regions would exceed one.

We formalize this idea through an interior packing number.

Definition 4 (Interior packing number). Let So C R™ be a nonempty set and let v > 0. The interior
r-packing number of Sy, denoted by M,.(Sy), is the largest integer M for which there exist points
Z1,...,2Mm € So such that

B.(zj) € So,  Bp(z:) NBp(z) =0 (i # j).

Equivalently, M,.(Sy) is the maximum number of pairwise disjoint closed balls of radius r that can
be placed entirely inside Sy.
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Figure 6: Interior Packing

Positive reach provides the geometric ingredient needed to lower bound this packing number. It
ensures that the support has enough interior thickness to contain order " disjoint balls of radius 7.
A simple averaging argument then shows that, for any probability measure supported on Sy, at least
one of these balls has probability-mass at most order r".

Lemma 3 (Interior packing from positive reach). Let Sy C R"™ be a bounded open set satisfying

reach(S§) > ro > 0 and |So| = 1. Then, for every 0 < r < ry, there exist points z1, . .., zy, € So
such that B,.(z;) C So, Br(z;) N B(z;) = @ (i # j), and M, > 3_;;_71.

Proof. Since reach(S§) > ro, the opening property implies that Sy = Sy o B,-(0) for every 0 <
r < ro. Hence, as Figure 6 shows, for any r € (0,rg) and for every y € Sy, there exists a point
zy € So © B,(0) such that y € B,.(z,). In particular,

BT(Zy) C Sp.

Let {B,(z;) jvil be a maximal family of pairwise disjoint balls contained in Sy. By maximality,
for every y € Sy, the interior ball B,(z,) C Sy must intersect at least one selected ball B,(z;);
otherwise it could be added to the family. Thus ||z, — z;|| < 2r for some j. Since y € B, (z,), we
get

ly =2l < lly = 2yl + [lzy = 2]l < 3r.

Therefore,
M,
SO Q U BST(ZJ‘).
j=1
Taking Lebesgue measure gives
M,
1=So| < |Bsr(2;)| = Mywn (3r)".
j=1
Rearranging yields
—MNp—N
M, > 37 "r
Wn
This proves the claim. O

The lemma above is purely geometric: it lower bounds the number of disjoint r-scale balls that can
be placed inside a positive-reach set. We now turn this packing statement into a probabilistic one.
Since the balls are disjoint and the total probability-mass is one, at least one of these balls must carry
probability no larger than the average mass 1/M,..
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Corollary 4 (Existence of a low-probability ball). Under the conditions of Lemma 3, for any prob-

ability measure Py supported on Sy, there exists j € {1, ..., M.} such that
1
Py(Br(z5)) < VA < 3"wpr".

Proof. Since the balls B,.(z1), ..., B-(zn, ) are pairwise disjoint, U;W:Tl B,.(zj) € Sp and Py is a
probability measure on the Borel o-algebra of R™ supported on Sy,

M, M,
L= Py(So) = Po| |J Br(z) | =D Po(Br(z))-

Hence at least one term satisfies Py(B,(z;)) < 1/M,. Using Lemma 3 gives the fact that there
exists j € {1,..., M,} such that

1
M,

.P()(BT(ZJ')) S S 3nwn’l’n.

O

This low-probability ball will be removed in the two-point construction below, producing a
Hausdorff-visible perturbation that is statistically difficult to detect. More precisely, we will con-
struct two admissible reachability instances whose endpoint supports are close in distribution but far
in Hausdorff distance. The two instances differ only through the initial domain and sampling law:
the first uses the original initial domain, while the second removes the low-probability interior ball
from it. After propagation through the flow, these two initial domains induce two endpoint supports.

To make the testing reduction independent of this particular construction, we first state it for two
generic candidate endpoint supports.

Definition 5 (Hypothesis test induced by a support estimator). Let .S ©), 81 < R™ be two can-
didate endpoint supports. Given a support estimator Sy, define the induced binary test v =

Y(Y1,...,Yn) €{0,1} by

Oa dH(§N7S(O)) SdH(§N7S(1))7
Y(Yy,...,YN) = N L N 0
1, dH(SN, S )) < dH(SN, S ))
The test simply chooses the candidate endpoint support that is closer to the estimated set in Haus-
dorff distance. Therefore, if the estimator is accurate and the two candidate endpoint supports are
separated by more than twice the target accuracy, the induced test must also be correct. This obser-
vation is formalized next.

Lemma 4 (Accurate support estimation induces a correct test). Suppose dg (S, SN > 2r, and
let 1) be the test in Definition 5. If the true endpoint support is S(©) and

dy(Sn,S©) <,
then ) = 0. Similarly, if the true endpoint support is S and

dy(Sn,SW) <,
then ¢ = 1.

Proof. If dy (§ ~,5(0) < 7, then by the triangle inequality,
di(Sy, SN > dp (5@, SM) — dp(Sn, 80) > 27 —r = 1.

Hence dH(§N7 S0y < dH(gN, S(), and therefore ) = 0 by Definition 5. The argument for S(*)
is identical. O
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To compare two such reachable-set instances statistically, we need to quantify how distinguishable
the corresponding endpoint-sampling distributions are. This motivates the following two standard
information-theoretic notions. The Radon—-Nikodym derivative allows us to express one probability
measure as a density with respect to another, and the Kullback—Leibler divergence then measures
the information gap between the two induced sampling models.

Definition 6 (Radon—Nikodym derivative [58]). Let P and ) be probability measures on a measur-
able space (2, F). We say that P is absolutely continuous with respect to @), denoted by P < Q, if
Q(A) = 0 implies P(A) = 0 for every A € F. In this case, the Radon—Nikodym derivative gg is
the measurable function satisfying

P(A) = i %d@, VA e F.

Definition 7 (Kullback-Leibler divergence [59]). Let P and Q) be probability measures on (2, F).
If P < Q, the Kullback—Leibler divergence from P to Q) is

dP
DkL(P||Q) == /Q log (dQ) dp.
If P £ Q, we set Dk (P||Q) = +oo.

The preceding lemma reduces Hausdorff estimation to binary testing. We now use a standard testing
lower bound to show that this binary decision problem cannot be solved reliably when the two
sampling distributions have small KL divergence.

Lemma 5 ([60], Lemma 2.6). Let P and ) be probability measures with P < Q. Then, for any
binary test ¢ € {0, 1},

P =1)+ QU = 0) > £ exp(~ D (PQ)).

Consequently, for N i.i.d. samples,

exp(—Dkr(PV|QY)) -

DN | =

PN =1)+Q"(y=0) >

With these ingredients in place, we now prove the minimax lower bound. The proof constructs two
admissible instances
(S8, FO Py and (S5, FO, BY)

in Fr, ,,. The second instance is obtained by removing a low-probability interior ball from the initial

domain of the first. Under an admissible expanding flow, the resulting endpoint supports ?T(O) and

?T(l) are separated in Hausdorff distance, while the endpoint sampling distributions P}O) and P;l)
have small KL divergence.

We now prove the minimax lower bound. The proof uses a two-point testing argument. We construct
two admissible instances in the problem family whose endpoint supports are separated in Hausdorff
distance, but whose endpoint sampling distributions are close in KL divergence. Any estimator that
is Hausdorff-accurate on both instances would therefore induce a reliable binary test, contradicting
the testing lower bound when the sample size is too small.

Theorem 2 (Minimax Hausdorff lower bound). Let C' := 3"w,. For any accuracy 0 < r <
2= eLTr and any confidence level 1 — § with § € (0, 1), if

nLT

e 1
N < ——log —,
%8 45

_1
S andrg < C™n

then for every estimator S '~ there exists an instance (So, F, Py) € Fr, such that

Py (dH(ST,§N) > r) > 0.
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Proof of Theorem 2. 'We prove the result by a two-point minimax testing argument. Fix an arbitrary
estimator Sy . It suffices to construct two admissible L-Lipschitz dynamics and initial distributions
whose endpoint supports are separated in Hausdorff distance, but whose endpoint sample distribu-
tions are statistically close. To be more specific, our goal is to construct two admissible instances

(S(()O), F, PO(O)) and (S(gl), F, Po(l)) are in Fp, ,, whose endpoint supports, denoted by ?T(O) and
?T(l), are separated in Hausdorff distance, while their endpoint sampling distributions P}O) and
P:(pl) are statistically close.

1/n 0) ._

Let R := wn and choose xyp € R". Define the reference initial domain by Sy’ :=

—(0 i -0
B}}(xo),So( )= éo) = BR(I'())7P(§O) = Unlf(S(gO)). Then |Séo)| =1land supp(PéO)) = S()( ),
Moreover, since R = w;, /™ and 7y < C~1/7 = %wﬁl/", we have reach((SéO))C) > 7o and
S8 © By, (0) # 2.

We use the admissible L-Lipschitz vector field F(z) = Lx, whose flow is ¢(T,z) = elTx. In
particular, o(T',B,(2)) = Berr,(¢(T,2)),Vp > 0, z € R™. Fix a > 0 sufficiently small and
set p := (2 + a)e”LTr. By the assumed upper range on 7, we may choose « sufficiently small

L

so that p = (2 + a)e"ETr < ro. Applying Corollary 4 to Si” at radius p, we obtain a point
zj € S(()O) © By, (0) such that B,(z;) C SSO) and
ar = Py (B () < F” (By(2) < Cp" = (2 )" Ce "™,

The condition r < 2~ ("+1/7eLTy together with rg < C /™ implies g, < (252",

The perturbed initial domain is defined by removing this closed ball: S(()l) = S(()O) \ B,(z;). Since
Séo) is open and B,(z;) is closed, S’(()l) is open. Its corresponding support is 570(1) = @ =
570(0) \B;(z;). We define the second initial distribution by conditioning on this new support: Pél) =
Péo)(~ | ?0(1)). Equivalently, up to boundary sets of Lebesgue measure zero, Pél) = Unif (S(()l)),

and hence supp(P}") = 5,

Since

. It remains to verify the reach condition for the perturbed domain.

(857)° = (55”) U By(2)),
and z; € Séo) © Bs,, (0) while p < 79, the two closed components (550))6 and B,(z;) are separated

by distance at least 2ry. Moreover, (S(go))c has reach at least r, and B,(z;) is convex. Therefore,
by the separated-union reach lemma,

reach((S{")%) > ro.
Thus both (S5, F, P{”)) and (SV, F, P{")) belong to Fy .
By the L-exponential growth property, ¢ (T, Boo—r71,.(2;)) = Bar(y;). Thus a low-probability ini-
tial ball at scale 2¢ 7' becomes an endpoint ball at Hausdorff scale 2r. We first verify the Haus-
dorff separation between the two endpoint supports. Recall that SiTm) = (T, 570(0)), EU) =
o(T, ?0(1)), where 570(1) = 570(0) \ B(z;). Since the flow is (T,z) = e*Tz and p =

(2 + a)e LTr, we have s = 5. \ B35,.(y;), yj == @(T,z;). In particular, y; € 5

1)

and the closest points of E( to y; lie on the boundary of B, (y;). Hence

d(yj,g(l)) = (24 a)r > 2r. 4

Therefore, dg (?T(O) , ?T(l)) > d(y;, E(”) > 2r. Next, we bound the KL divergence between the
two endpoint distributions. Since

—(1 —(
P =P 1%, PG =14,
we have, for every measurable set A C R"™,
_RYUns")

By (4) =
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Equivalently, this conditional distribution can be written in Radon—Nikodym form as PO(I)(A) =

1—1)(z
Ja Sf(_l;( ) dPéO)(I). Therefore,

1
P )(m) _ Ig-m(x)
dP(SO) ]- —qr

PO(O)—a.s.

)

We now compute the KL divergence. By definition,

(1)) p(0) dpy" (1)
Dxi(Fy '||Fy ) = [ log o0 (z) | APy ().

0

Since Po(l) is supported on ?0(1), we have 1?0(1) (z) = 1 for Pél)-almost every x. Hence, on the

support of Po(l),
dp{M @) 1
x) = )
dpéo) 1- qr
Therefore,
W p0)y _ 1 (1)
PPN = [ os (=) ar
_ 1 (1)
= log (1 — %) /50“) APy (x)
1 1) =@
=1 Py (S
0g<1_qT) o (So )
1
=1
o8 (1 - qr>
= _IOg(l - qr)' (5)

Because (T, -) is a one-to-one flow map on the supports under consideration in the hard instance
(e.g. £ = Lz), KL divergence is invariant under pushforward by (7, -). Thus

D (PR PY) = ~log(1 — g,)
<2¢. <2(2+ a)”Ce‘”LTT”,

where we use (5) for the equation and the inequality holds when ¢, < %(2*7“)" < 0.79 for suffi-
ciently small o. For NV independent endpoint samples,

Die (PEONI(P)Y) = NDiw (PR PY) < 224 a)"NCe™™ T3 (6)

We now relate Hausdorff estimation to binary testing. Define the test induced by S N as

0, dH(gN;?T(O)) < dH(§N757T(1)),

O(Ye,... V) = ON 2T ON»PT
J0, o Yov) {1, di(Sn. 57"y < di (x50,

By (4), if di; (S, S7”) < r, then ¢ = 0; similarly, if dg; (S, S7') < r, then v = 1. In other
words, the following two implications hold:

dn(8y,57") <r = v =0,

dH(S\N,SiT(l)) <r — w =1.

Therefore, their contrapositives also hold. Since ¢ € {0, 1}, these contrapositives can be written
explicitly as

’(/J =1 = dH(gN,?T(O)) >,

’L/J =0 = dH(gN,?T(l)) >,
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Equivalently, this gives the event inclusions
a8 =0
=1} C {dH(SstT( )) >},
{t =0} € {du(Sn,57") > 7}
Consequently,
5 =0
(PP (i (S, 577 > 1) = (PO (0 = 1),
and
|
(PO (du(Sx.50) > 1) = (PN (@ = 0).
Therefore, for this estimator S N>

sup (PS)Y (dnr (8, 57) > 1) = max { (P")¥ (6 = 1), (PV)¥ (9 = 0) }
£€{0,1}

Vv
N

By Lemma 5,

(PO =1) + (P (6 =0) > S esxp (Dt (PN (POYY))
Combining this with (7) and (6) gives

~ 1
sup (P}e))N (dH(SN, ST(Z)) > r) > 1 exp(—2(2 + a)"NCe "F ™) . (8)
¢efo,1}

Now assume

enLT

N<— % Jog—.
32t ayCrm %1

Then
1
2(2 + a)"NCe ™1 < log 5
Substituting this into (8) yields

sup (PN (dH(EN,s*T“B > r) > 4.
£e{0,1}

Since § v was arbitrary, this means that for every estimator § v, at least one of the two admissible
instances (S((f)7 F, Po(l)),i = 1, 2 satisfies

Py (dH(§N, Sr) > 7’) =Py (dH(§N,§) > r) > 4.

And such conclusion holds for all sufficiently small «, then we have when
nLT nLT

e 1 e 1

N< lim —log— = ————log —.

a0+ 22+ a)nCrn 845 2nF o 8 4g
There always exists an admissible L-Lipschitz dynamic class F'(-), with endpoint support St and
endpoint distribution Pr, such that PY (d H(§ N, ST) > r) > §, which proves the minimax lower
bound. L]

Remark 2 (Worst-case and instance-dependent time dependence). A natural question is whether the
exponential-in-time factor in Theorem 2 is only a pathological worst-case effect. The minimax result
is a uniform impossibility statement: it does not imply that every fixed instance requires sample
complexity scaling as e™*Tr=", where L is a global Lipschitz constant and T is the fixed time
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horizon. For a fixed instance, the relevant quantity is the smallest endpoint mass of an r-scale
neighborhood,
yr(r) == if Pr(B.(y) N Sr),
yeST
and the effective sample complexity is governed by 1/vr(r).

The lower-bound construction shows that exponential degradation can occur when the dynamics
expands small initial neighborhoods before time T. In the hard instance used in the proof, an
endpoint ball of radius r has a preimage with radius on the order of e~ “Tr. Consequently, its initial
probability mass is on the order of e "1™, which leads to the lower-bound scaling N > e"FTpr—n
up to constants.

For a general nonlinear system i = F(x), the corresponding instance-dependent quantity is con-
trolled by the derivative of the flow map D,o(T,x). If the flow expands volume over the relevant
region, then small endpoint neighborhoods have small preimages under the inverse flow. Writing
Ar := sup log |det D, o(T, x)|
x€So

as an effective finite-time volume-expansion exponent over the relevant region, one expects an r-
scale endpoint neighborhood to have mass of order yp(r) < e “7r™ 2 up to density, anisotropy,
and curvature-dependent constants. Thus an instance-dependent analysis can replace the worst-
case exponent nL'T by a smaller effective volume-growth exponent A, giving the heuristic sample
requirement N > e 1= In the isotropic case (T, x) ~ e 'z, we have A = n\T, recover-
ing the scaling e"Tr—". Hence, while the minimax theorem uses the worst-case global Lipschitz
expansion nLT, persistent positive local volume expansion can still create an exponential-in-time
sampling burden for Hausdorff-accurate reachable-set recovery.

C Experiments Details

This section provides additional implementation details and experimental results. We first describe
the simulation platform, hardware configuration, robot-arm dynamics, parameter settings, and the
estimator based on Christoffel functions used in the supplementary experiments. We then report ad-
ditional results on dimension-dependent approximation of robot-arm uncertainty propagation, fol-
lowed by reachable-set approximation results obtained using the Christoffel estimator.

C.1 Experimental Setup

Simulation Platform and Hardware. All simulations are run on a 3.2 GHz AMD Ryzen 7
7735HS CPU with 16 GB RAM. The robot-arm simulations are implemented in MuJoCo 3.8.1.
We use deterministic MuJoCo MJCF models with a fixed integration time step of 2 x 103 seconds.
The approximation error is computed offline from simulated terminal samples. In the main experi-
ments in Section 5, we use the convex hull of the sampled endpoints as the reachable-set estimator.

Dynamics and Parameter Settings of Robotic Arms. We consider vertical planar serial n-link
robot arms with n € {2,3,4}. Thestateisz = [¢,v ] € R?", where ¢ € R™ denotes joint angles
and v = ¢ € R"™ denotes joint velocities. Each link has length 0.5, capsule radius 0.035, density
1000, joint damping 0.2, and armature 0.01. Gravity is enabled with acceleration (0,0, —9.81).
MuJoCo simulates the rigid-body dynamics

M(q)v+ C(q,v)v+g(q) =T,

where 7 € R"™ is the vector of joint torques. For the simulation, we consider a non-adaptive inverse-
dynamics tracking controller. The desired reference trajectory is

qa,i(t) = gc,i + A sin(wt + ¢;),

ZA < Bmeans A < ¢B, A 2 Bmeans A > c¢B, and A < B means both hold, for constants independent
of the scale parameter.
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with ¢. = linspace(0.25,0.65,n), 4; = 0.08, w = 0.5, ¢ = linspace(0,7/3,n). The analytic
derivatives ¢q(t) and §4(t) are used in the controller. Let e = ¢ — q4(t) and € = v — ¢4(¢). MuJoCo
inverse dynamics is used to compute

Tirack = M (q)Ga(t) + C(q,v)v + g(q).
The applied torque is
T = Ttrack — Kpe — Kqé.
We use weak tracking gains
K, =0.011,, K4 =0.0051,,

and clip torques to [—100, 100] for numerical stability. The weak gains are chosen deliberately: the
benchmark is designed for uncertainty propagation and finite-sample reachable-set approximation,
rather than aggressive trajectory tracking or controller design.

The initial uncertainty set is the box Sy = ([—pq, pq|”™ X [—puv, pu]™) © B(0,7) with p; = p, =
0.1, = 0.01. Each trajectory is propagated to time 7" = 1.0 second, and the terminal propagated
uncertainty set is approximated from sampled initial conditions.

Estimator using Christoffel function. To further validate the geometric implications of our the-
ory, we use the empirical inverse Christoffel function as an independent verification tool [17]. Given
endpoint samples {Y;}¥ |, we construct

o~

N
1
Mm,ag == Ugl+ N E ZWL(Y;)Zm(Y;)T7
=1

where z,, is the vector of monomials of degree at most m, and define
Cy) = 2m(y) " My Ly 2 ()-

Following the polynomial Christoffel estimator in [18, Algorithm 3], we use the sublevel set §E,h =
{y : C(y) < n} as a data-driven certificate of support coverage. In our setting, this construction is
not used as a competing reachable-set estimator, but rather as an auxiliary verification procedure: if
the endpoint samples generated under our sampling scheme are sufficiently informative, the resulting
Christoffel sublevel set should concentrate around the reachable set and provide an independent
check of the predicted finite-sample behavior.

C.2 Adversarial Sampling Details

For completeness, we describe the adversarial sampling heuristic over Sy used in the experi-
ments to improve empirical coverage [61, 62]. Given th_e current endpoint cloud )?, define
= VT Y ey Y oand QF = [D’ﬁ Yoyeyi (Y = )Y — cz)vT + M|, where )\4 >0
is a regularization parameter. We then maximize the novelty objective £ (x) := ||o(T, x) — ¢* ”2@“
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Algorithm 1 Reachable Set Estimation via Adversarial Sampling

: Input: Initial samples {X;) }fil C So

: Parameters: Stepsize 7, iterations nadv

: Output: Estimate 5%

:Y~70<_80(T7X§))7 j:17"'7M

DY = (YL

:fori=0,...,n.y — 1do

Compute ¢*, Q* from )"

forj=1,...,Mdo o
X;.“ + Projg, (X5 +nV.L(X]))
Vi e (T, X5

end for

Y UYL,

: end for

¢ N+ M(naav + 1)

-~

: return 538V = C(Y"adv)

—_
RN

—_
W

x € Sy, which encourages new samples to generate endpoints far from the current cloud after covari-
ance normalization [19]. Thus, the procedure allocates samples toward geometrically underexplored
regions of the reachable set. At each iteration, the current endpoint cloud is updated along V. L?,
projected back to Sy, and propagated through the dynamics. The newly generated endpoints are then
added to the sample cloud, and the final estimator is applied to all accumulated endpoints. For more
details, please refer to [19].

C.3 Additional Results

Fitted Dimension-Dependent Slopes. To summarize the dimension-dependent trend in Table 2,
we fit the magnitude of the empirical log—log slope as a function of the state dimension n using

m(n) = !

anb + ¢’
Since the fitted curves are obtained from plots of log d; versus log N, they can also be interpreted
as empirical sample-complexity exponents. Indeed, if

slope(n) ~ —m(n).

logdy =~ a(n) — m(n)log N,

then dg ~ A, N~™(") where A, = e*(") is the dimension-dependent prefactor in the empirical
scaling law; equivalently, it is the value predicted by the fitted power law at N = 1. In practice, A4,
should be interpreted as an intercept parameter rather than as a reliable one-sample approximation
error, since the fit is obtained over a finite range of sample sizes. This prefactor captures effects
not represented by the slope alone, including the geometric scale of the reachable set, flow-induced
expansion, sampling density, and estimator bias. Empirically, A,, often increases with the state
dimension, which further amplifies the sample requirement. This interpretation is consistent with
classical support- and level-set estimation results, where Hausdorff-type recovery rates and covering
complexities depend explicitly on the ambient or intrinsic dimension [63]. Thus achieving accuracy

- . . 1 7 nb4e
dy < r requires, up to dimension-dependent constants, N 2> (%) /mn) _ (Ag)om ¢ There-
fore, the fitted denominator an® + ¢ represents the empirical exponent with which the sample budget

must grow as the target accuracy r decreases.
The corresponding parameters and fitted curves are shown in Table 3 and Figure 7, respectively.
b
o . . . +c
Substituting the fitted parameters in Table 3 into the relation N 2> (%) “* 7 shows that the sample
budget grows as

A )0.5049n1~°7°9+1.3353
n

0.9488 n°-729% 10,2535
N A,
Nunif ~ r

aNadv Z (7.
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Table 3: Fitted parameters for the empirical slope model m(n) = 1/(an® + ), where n is the state
dimension and slope(n) ~ —m(n). The implied sample-complexity exponentis 1/m(n) = an®+c.

Sampling method a b c

Uniform sampling 0.5049 1.0709 1.3353
Adversarial sampling 0.9488 0.7203  0.2535

Dimension-dependent slope fitting

2, -0.20 1

S

2]

)

9

o -0.25 A

9

E

g ® Uniform data

2, -0.30 . .

g —— Uniform fit

M Adversarial data
-0.35 Adversarial fit

40 45 50 55 6.0 65 7.0 7.5 8.0
State dimension

Figure 7: Fitted dimension-dependent empirical slopes for robot-arm uncertainty propagation. The
fitted model captures the flattening of the log—log convergence slopes as the state dimension in-
creases.

Equivalently, taking logarithms on both sides yields

A, An
10g Nunit 2 (0.5049 n-07%9+1.3353) log — 1og Nadv 2 (0.9488 n%729340.2535) log .

Thus the empirical sample requirement does not grow only logarithmically with dimension. Both
uniform and adversarial sampling exhibit an exponential-type dependence on the state dimension
through the exponent multiplying log(A,,/r). Adversarial sampling reduces the fitted exponent,
but the exponent still increases with n, indicating that targeted sampling improves finite-sample
efficiency without eliminating the intrinsic curse of dimensionality.

Sample-Budget-Dependent Improvement of Adversarial Sampling. Section 5 reports the main
dimension-dependent robot-arm results. Here we provide an additional comparison showing how
the benefit of adversarial sampling depends on the sample budget. Table 4 reports the absolute and
relative improvement of adversarial sampling over uniform sampling for the 2-, 3-, and 4-link robot
arms.

The advantage of adversarial sampling is not uniform across all sample sizes. When N is very small,
adversarial updates may over-concentrate samples along a few extreme directions and reduce global
coverage. As the sample budget grows, the sampler has enough coverage to exploit informative
directions, and the relative improvement becomes positive and more stable. At N = 3000, the
relative improvements are approximately 39.09%, 35.56%, and 30.58% for the 2-, 3-, and 4-link
arms, respectively.

Time dependence under closed-loop control. Figure 8 shows that, under the closed-loop robot-
arm dynamics, the Hausdorff error grows only slowly with the simulation horizon 7". This contrasts
with the non-Lipschitz and Linear system examples in Section 5.1, where flow expansion strongly
amplifies sampling errors. In the robot-arm setting, the inverse-dynamics tracking controller reduce
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Table 4: Absolute (Abs.) and relative (Rel.) improvement of adversarial sampling over uniform
sampling for robot-arm uncertainty propagation.

n=2 n=3 n=4
N Abs. Rel. (%) Abs. Rel. (%) Abs. Rel. (%)

1 -0.0117 -3.35 0.0000 0.01 -0.0098 -2.15

3 0.0236 8.27 -0.0157 -4.88 -0.0126 -3.47

10 0.0356 17.79 0.0122 4.93 0.0011 0.37
30 0.0365 25.86 0.0374 18.01 0.0250 10.26
100 0.0397 36.72 0.0316 20.70 0.0386 18.84
300 0.0317 40.10 0.0307 25.35 0.0462 25.90
1000  0.0226 41.17 0.0290 30.12 0.0371 26.68
3000 0.0144 39.09 0.0280 35.56 0.0355 30.58

the effective expansion of the uncertainty set, so the observed time dependence is much milder than
the worst-case exponential growth predicted by the minimax bound.

Robot-Arm Time Sweep

| —— n=2, dim=4
—=— n=3, dim=6
n=4, dim=8

RS

0.06 -

o
N
S

o
=
N

Hausdorff distance
=) =)
3 S

W

0.00 025 050 075 100 125 150 175 2.00
time T

0.04 +

Figure 8: Hausdorff error versus time under uniform sampling

Effect of Adversarial Sampling Intensity Across Estimators. We further study how the adver-
sarial intensity of the sampling procedure affects reachable-set approximation under different down-
stream estimators. We repeat the time-sweep experiment for the autonomous system ¢ = 0, & = x>
using the same three initial sets as in Section 5.1: a disk, a triangle, and an opened triangle with
equal area. We compare two estimators constructed from the same endpoint samples: the convex
hull estimator and a Christoffel-type estimator.

The adversarial intensity is controlled by the number of adversarial updates n.q, € {0, 1,2, 3,4},
where n,q, = 0 corresponds to purely uniform sampling. Larger n,q4, allocates a larger fraction
of the fixed sample budget to points obtained after adversarial updates, and therefore places more
emphasis on expanding or boundary-like directions in the endpoint cloud.

Figures 9 and 10 show the Hausdorff error over time for sample budgets N = 10, 100, 1000. The re-
sults show that the effect of adversarial sampling is both budget-dependent and estimator-dependent.
For very small sample budgets, increasing n,q4, does not consistently improve performance, since
overly concentrated adversarial samples may reduce global coverage. For larger budgets, adversarial
updates become more beneficial: the endpoint cloud already has enough global coverage, and addi-
tional adversarial samples help resolve boundary and extreme regions. This trend is visible for both
convex-hull and Christoffel estimators, although the best choice of n,q varies across estimators,
sample budgets, and initial geometries. Overall, these results suggest a coverage—boundary tradeoff:
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1022 stronger adversarial sampling can improve finite-sample performance, but only when the sample
1023 budget is large enough to avoid sacrificing global coverage.
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Figure 9: Hausdorff error versus time for Convexhull reachable-set approximation of the au-
tonomous system 3 = 0, % = 22 under different uniform—adversarial mixture sampling ratios. The
three subfigures correspond to sample budgets N = 10, 100, 1000, and each subfigure compares the
disk, triangle, and opened-triangle initial sets.
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Christoffel reachable-set error, N=10
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Figure 10: Hausdorff error versus time for Christoffel reachable-set approximation of the au-
tonomous system 3 = 0, 2 = 22 under different uniform—adversarial mixture sampling ratios. The
three subfigures correspond to sample budgets N = 10, 100, 1000, and each subfigure compares the
disk, triangle, and opened-triangle initial sets.
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