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Decentralized Stability Certificates in IBR-Dominated Grids:
The Role of the Network State

Zhimeng Wang', Sushobhan Chatterjee!, Sijia Gengf, Richard Pates?, Enrique Mallada'

Abstract—Small-signal instabilities, such as unforced sub-
synchronous oscillations (SSOs), are increasingly observed in
inverter-based resource (IBR) dominated grids. While decentral-
ized stability certificates offer a scalable means to avoid instability
onset, they are typically derived under restrictive network-state
assumptions—such as small angle differences or negligible voltage
drops-that cannot capture how departures from these conditions
affect system stability. In this paper, we develop a network
model and a decentralized analysis framework that explicitly
characterizes how reactive power mismatches, line loading,
and inverter control parameters jointly determine small-signal
stability. We show that increased steady-state reactive power
mismatches and line loading lead to more stringent conditions on
admissible inverter droop gains. These results make decentralized
stability certificates explicitly network-state dependent, showing
how network stress shrinks the set of stabilizing local controller
parameters.

Index Terms—Decentralized stability, inverter-based resources,
passivity, reactive power, small-signal stability.

I. INTRODUCTION

Small-signal instabilities are becoming increasingly preva-
lent in inverter-based resource (IBR) dominated grids, often
manifesting as unforced sub-synchronous oscillations (SSOs)
[1]. Such instabilities have been reported across a wide range
of scenarios, including weak-grid conditions, controller mis-
configurations at commissioning, and post-contingency net-
work reconfigurations [2], [3]. While some events can be ex-
plained by classical resonance phenomena or control-structure
interactions [4], the precise mechanisms driving many of these
oscillations remain poorly understood. In particular, instabil-
ities often arise spontaneously, without a clear disturbance
or topological trigger, underscoring the need for improved
analytical tools that capture how the underlying network state
shapes small-signal dynamics and stability-margins [5].

Recent research has emphasized the use of decentralized
certificates to ensure small signal stability [6]-[11]. These
approaches derive scale-free conditions that guarantee stability
under bounded uncertainty, offering scalable alternatives to full
electromagnetic transient (EMT) simulations and global eigen-
value analyses [6]. To obtain such tractable, decentralized con-
ditions, most formulations either adopt simplifying network
steady-state assumptions—such as small phase differences [7],
[11], near-uniform voltage magnitudes [8], or active-reactive
decoupling [6], [9]-or implicitly encode network-state depen-
dence within the local linearization of inverter models [10]. As
a result, the dependence of stability margins on the network
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state is either neglected, implicitly confined to a nominal
regime, or absorbed into model abstractions.

In this paper, we develop a novel network model and accom-
panying analysis framework that derives decentralized stability
certificates without imposing explicit or implicit assumptions
on the network state. Our approach relies on a small-signal
model in which lines and IBRs are represented as multi-
port components, interconnected through an incidence-matrix-
based network structure. In particular, each transmission line is
modeled as a quasi-stationary multi-port subsystem mapping
small deviations of nodal angles and voltages to directional
real and reactive power flows, while inverter dynamics are
represented through filtered droop gains. This explicit port-
based decomposition makes the passivity properties of individ-
ual components—and potential violations thereof—transparent,
enabling a systematic and decentralized application of loop
transformation techniques to compensate for non-passive ef-
fects.

Applying this framework reveals an intrinsic coupling be-
tween the network steady state and the admissible control
gains required for guaranteeing small-signal stability. In par-
ticular, our results show that increasing reactive power asym-
metries ((Q;; — ;) or line loading—captured through larger
phase differences (0;; = 0; —0;)—progressively restrict the set
of stabilizing voltage droop gains. These findings align with
the well-established notion that small-signal stability depends
on the operating point of the network, and indicate that decen-
tralized certificates derived under nominal or lightly stressed
conditions can be overly optimistic when applied to stressed
operating regimes. Moreover, the derived conditions provide
practical guidance for preserving stability by indicating when
network-aware control retuning or operational redispatch may
be required.

The rest of the paper is organized as follows. Section II
reviews the preliminary tools used throughout the paper,
including the passivity stability theorem and loop transfor-
mation techniques for analyzing feedback interconnections.
Section III introduces the network and device models and
describes their interconnection through a structured feedback
representation. Section IV presents the main decentralized
stability certificate and provides a detailed proof of the result.
Section V demonstrates the implications of the proposed
conditions through an illustrative numerical example. Finally,
Section VI summarizes the main findings and discusses their
implications for decentralized stability analysis and inverter-
based grid operation.

II. PRELIMINARIES

Our analysis relies on passivity theory and standard mecha-
nisms for compensating the lack of passivity in interconnected



systems. Here, we introduce passivity stability theorem, which
provides sufficient conditions for the stability of feedback
interconnections, and introduce loop transformation techniques
that allow passivity properties to be modified through equiv-
alent interconnection representations. These tools form the
basis for the decentralized stability analysis developed in the
remainder of the paper.

A. Internal Feedback Stability

We consider the standard negative feedback interconnection
of two square, proper transfer matrices H(s) and Ha(s). The
resulting closed-loop input—output relation can be written as

Y| _ (I+ HiHy)"'Hy —(I+4 H1H>) 'HiHs| [w
Yo HQ(]I+H1H2)_1H1 HQ(H+H1H2)_1 U2 ’

::Hl#HQ(S)

)]
where we use I as an identity matrix with proper dimensions,
and [, as an m X m identity matrix.

Definition 1 (Internal Feedback Stability). The negative feed-
back interconnection of H1(s), Ha(s) is said to be internally
stable if all transfer matrices comprising Hy1# Hs(s) are
stable, i.e., all poles of Hi#Hsx(s) lie in the open left-half
plane.

Under the assumption that there are no right-half-plane
pole—zero cancellations between Hi(s) and Hy(s)—i.e.,
all right-half-plane poles of H;(s) and Hy(s) are con-
tained in the minimal realizations of H;(s)Ha(s) and
Hj(s)H1(s)—internal stability of one closed-loop transfer
matrix implies internal stability of all others [12]. This notion
will be used throughout the paper.

B. Passivity Stability Theorem

We briefly review standard passivity definitions and a clas-
sical passivity-based stability theorem for feedback intercon-
nections.

Definition 2 (Passivity). A square, proper, real rational trans-
Sfer matrix H(s) is passive if:
i. H(s) has poles in R(s) < 0.
ii. The Hermitian part of H(jw) is positive semidefinite for
any w for wich jw is not a pole:

H(jew) + H* (jw) = 0.
iii. Any pole on the imaginary axis is simple, and its residue
R= lim (s~ ju)H(s)
is Hermitian positive semidefinite.

The transfer matrix is strictly passive if inequalities in i. and
it. are strict.

Theorem 1 (Feedback Stability via Passivity). Consider the
standard negative feedback interconnection of two systems
H,(s) and Hs(s) with compatible dimensions. The closed-
loop system is internally stable if the following conditions
hold:
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Y1,

(a) Negative feedback interconnec- (b) Fig. 1a with loop transformation
tion of H1(s) and Ha(s). L(s).

Fig. 1: Loop transformation.

i. System Hq(s) is passive, and system Hs(s) is strictly
passive.

ii. The loop gain magnitude at infinite frequency satisfies the
small-gain condition:

7 (H1(jo0)) o (Ha(joo)) < 1.

Proof. The proof of this Theorem is standard. From complete-
ness we provide a proof in Appendix A. O

C. Loop Transformation

We will use loop transformations to compensate the lack of
passivity in transmission lines, allowing in this way to apply
Theorem 1.

Lemma 1 (Simplified condition for internal stability [12]).
Consider a negative feedback interconnection of Hi(s) and
H(s). Assume there are no RHP pole-zero cancellations
between Hi(s) and Hs(s), i.e., all RHP poles in Hy(s) and
Hy(s) are contained in the minimal realization of H(s)Ha(s)
and Hy(s)H1(s). Then, the negative feedback interconnection
is internally feedback stable if and only if one of the four
closed-loop transfer matrices is stable.

Lemma 2 (Corollary 5.5 in [13]). Suppose Hy(s) is sta-
ble. Then the system in Fig. 1 is internally stable iff
(I1+ HoHy) ™' Hy is stable.

Theorem 2 (Loop transformation equivalence). Consider the
interconnections in Fig. la and 1b. If there is no RHP pole-
zero cancellation between H,(s) and Hs(s), and Hi(s) is
stable, then the internal stability of the two systems are
equivalent.

Proof. See Appendix B. O

III. NETWORK MODEL

In this section, we develop a first principle-based small-
signal model of the IBRs and the transmission network, and
then connect them to construct an interconnection.

A. Inverter-Based Resource (IBR) Model

We model each IBR as a grid-forming (GFM) device that
regulates frequency through active power feedback and voltage
magnitude through reactive power feedback. Let A P; and AQ);
denote the incremental active and reactive power injected by
inverter ¢ into the network, and let Aw; and Aln |v;| denote



the incremental frequency and logarithmic voltage magnitude
at bus 3.

We adopt the standard sign convention in which positive
power corresponds to injection into the grid, and the inverter
control uses the negative of these quantities as feedback inputs.
The small-signal inverter dynamics are modeled by

Awi —APZ‘-
[A 1n|%‘|} = Cils) l:_AQi_ ’

where the transfer matrix

Ep,i 0 ]

G. | Tw,istl
Z<S> T 0 kq.i ’
Tv,i5+1

kp,i,kqi > 0 are the active power—frequency droop gain and
reactive power-voltage droop gain, respectively. 7, ;, 7y, > 0
are the frequency and voltage control time constants, respec-

tively.
We define
_API Awl
AP —AQl A AIH‘U1|
- O . 2n w O . 2n
)| femn [ 1| e
_APIL AWn
—AQ, Aln |vy,]

as the input and output signals of the IBR devices. Thus the
dynamics of all the inverters concatenated is characterized by

awi] =90 [2ag) @

where G(s) = blkdiag (G1(s), -, Gn(s)).

B. Line Model

Consider a lossless transmission line e = {¢, j} connecting
buses ¢ and j. Let

v = "Ui|€j9i, Uj = |’Uj|€j6j, Gij = 91 — 9]‘
denote the steady-state voltage phasors and phase difference.
The line is modeled as purely inductive with inductance L.,
and we define the normalized susceptance b, := where
wo 1s the synchronous angular frequency.

The steady-state complex power injected from bus ¢ into the

line is

1
nge ’

Sij = Pij -‘r]Q” = V; i;}(j,

with i;; = jbe(v; — v;), and Sj; defined analogously.

Linearizing the AC power-flow equations around the oper-
ating point yields a quasi-stationary, port-based small-signal
model of the line,

A.Pij Aw;
AR CI
AQ]l Aln|vj\

where the line transfer matrix admits the factorization

1 1
Ne(s) = Je diag(s, 17 ;, 1) .

We use I,(s) = diag (1,1,...,2,1) € C"™*", thus N,(s) =
Jel4(s). The integrator terms arise from the kinematic relation
0 = wg, while the static gain matrix J. = be|v;||v;| Je
captures the steady-state sensitivity of line power flows to
voltage magnitudes and phase differences, and the normalized

Jacobian J, € R**% is given by

cos 0;; ‘ |sin 0;; —cos 0, sin 0,
. v, .
_ S11 01‘]‘ 2|1)j| — COS Gij — S Gij — COS 91']'
Te= | cost in 6 0 in 6
— COs Ujy — Smuy; COs U5 | —‘sm ij
1 0, oSO —sin®,; 2l _ og0..
sin 0, cos 0;; sinfi; 20 — cos by
Let £ = {e1,..., e} denote the set of transmission lines.

Stacking the incremental nodal variables and line power flows
over all lines, we define

Awil [ A‘Piljl
Aln |vi1 ‘ 1171
ijl APjﬂd
Aln vy, | AQj,i
AwE _ ' J1 APE - .]1 1
Aln\®E| T : ’ AQE T .
Aw;,, AV
Aln v, | AQi, i
ALUjm Aijim
Aln |UJm| _AQjmim_

The concatenated line dynamics can then be written com-
pactly as

AP,

[ o (3)

AQE:| - NE(S) |:A In |’UE
where
Ng(s) = blkdiag(Ne, (8), ..., Ne,,(8)) = Jg Lim(s),

with Jp := blkdiag(Je,, ..., J., ).

C. Interconnection Model

To connect the bus vector signals and the line-end vector
signals, we introduce the matrix

M := [M., M., M., ] € {0,1}2>4m,

where for each line,
M, = [ei ej] ® Iy € {0, 1}2n><4’

and ey, is the k-th standard basis vector.
Therefore, the bus vector signals and the line-end vector
signals can be related as
Aw

Aw AP AP
{mnﬁ,ﬂ} =M {mnmd ) [AQ] =M [AQ@} @)

Equations (2), (3), and (4) provide a compact first-principles
description of the full networked system, in which the inverter
dynamics and the line dynamics are interconnected exclusively
through the operators M | (node-to-edge) and M (edge-to-
node). We denote this interconnection between systems G and
Ng via M and M T as G#Ng. This structure will be the
basis for the passivity and stability analysis in the sequel.



Tplin(s)

(a) System G(s)#mNEg(s).

(b) Go(8)Ion(8)#rrJE I ().
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(c) System sGo(s)#n < J5. (d) System G(s)#n N(s).

Fig. 2: Systems for stability analysis.

1) Notation setup

[ 2) Loop transformation in Fig. 2d ]
I

3) Strict passivity 4) Passivity
L analysis of G(s): analysis of N(s):

Condition (i) Condition (ii)
[ ]

Internal stability
of Fig. 2(c)(d)

5) Concluding internal stability ]
Internal stability
of Fig. 2(a)
Fig. 3: Flow chart of the proof of Theorem 3. The colored

blocks represent the steps.

IV. DECENTRALIZED STABILITY CERTIFICATE

We now present and prove the main result of this paper.

A. Main Result

Theorem 3 (Decentralized Stability Certificate). Consider the
device and network models in (2), (3), and (4), interconnected
as G(8)#m Ng(s) in Fig. 2a. If the following condition holds:
For each line e = {i,j} € E,

(2 de 2 )\/(QU Qﬂ> 44
belvillvj|  cosB; belvil|vj 5)

d. \* 2 d.
N ( ) - 4420,
be|vil|vj| cos B belvi|v;|

where Y
stable.

ei€e P -

%. Then G(s)#mNg(s) is internally

B. Proof of Main Theorem

We prove Theorem 3 by following the flow chart in Fig. 3.
1) Notation setup: To facilitate the stability analysis, we
normalize the system parameters around the operating point.
We define the operating angle coefficients ¢ := cos0;5,s =
sin 6;;. Furthermore, we introduce the normalized gain and the
corresponding diagonal matrix
_ d. _ -

e i=—— D,= diag(O,de,O,de%
bevi|v;]

to be used in our loop transformation, and the normalized
reactive power flow p;;, g;; and gj;

Pz’j Q’L]

T D R
be|villv;|’ Y befuillv]

Qi

big = belvalJv;]

qji =

Also notice the standard power-flow identities of lossless lines

Ql] sz _ |Uz|
qji =
blvillv;]

vl
ol Jwil

pij = sinf;; = s, Qij—

We will prove our results using the following coordinates

|vi]

Y=t 4t de = /(g — ¢ji)? +4+de,  (6)
log| vl
lvi| vy
= - = qij — Qji- @)
log| vl oY

2) Loop transformation: The map in (3) is in general not
passive, as Jg is in general not positive semidefinite. To
facilitate the subsequent analysis, we consider the systems in
Fig. 2, in which Fig. 2a is the original system, and can be
equivalently expressed as in Fig. 2b, where

. Fcomresy BN
GO(S) = blkdlag (l ( M’E) +1) Eq.i ‘|> y
Ty,is+1

and Go(s) characterizes the dynamics

AO ] —AP
] =000 [253]
In Fig. 2¢c, G'(s) := sGy(s) characterizes the dynamics
Aw ] , —AP
{Aln]v_ =Gs) {—AQ] ’ ®

For each e = {i,j}, we choose loop shifting parameter
de > 0, and apply the corresponding loop shifting matrix
Dg to the line dynamics in Fig. 2c, which yields the loop
shifted interconnection in Fig. 2d. On the IBR side, this loop
transformation induces the additional nodal positive feedback
1 { Aw
K :
s

}, where K :== M Dy M. By construction, K
v
is diagonal and acts only on the voltage-magnitude channels:

K = diag(O?K1707“27 s ,07:"{6”),

where k; = Zmee d.. Note that D, acts locally on each line,
whereas K aggregates these effects at the nodal level.



3) Strict passivity analysis of loop shifted devices G(s)
The diagonal term %K is equivalent to introducing, at each bus
i, a local positive feedback in the In |v;| channel with gain ;.

Given the IBR dynamics in (8), the additional feedback
K;/s acts as a positive feedback around the first-order system

kgis - .
77 in the voltage channel. Consequently, the effective
voltage-channel dynamics become

kq_’is

)
TviS-i-l—Hik/’qi

which remains strictly passive with x; = %
q,

4) Passivity analysis of loop shifted lines N(s): With
the loop transformation introduced, each of the line transfer
function %Je can be replaced by the shifted map

1 1 1
-Je = =(Je+D.) — —D,.
s s s
Equivalently, we define the passivized line block
_ 1 1
Nine(s) = 5 (Je + D), Np.(s) == 5 D,,

so that the original line is decomposed into a passive candidate
Nln ¢ and a diagonal integrator Np . Slnce 5 Is positive real,
a sufficient condition for Ny, e(s)tobe passwe is J.+D, > 0,
and is a simple semidefinite condition on d..

Stacking over all lines gives the passivized stacked line map

1

_ 1
Nln(s): ;(JE+DE), ND(S):EDE-
For each line, define
c s —c s
o s 2“”,‘ 1. —s —c
H.:=J.+D.= Y )]
—c -5 c -5
s —c —s QM—C—FCZG

[vi

The definition in (6)—(7) can be equivalently written as

+d, =Y+ A, 2l L 5 Al

|UJ| |vi

To analyze the definiteness of H., we apply a congruence
transformation H . := T T H,T that transforms the basis into &
and A, thereby block-diagonalizing the matrix and simplifying
the stability check. We pick

1 0 1 0
01 0 1
T:= 10 -1 O
01 0 -1

Applying the transformation to (9) and simplifying yields

0 0 0 0
~ 0 2X —4c 4s 2A
He = 0 4s 4c 0 |7
0 2A 0 2

thus H. > 0 is equivalent to G, = 0, and is further equivalent

to G = = 1G. = 0, where
2 —4c¢ 4s 2A R Y —2¢c 25 A
G. = 4s 4c 0 | ,G. = 2s 2c 0| =0.
2A 0 2 A 0 X

We assume ¢ > 0, so the middle diagonal entry 2c is strictly
positive. Then G, > 0 is equivalent to the Schur complement
of the middle block being PSD:

252

_|X—2c Al 1 (25 | Z—2e-2 A
Se'_{ A 2]_20{0}[28 o= A “ sl

it is PSD iff its diagonals and determinant are nonnegative.
We substitute > and A into (5), thus the condition ensures

23 252
S22 9en - L A2 = det(S.) > 0
& C

(10)

~A? 72—

Moreover, (10) guarantees

22—222&20 = 2(2—2>20.
C C

Since ¥ > 0, this implies ¥ > %, ie., (10) implies the
smallest diagonal element in S, is nonnegative.

In conclusion, the condition ensures S, is PSD, implying
that G’e, G, and H, are PSD, which further implies the
passivity of the loop-shifted lines.

5) Concluding internal stability: Given that conditions (i)—
(ii) ensure the strict passivity of the loop shifted IBRs and
the passivity of the loop shifted lines, the loop-shifted system
G(s)#N(s) in Fig. 2d is internally stable. Since sGo(s) is
stable and there is no RHP pole-zero cancellation between
sGo(s) and 1Jp, we apply Theorem 2 and conclude that
system sGO(s)#M%JE is also internally stable, i.e., signals
(AP, AQ, Aw, Aln|v|) — 0 as t — oo. To further show that
Aln|v| — 0 as t — oo, which can be implied by the internal
stability of the original system G(s)#s Ng(s) in Fig. 2a, we
adapt the proof method from [11] and state the following.

Lemma 3. Consider system G(s)#y Ng(s) in Fig. 2a, and
system G(s)#nN(s) in Fig. 2d. Then, internal feedback
stability of the minimal realization of all four closed-loop
transfer functions of the loop-shifted system G(s)#N(s)
implies internal feedback stability of G(s)#mNg(s).

Proof. See Appendix C. [

V. NUMERICAL EXAMPLE

We consider a two-bus system composed of two GFM
inverters interconnected by a single transmission line. To
validate the proposed stability certificates, we adopt a third-
order nonlinear GFM model, as detailed in Appendix D, whose
linearization yields (2). We begin by linearizing the nonlinear
dynamics around a stable equilibrium point obtained with the
following parameter settings: p; = —4 p.u., p5 = 4 p.u,
gi = 1.2 pu, g5 = 05 pu, kp1 = kp2 = 1.8 pu,
kg1 = kq2 = 0.3 p.u., and wp = 1207 rad/s. These parameters
are selected to represent an operating condition characterized
by voltage mismatch and line loading, as summarized below.

o Grid State: |v1]| = 1.0218 p.u., |vz| = 0.9919 p.u., and

phase angle 6, = 0°, 6, = 23.2448°.

o Line Parameter: b, = 10.0 p.u.

 Control Gains: kg1 = kg2 = 0.3.
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Fig. 5: Dynamic response of the 2-bus system considering one
stable and one unstable scenario.

From the above, there is cos = 0.9188, % = 0.0593.
One can verify that, with k; = crice de = ﬁ the condition
is satisfied.

In Fig. 4, we plot the maximum admissible droop gain
to maintain stability versus the Ii‘%ﬁiil The region below
each curve represents the stable operating set for a given
cos 0. The varying curves represent different cos 6 values. We
observe a clear inverse relationship between the reactive power
mismatch and the stability margin. As the mismatch increases,
the maximum allowable droop gain decreases monotonically.
Furthermore, the system stability margins degrades signifi-
cantly with smaller cos 6. This indicates that operating points
with high reactive loading and large voltage disparity require
much more conservative controller tuning to ensure stability.
To validate our numerical example, in Fig. 4, we highlight the
stability boundary for cosf = 0.92 and the operating point
from the example with a “d”. Since the operating point lies
within the safe region, the system is confirmed to be stable.

Furthermore, we examine an alternative operating point
obtained by setting k; 1 = 1.1 p.u., and kg2 = 1 p.u., while
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keeping all other parameters unchanged. This operating point
is marked with a “y%” in Fig. 4, and violates the stability
conditions established in Theorem 3, thereby demonstrating
the ability of the proposed certificates to correctly characterize
its stability properties. Fig. 5 presents time-domain simulations
that corroborate the theoretical analysis for both the stable
and unstable operating points. The left panel depicts the
voltage deviations, whereas the right panel illustrates the
frequency synchronization dynamics. This confirms that the
proposed decentralized certificate is sufficient to guarantee the
dissipation of oscillation energy.

VI. CONCLUSION

In this paper, we present a decentralized method for certi-
fying the small-signal stability of IBR-dominated grids, with
a specific focus on the impact of reactive power flows. We
demonstrate that the network’s operating point is an active
factor in determining local passivity. By passivizing both
devices and lines using loop transformation, we derive stability
criteria that are both rigorous and practically implementable.
These findings offer a clearer path towards “plug-and-play”
integration of IBRs, ensuring robust operation even as grid
complexity and interactions increase.

VII. AI USAGE DISCLOSURE
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APPENDIX
A. Proof of Theorem 1
The internal stability of the feedback system in Fig. la is
characterized by the following:
(I+ HoHy) ™t (I+ HoHy) " Hy
Hy(I+ HoHy) "' Hy(1+ HyHy)~'Hy| - (D
Given the strict passivity of Ho, it suffices to only check
the stability of Hl(]l + H2H1)_1 [13], which is equivalent to

—1 ¢ o(HyH,)." Suppose —1 € o(HyH,), let v # 0 be the
corresponding eigenvector. Thus —v = Hy Hjv. It follows that
—v*Hiv =v*"H] HoHqv. (12)
We take the conjugate transpose of both sides, it yields
—v*Hyv =v*H{H; Hyv. (13)
Summing both sides of (12) and (13) gives
—v*(Hy + H{)v =v*H{(Hy + Hy)Hyv. (14)

By the passivity of H; and strict passivity of Hs, the left
hand side of (14) is nonpositive, while the right hand side
is strictly positive for v # 0. Thus there is contradiction,
indicating that —1 ¢ o(HyH;), and that the interconnection
is internally stable given the conditions in Theorem 1.

B. Proof of Theorem 2

Given Lemma 1 and Lemma 2, the internal stability of
the two interconnections can be guaranteed by one transfer
matrix in the 2 x 2 block transfer matrix in (11). Check the
transfer functions from u; to y; for Fig. 1b first.

’ ’ —1 ’
(]I+H1 Hz) H,
=1+ H, (1- LH, ) (Ho+L)| " H (1—-LH,)™

— [+ Hy (I— LH, ) Ho+ Hy (I— LH, 'L Hy (I— LH, )™
1+ H, (I— LH, Y "Ho+(I— H, L)"H, L] H, (1— LH, )™

4 Hy (I— LH, ) Ho) 'Hy (I— LH, )™
4 (I—H\ L) "Hy Ho) 'H,y (I— LH,)™
1— Hy LY {1+ Hy Hy)| " Hy (I— LH,) ™
=(I+HyHz)"'Hy
The last expression (I + Hy(s)Ha(s))™ " Hy(s) is precisely
the transfer function from w; to y; in Fig. 1a. Thus the transfer

functions are equivalent, implying the equivalence of internal
stability between system H;(s)#Hz(s) in Fig. 1a and system

H/(s)#H}(s) in Fig. 1b.

"Here o(A) represents the set of eigenvalues of A.

r—\r—vl—|t—17—vr—|

)
L)
L)

)

T—Hy L) (- Hy L+ H, L)+ H, (I— LH, Y Hy | " Hy (1— LH,)™

C. Proof of Lemma 3

Since sGo(s) is stable and there is no RHP pole-zero
cancellation between sGy(s) and %J £, we apply Theorem 2
and conclude that system sGo(s)#~Jp is also internally
stable. Moreover, notice that

1 \"! _
(]I—FG’SJE) G’ = diag(1, s, 1,s)-(I+GNg) ' G,

thus we can conclude the stability of (I+GNg) ' G if the
step response of the voltage derivatives converges to zero, i.e.,

-1
hr% 5~ (]IJrG/ JE> G =1® [ 0} (15)

0 0
To show (15), first simplify it as

1\ " 0
. / r_
gg% <}I+GSJE) G =1I® {0 O}

We define permutation matrix

— Pu 2nx2n
P = M € {07 1} 5

1 ifj=21—-1 1 ifj=2
(Pu)ij = . (Pr)ij = o
0 otherwise 0 otherwise

We apply the permutation matrix P to the limit we want to
show,

where

. /1 - 1T T _ |* 0
lli)I%)P(H-‘rGSJE) G'P =PI 0 O P 0 ol
(16)

Due to the orthogonality of P, the LHS of (16) is equivalent
to

lim (I+G™N™)"' G~, (17)
s—0
where
diag | —2— 0
G" =PG'P' = (Tw S“) .
0 diag (T q;+1)

1
:;PJEPT.

Notice that N™ contains a 1/s factor. We define K™ = sN™
and take the limits:

lim g = [8kea) 0 _ &
s—0 0 0
. x| K11 K| _ on
gl_r% sN™ = [K21 K22:| =K".
Thus, substituting (I + G™N™)~! = s(sI + GTK™)~1, (17)

becomes

hm s (sI+ G‘K”)il G

)

sl

oy 0
_llms[sﬂ+dlag kpi) K11) ™" 1*]1} [diag(km)
S

sH+d1ag i) K11 diag(k,; )K12:| ! [diag(k,.;) O}
0

0

s—0 0 0
iy |5 (s1+ diag(ky,i) K1)~ ! diag(ky,;) 0]
s—0 0 O_

which yields the required structure.



D. GFM Modeling Equations

The nonlinear differential-algebraic equations (DAEs) de-
scribing the GFM dynamics are given below in per units. The
notation for variables and parameters is explained herein.

1) Differential Equations:

0 = wpow
Tww = —0w+ (p* — )k,
ol = —=|v| + (¢ — q)kq

2) Algebraic Equations:
ow =

w—wo
SJvl = |v| = fvol
P = vpip + vQlq
¢ = vQiDp — UplQ
lv] = 1/'0%+'U%
vpsind = wvgcosf

Here, 7, & T, represent frequency & voltage filter time
constants, and k, & k, denote the frequency & voltage droop
gains, respectively. In contrast, |vg|, wyg & wp denote the
nominal voltage, angular frequency setpoint & base frequency
of the inverter. Furthermore, vp & wvq refers to the global D-
and Q-axis output voltage at PCC, while ip & iq refers to the
global D- and Q-axis output current at PCC, respectively. 6.
denotes the PCC angle w.r.t a global DQ-frame. The reference
frames are illustrated in Fig. 6.
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Fig. 6: Phasor diagram and reference frames of the GFM IBR.
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