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Abstract—We propose a method for data-driven practical sta-
bilization of nonlinear systems with provable guarantees, based
on the novel concept of Nonparametric Chain Policies (NCPs).
The approach employs a normalized nearest-neighbor rule to
assign, at each state, a finite-duration control signal derived
from stored data, after which the process repeats. Unlike recent
works that model the system as linear, polynomial, or polynomial
fraction, we only require the system to be locally Lipschitz.
Our analysis builds on the framework of Recurrent Lyapunov
Functions (RLFs), which enable data-driven certification of
stability using standard norm functions instead of requiring
the explicit construction of a classical Lyapunov function. To
extend this framework, we introduce the concept of Recurrent
Control Lyapunov Functions (R-CLFs), which can certify the
existence of an NCP that practically stabilizes an arbitrarily
small c-neighborhood of an equilibrium point. We also provide
an explicit sample complexity guarantee of O((3/p)log(R/c))
number of trajectories—where R is the domain radius, d the state
dimension, and p a system-dependent constant. The proposed
Chain Policies are nonparametric, thus allowing new verified
data to be readily incorporated into the policy to either improve
convergence rate or enlarge the certified region. Numerical
experiments illustrate and validate these properties.

I. INTRODUCTION

Data-driven control methods offer an alternative paradigm
for synthesizing controllers directly from trajectory obser-
vations, potentially bypassing the need for accurate system
models while reducing computational burden and conserva-
tiveness of classical control synthesis [1]], [2]]. Recent years
have witnessed significant progress in data-driven control.
These approaches, as well as their level of maturity, depend
considerably on the underlying system properties. For linear
systems, the field has substantially matured: LMI-based formu-
las [3]] and convex programs [4]], S]] can transform trajectories
into stabilizing feedback controllers with robustness [3]], [5]-
[7]], performance [4], [5], [8] and sample complexity guaran-
tees [9], [1O]].

For nonlinear systems, several approaches have been pro-
posed, with methods highly dependent on the implicit as-
sumptions made on the nonlinear system class and the
control synthesis methodology. One prolific line of works
considers dynamics formed from dictionary-based hypothe-
sis classes—e.g., using polynomials [I1]-[13]], fractions of
polynomials [14], or general nonlinear functions [[15]—and
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formulate semidefinite programs that render policies with a
wide variety of guarantees, including contraction-based sta-
bility [16]-[18] or robustness [13]]. Other methods employ
general learning techniques to learn models or policies and
leverage intrinsic system properties to provide different guar-
antees, e.g., Koopman operator methods that exploit spectral
properties [19]], sample complexity analysis for stochastic
dynamics [20]], and conformal prediction approaches for sta-
tistical robustness [21]].

Despite the effectiveness of these methods in synthesiz-
ing controllers with guarantee, many questions remain unan-
swered. First, sample complexity guarantees are typically
technique-dependent and do not provide clear understanding
of how data requirements scale with explicit system properties,
such as state dimension or attainable performance levels, or the
specific hypothesis class considered. Second, computational
complexity of optimization-based methods scales poorly with
dictionary size and state dimension. Third, incorporating new
data necessitates resolving the underlying optimization prob-
lem, often requiring complete recomputation and discarding
previous work. As a result, there remains a need for flexible
data-driven approaches that can adapt to new information with-
out loss of prior information and while providing transparent
performance-data trade-offs.

To address these challenges, we introduce the concept of
Nonparametric Chain Policies (NCPs), a data-driven approach
that requires only Lipschitz assumptions on the system dy-
namics while providing explicit sample complexity guarantees
for practical stabilization. NCPs employ a normalized nearest-
neighbor rule to assign finite-duration control signals from a
stored library of verified trajectories, enabling direct use of
data without parametric modeling or optimization re-solving
when new data arrives. The library itself is updateable. Our
theoretical guarantees build on the framework of Recurrent
Lyapunov Functions [22], which we extend here for the control
setting by introducing Recurrent Control Lyapunov Functions
(R-CLFs, Section [[lI)—a natural relaxation of standard Con-
trol Lyapunov Functions [23].

Contributions. Our approach offers three key advantages over
existing stabilization methods:

1) Explicit sample complexity: NCPs achieve practical
exponential stabilization using O((3/p)?log(R/c)) sam-
ple trajectories, with transparent scaling in dimension d,
radius R, precision ¢, and system-dependent parameter p.

2) Incremental learning: The nonparametric nature of
NCPs allows for new verified data to be seamlessly
incorporated to expand a certified region, or improve
performance, without discarding previous guarantees or



re-solving optimization problems.

3) Performance-complexity trade-offs: The framework ex-
plicitly controls the trade-off between sample require-
ments and performance through a parameter p that re-
lates theoretical optimal performance and practical per-
formance guaranteed by the NCP.

Organization. Section [[I] introduces preliminaries. Section
presents Recurrent Control Lyapunov Functions (R-CLFs) and
stability guarantees. Section defines Nonparametric Chain
Policies and establishes sample complexity results. Section [V]
demonstrates the approach on nonlinear benchmarks, and
Section [V1l concludes.

Due to space limitations, several detailed proofs are omitted;
complete proofs and additional technical results are available
in the extended version of this paper on arXiv [24].
Notation. || - || denotes an arbitrary norm on R™. We denote
by cl(S) the closure of a set S and int(S) the interior of S.
Given z € R™ and r > 0, we define the closed ball of radius
r centered at x as By(z) := {y € R" | |ly — z|| < r}. For a
scalar a € R, we write [a]4 := max{a,0}. For a set S C R"
and a point z € R", the distance from x to S is defined as
d(z, S) := inf,cg ||y — ||, with signed distance defined as

sd(z, S) := {d(m, 95),

ife ¢S,

—d(x,095), ifzxelb.

II. PRELIMINARIES

We consider a nonlinear control system:
#(t) = fla(t), u(t), (1)
with state x(¢) € R™ and input u(t) € U C R™. We define
U@ = {u: (a,b] — U | u measurable},

as the set of admissible control signals on interval (a,b], and
set U := U Given ug € U and u; € YO their
concatenation uqu, € U (0,a+b] i defined by

uo(t),
Ul (t),

t € (0,al,

(uou1)(t) { te (a,a+bl.
More generally, for a sequence of control signals u,, € 107,
with 7, > 0, Vn € N, we further use u,) := uou; . .. uy,, and
Uloo] = lim,,— oo U[p)- In some occasions we slightly abuse
notation by using v interchangeably to represent instantaneous
inputs in U and signals in ¢/(**]; the intended meaning will
always be clear from context.

For an initial state z € R™ and control signal u € (-4,
we denote by ¢(t,x,u) the solution of (I for ¢ € (0,a]. We
further assume the following regularity conditions for (T).

Assumption 1 (Forward Completeness). The solutions of the
control system (1)) are forward complete. Specifically, for each
initial condition x € R™ and every control signal uw € U, the
trajectory ¢(t,x,u) exists and remains bounded for all t > 0.

Assumption 2 (Uniform Lipschitz Continuity). The vector
field f(x,u) of system is locally Lipschitz continuous in x,

uniformly with respect to u. More precisely, for every compact
set S C R™, there exists a constant Lg > 0 such that

||f(y,u)—f(x,u)||SLsHy—xH, vx7yesa YVu e U.

A. Practical Exponential Stabilizability

In this work, we aspire to render an equilibrium point z* €
R™ practical exponentially stable.

Definition 1 (Equilibrium Point). A point * € R" is an
equilibrium point of system if there exists a control input
u* € U such that f(x*,u*) =0.

Definition 2 ((Practical) Exponential Stabilizability). Let S C
R™. The equilibrium x* of system (1)) is said to be:
(i) Exponentially Stabilizable on S if for every x € S, there
exists a control signal u € U satisfying

ot z,u) — z*|| < Ke Moz —z*||, Vt>0; ()

(ii) Practically Exponentially Stabilizable on S if for every
x € S, there exists a control signal u € U satisfying

lo(t, z,u) —z*| < Ke_”\t||ac —z*|+¢, VE>0, (3)
for constants K > 1, A > 0, and ¢ > 0.

It is well known from the topological entropy literature
that it is impossible to exponentially stabilize a system, i.e.,
achieve (2)), using a finite number of control signals [25]. We
will therefore aim to enforce the weaker notion of practical
exponential stability, i.e., (3), which follows the terminology
of [26], [27].

B. Recurrent Lyapunov Functions

To provide guarantees for our data—driven stabilization
framework, we build on the theory of Recurrent Lyapunov
Functions (RLFs) [22], [28]. Unlike classical Lyapunov func-
tions, which require a decrease all along trajectories, RLFs
only require a decrease at a sequence of bounded times. This
relaxation broadens the class of certificates available, while
still ensuring exponential stability.

We begin with the notion of containment times, which we
define for general trajectories of the controlled system.

Definition 3 (Containment Times). Given a set S C R",
an initial state © € R", and an input u € U, the set of
containment times is

Ts(z,u) = {t € Rsg | (¢, x,u) € S}.
For constants a,b > 0 we define

Ts(z,u;a,b) := Ts(x,u) N (a,a+ b,
and for convenience Ts(x,u;b) := Tg(x, u;0,b).

We now recall the definition of an RLF in the autonomous
case, where the trajectory is uniquely determined by the initial
condition. In this case we denote by ¢(¢, x) the system’s flow.

Definition 4 (Recurrent Lyapunov Function). Ler S C R”
be a compact set with x* € int(S). A continuous function



V : R* — Ry is called a Recurrent Lyapunov Function
(RLF) over S with rate a > 0 and horizon 7 > 0 if

eV (p(t,xz)) < Vi(x), Vr € S,

min
teTs (x;7)

where Ts(x;7) :={t € (0,7] | #(¢,x) € S}.

It will also be useful to characterize the set of points that
can be reached within a finite interval of time.

Definition 5 (Reachable Tube). For the control system (1), a
constant T > 0, and a set S C R", we denote the T-reachable
tube from S within T units of time by

R7(S) = U {o(t, z,u)}.

z€S,uel,te[0,7]

III. RECURRENT CONTROL LYAPUNOV FUNCTIONS

As mentioned above, our guarantees rely on the theory
of Recurrent Lyapunov Functions (RLFs) from [22]. In this
section, we extend this notion to the control setting, intro-
ducing Recurrent Control Lyapunov Functions (R-CLFs), and
illustrate how they can be used to certify practical stabiliz-
ability. Though RLFs have been shown to to certify stability,
asymptotic stability and exponential stability [22], our focus
here is on practical exponential stability and thus we will use
the following definition.

Definition 6 (Recurrent Control Lyapunov Function (R-CLF)).
Consider the control system (1)) with equilibrium x* € R". Let
S C R"™ be a set satisfying x* € int(S). A continuous function
V :R"™ = R>q is a Recurrent Control Lyapunov Function
(R-CLF) over S if the following conditions hold:
(i) Positive Definiteness and Linear Bounds: There exist
constants aq,as > 0 such that

arllx — || <V (z) < agllx —z*||, VxeS @

(ii) Control a-Exponential (1,9)-Recurrence: There exist
constants T, > 0 and § > 0 such that for every x € S,
there exists u € U] satisfying

min_ e (V(6(t,2,u)—0) < [V(2)— 0] .

teTs (x,u;T)

&)

Lemma|I|characterizes the long term behavior of the control
system (I under the controls u € ¢ built upon concatenation
of controls satisfying property (ii) of Definition [6]

Lemma 1 (Characterization of R-CLF). Let assumptions
and 2| hold. Consider an equilibrium x* of (1) and a compact
set S satisfying x* € int(S). A function V : R" — R
satisfying @) is a Recurrent Control Lyapunov Function (R-
CLF) over S if and only if there exists parameters o, 7 > 0
and 6 > 0 such that for any x € S there is a sequence {t, } nen
and u € U satisfying the following conditions:

HEIJIrloo t, = 400, with t,y1 —t, € (0,7], (6a)

o(tn,z,u) €S, and (6b)
—aty _ <n

V(p(tn, z,u)) —0 < {e (V(z)—46), n< s 60)
0, ow.,

for a non necessarily finite i € N U {o0}.

Proof Sketch of Lemma [I] Necessity (=): Assume V is an
R-CLF over S. Then, given 2 € S, one can use (3)) to build a
sequence {zy}n>0 and {u, € Z/{(O*T"]}nzo satisfying, to = 0,
ro = x € S, and, for all n > 0,

tnp1l —tn i=Tn € (0,7], ZTpt1:= &(Tn, Tn,uy) €5,

where 7,, is the maximum ¢ that minimizes @ when xr = x,,.
Once V(z,) <4, since x,, € S, (B) ensures that V(x,41) <
d. We define 7 to be that last n for which V(z,,) > 4. Then
for all n < 7,

Vi(x,)—6 < efa(t"ft"‘l)(V(a:n_l)—cS) < e ¥ (V(xg)—9).

Defining u = lim, o up,), leads to x, = ¢(tn,2,u) and
thus showing (6b) and (6c). Finally, since 7,, € (0, 7] for all
n, the sequence {t,} is strictly increasing. If ¢,, converged to
a finite limit ¢*, then by continuity of ¢ and compactness of
S we would have x,, — a* := ¢(¢t*,2,u) € S. Applying the
above inequality for * € S would produce,

ea(t*—tn)(v(x*) —08) < V(x,) -6, ¥Yn>0.

Thus, for n large enough, 7, < 7/ := t* — t,, < 7, making
7/, a valid minizier of (§), contradicting the maximality of 7,,.
Therefore ¢,, — oo, establishing (6a).

Sufficiency («<=): To show that V" is a R-CLF, it is sufficient
for any = € S to restrict the corresponding u € U that satisfies
(6) to the interval (0,7] and choosing ¢; from the sequence

(6) to show (). O

We will leverage Lemma [I] to prove (practical) exponential
convergence of trajectories. To that end, we need to bound how
much a trajectory can travel between instances of exponential
convergence (6c). The following lemma provides a mechanism
to obtain such bounds. The proof is based on Gronwall’s
Lemma [29, Lemma A.1], and can be found in [30].

Lemma 2 (Containment Lemma). Let Assumption (2| hold.
Consider a compact set S C R™ and a constant 7 > 0. Then,
for any x € S;u € U the following holds:

max d(¢(t, z,u),S) < Fg el
te(0,7]

where L := Lg-(s), Fs = max,cy maxgegs I|f(z, ).

We are now ready to show that R-CLFs from Definition [f]
guarantee exponential stabilizability.

Theorem 1 (R-CLF Implies (Practical) Exponential Stabi-
lizability). Consider the control system (1)) with equilibrium
xz* € R", and let S be a set satisfying S C R™ and
x* € int(S). Let Assumption [I] and Assumption 22| hold, and
V : R* — Ryg be a Recurrent Control Lyapunov Function
over S, with constants o, 7 > 0, 6 > 0, and linear bound
constants ay, az > 0 from (@).

Then, the equilibrium x* is (practically) exponentially sta-
bilizable on S (when 6 > 0). In particular, for every initial
condition x € S, a control signal u € U satisfying (6) for



some sequence of times {t, }ncn ensures:
ot z,u) — z*|| < Ke M|z —z*||+¢, VE>0, (7)
where \:=aq, K :=2¢" (14-L7e"), and ¢:= 2 (14 Lrel™),

with Li=Lpr(g). "
Proof Sketch of Theorem[I| Fix x € S. By Lemma [I] there
exist u € U and times {¢,} with =, := ¢(t,,z,u) € S
satisfying

V(z,) <e *n(V(z)—68)+6

for all n < n1, where 7 denotes the last index with V(x,,) > 4.
Using the bounds on V' gives

o= llon = 27| < Bemot o — 0 + £

For any t € (t,,t,+1], Lemma [2] yields
lo(t, z,u) —z*|| < (14 Lrer)r,.
Combining these estimates and using ¢ < ¢, < ¢, + 7 gives
¢, z,u) — 2™|| < Ke™™|lo — ™| + ¢, t € (tn,tntal,

with K = $2e7(1 + Lrer™), c= (%(1 + Lrel™).

If 7 = oo we are done. Otherwise, V (z,,) < § forn > 7, so
||lzn — 2*|| < d/a1, and the same bound implies ||¢(¢, z, u) —
x*|| < ¢ for t > t. The desired result, i.e., (7), follows. [

Theorem |[I] states that the existence of an R-CLF implies
that z* can be made practically exponentially stable. At the
core of its proof is the fact that one can find a function V' that
satisfies the recurrent condition (3. A key observation of [28],
is that condition (3)) can be met by a norm, provided 7 and «
are properly chosen (c.f. |28, Theorem 6]). The caveat is that
in order to make R-CLFs practically useful, one would need
to store, for each « € .S, a suitable u : (0,7] — U that ensures
(). In the next section we demonstrate a powerful property
of R-CLFs, that when § > 0, only a finite number of such
signals are needed.

IV. NON-PARAMETRIC CHAIN POLICIES

In the previous section, we introduced Recurrent Control
Lyapunov Functions (R-CLFs) to characterize exponential
stabilizability via carefully selected control signals. Here,
we propose nonparametric chain policies, a systematic data-
driven approach for generating these stabilizing signals. The
method aligns closely with recent developments in topological
entropy regarding the minimal complexity required to accom-
plish control tasks (see, e.g., [25], [27], [31]]). A distinctive
feature is that control signals need not be generated online;
instead, they are explicitly stored in a control alphabet [30].

Definition 7 (Control Alphabet). A control alphabet is a finite
collection of control signals of size M > 0

A= {’Ui : (O,Tq;} — U}fio,

where each v; is piecewise continuous and defined over a
duration ; > 0.

The control alphabet provides a library of candidate signals.
To deploy them, we assign specific controls to regions of

influence within the state space. To aid this task we define
an assignment set.

Definition 8 (Assignment Set). An assignment set is a finite
collection of verification triplets

K= {(%W%Ui)}ﬁil C R™ x R>0 X _A’

where x; € R™ is a center point, r; > 0 is its radius, and v; €
A is the control signal assigned to that region. The support of
K is

N
Supp(K) := U By, ().

We denote N := |K| as the size of the assignment set.

While an assignment set specifies regions of influence, it
does not by itself resolve which control to apply when balls
overlap, nor what to do when a state lies outside Supp(K).
To address this, we introduce a normalized nearest-neighbor
rule with a fall-back option:

. Tr —;
a’rg mlni:(m,;,m,v,;)elC Mﬂ TK:(:I:) S 17

te(x) == 74
0, otherwise,

where 7xc(z) = ming, , . )ek ”mf’”u, and ic(z) = 0

corresponds to selecting the default control vy.

Remark 1. We designate vy € A as the default control. Unless
otherwise stated, we take vo(t) = u* € U, Vt € [0, 1), where
u* is any equilibrium control satisfying Definition

The index map (i specifies, for any state x, which control
from the assignment set (or the default control) should be
applied. Building on this rule, we can now formalize the
induced feedback policy.

Definition 9 (Nonparametric Chain Policy). Given an assign-
ment set IC and default control vy, the nonparametric chain
policy is given by the map wr : R" — A:

’/TIC(:IJ) = Ui ()

Remark 2. The policy 7 induces an infinite-horizon control
signal ux , € U through concatenation. Starting with o = x
and the empty signal ujo) = 0, for each n > 0 define

Uln41] = Un] Vig(zn)) Tntl = QS(TL)C(:Cn,)? T,y UL}((Q,‘H))'
3
The resulting control is then: u , := limy,_, o0 Uy

A. Convergence Guarantees of NCPs

With the nonparametric chain policy in place, we now turn
to its stability properties. The following theorem establishes
conditions under which such a policy renders the equilibrium
x* practically exponentially stable on a prescribed region.

Theorem 2 (Practical Exponential Stabilization via Chain
Policies). Consider an equilibrium point z* € R"™ of (1),
and let S C R™ be a set with ©* € int(S). Let mx denote
a nonparametric chain policy associated with the assignment
set IC = {(z;,7;,v;) YV, and a default control vy € A, define



7 := max{g, 71, . .
following hold:
(i) Covering. There exists € > 0 such that

TN}, and let L := Ly~ (s). Suppose the

(9a)
(9b)

BE(x*) C Ba(l-&-L‘reL")(w*) C lnt(S)?
cl(S\ Be(27)) S Supp(K).

(ii) Verification. For each (x;,7;,v;) € K with 7; > 0,

0T (

|gz5(7'i,ml-,vi)—m*H—H'ieL”) < ||z;—2*||—7r:, (10a)
sd(p(1i, i, v:), S) + riel™ <0, (10b)
(iii) Equilibrium. For all t € [0,79), ¢(t,2*,v0) = x*.

Then, the equilibrium x* is practically exponentially stable on
S under the policy i, with constants

A= q, K = e (1 + LrekT), c=¢e(1+ Lrelm).

Proof. We will show that the control ux , induced by the
nonparametric chain policy 7, admits a sequence of times
{tn}nen that satisfies the conditions of Lemma |I| for the
function V(z) = |z — z*| over the set S. This establishes
two points: (1) V = || - —z*|| is an R-CLF with rate «, and
(2) the control ux , practically stabilizes 2* with exponential
rate o over S.

Letxg =z € S,ty =0, and U] = (). Define the sequences
{xn}, {tn}, and up,) according to (), i.e.,

Tr1 = (T () Tns Vi () ) Uln1] = U] Ve ()

uge = 0 U, tag =t T, Y200
By construction, for all n > 0,

0< min 7 <t —t, < max T; =:T

jefo,Ny LT T =Ny ’

so condition (6a) holds. Moreover, by induction one
shows that for all n > 1, ¢(ty,z,ucs) = =, =
O(Tuc (1) Tn1, Vi (1))

We claim that if x,, € S then z,1 € S. Suppose first that
xp, € S\ Bs(x*). By the covering condition (9b), there exists
(x4,73,v;) € K such that z,, € B, (x;) and the verification
condition (T0) holds. In particular, by (T0b),

sd(znt1,S) = sd(P(i, T, v;), S)
< Sd((b(Tia Ly, Ui)7 S) + rieL” < 0’

which implies z,1 € S.

If instead x,, € B:(z*), then either tx(x,) # 0 and the
above argument applies, or tx(z,) = 0, in which case we
apply vg for time 7. By the containment lemma applied to
the ball B.(z*),

[ni1 = 2" = [|¢(70, Tn, v0) — 27|
< e+ d(¢(70, Tn, v0), Be(z"))
<&+ Fp, (zyme"™ < (14 Lmoe™™), (11)

so by (@a) and 79 < 7 we conclude x,,4+1 € S. Thus, z,, € S
implies 2,41 € S, i.e., condition (6b) holds.

Verification of (6¢). Let & := e(1+Lrel™) and 7 := inf{n :
|xn —2z*|| <0} If tic(zn) = 0 and ||z, — 2*|] < e <4, then
by (II) we have ||z,4+1 — z*|| < 4.

If i (zy,) =i # 0, then from and z,, € By, (z;),

ettt [z, 1y — 27| < e |+ riet™)

|¢(Tiaxiavi) —a
<z =2 —ri < |l — 27,
which implies
ea(tn+1*tn)(|‘xn+1 — gj*” — 6) < ||xn - I*” — 0.

If ||z, —2*|| < 0 (n > 7), then this inequality ensures ||z, 1 —
x| < 8. If ||z, — 2*|| > 6 (n < n), iterating yields

|lxn — ¥ =0 < efo‘t"(Hz —z*|| - 5).

Hence for n > 7, ||z, — 2*|| < §, while for n < 7 the excess
above d decays exponentially. This verifies condition (6c).
By Lemmal[l] V(z) = ||z — 2*| is an R-CLF with rate o
over S and parameter § = (14 L7el). Therefore, Theorem
implies that z* is practically exponentially stable on .S under
i, with constants A\ = o, K = e¢®"(1 4 L7el7), and ¢ =
e(1+ Lrelm). O

B. Existence and Sample Complexity of NCPs

Theorem [2] establishes that nonparametric chain policies can
guarantee practical exponential stability of a region around an
equilibrium point that is appropriately covered by data points
from K. However, it is a priori not clear how many data points
are needed to construct such policy, or even whether such a
policy exists. The next result provides conditions for existence
of Chain Policies as well as a bound on the sample complexity
of such policies, i.e., the sizes of the assignment set I and
alphabet A required to construct such policy.

Theorem 3 (Existence and Sample Complexity of Chain
Policies). Consider the control system (1) with equilibrium
x* € R™ Let S = Bpr(x*) with R > 0 such that =* is -
exponentially stabilizable on S with gain K > 0, and choose
est. R>e>0. Fix a € (0,\) and choose T > % Assign

1— Kef()\fa)'r
Li=Llrus) Pi= G mrar

Then there exists a nonparametric chain policy i built from
a finite assignment set of verification points {(z;, )}, C S
and associated controls {v;}N | such that:

(i) Practical exponential stability. For every x € S, the
induced closed loop satisfies

vt > 0,

with C = e*” (1 + LTeLT) and ¢ = E(l + LTeLT).
(ii) Sample complexity. The number N of covering centers
and controls satisfies

N = 0<(§)d 1og§> :

Proof Sketch of Theorem 3]
Since z* is A-exponentially stabilizable on .S, for each grid
center x; € S there exists a control signal v; such that

||¢(t7xi7vi) - Jj*” < Ke_AtHxi — .’E*H7

lo(t 2, uxe) — 2" < Ce™lz —a™|| +¢,

t>0.



Fix a € (0,A) and 7 > £

and let L := L~ (g). Define

1— Ke—(A—a)T

s e elea

p =
Using the decay exponential estimate at ¢ = 7 gives
e (6, @i, v)) & + 7€) < |l — | - 7,

so (z;,7;) satisfies the verification condition (I0a). Hence any
radius 0 < r; < 7; also satisfies the verification condition.

It therefore suffices to cover Br(z*) \ B:(z*) with balls
B, (x;) satisfying r; < 7;. To this end, partition the region
into annuli A; := Bg, (z*) \ Bg,_, (z*), R; = (2¢)3!~1. The
number of annuli satisfies n = [logs (£)]

Each annulus A; can be covered by 3¢ — 1 cubes of side
R;. For any center x; € A; we have ||z; — z*|| > 3'"!¢, and
admissibility requires r; < 7; = p|l@; — «*||. Starting from
cubes of radius R;/2, we refine each cube by splitting it into
3¢ subcubes until

R
ri= 537" < p3le < plla — a7,

which requires m = [logg(%ﬂ. Thus each initial cube

produces at most (3¢ — 1)39™ centers, yielding the bound
(3/p)¢ per annulus. Multiplying n x m gives claimed bound.
O

Remark 3 (Performance—Complexity Trade-off). The param-
eter p captures a fundamental trade-off: choosing « close to
the intrinsic rate \ improves performance but drives p — 0,
inflating sample complexity as O((3/p)?). Smaller o reduces
data requirements at the cost of slower convergence.

Remark 4 (Scalability). The sample complexity in Theo-
rem [3] scales exponentially with the state dimension d. This
dependence arises from the Lipschitz-based analysis used to
obtain uniform guarantees over the state space. While such
scaling is common without additional structural assumptions
on f(x,u), we do not establish a matching lower bound.
Whether improved dependence on d can be achieved under
additional assumptions remains an interesting direction for
future work, along with Robustness to model uncertainty or
disturbances.

C. Incremental Learning of NCPs

The performance—complexity trade-off in Remark to-
gether with the existence and sample complexity result of
Theorem 3] suggests a practical methodology for progressively
improving performance. By sampling trajectories more finely
and refining the covering set /C, one can construct NCPs that
certify larger rates a (by reducing the effective radius 7),
thereby narrowing the gap to the optimal rate \. Performance
thus improves as the assignment set is enriched with additional
verified points, enabling incremental learning.

Beyond improving rates, NCPs also support incremental
expansion of the certified region. The next result formalizes
this: previously verified assignments can be combined with
new ones to enlarge the domain over which stability is
guaranteed.

Theorem 4 (Incremental Learning of K). Consider an equi-
librium point x* € R™ of (1) and a set S C R™ satisfying
x* € int(S). Let mx be a nonparametric policy with assign-
ment set K = {(z;,75,v:)}Y, and default control vy € A
satisfying properties (1)—(iii) of Theorem 2| with parameters
a,0, T, L, e Take x; € R"\ S, r; >0, and v; € Ulom) s,
B, () US = 0. Define the enlarged set S’ := SU B, (x;),
and let Lj = Ly (B, (z;)) and L' = maX{Lj, L}
Whenever the following two conditions are satisfied:
(1) Feasibility of (xj,7;,v;): The 3-tuple (x;,r;,v;) with
vj : [0,7;) = U satisfy

Sd(qs(Tjaxja’Uj),S) + TjeLjTj <0.

(2) Either of the following holds:
(a) Direct verification at (x;,r;,v;): The tuple satisfies
decrease condition:

e (lo(j, 5, v5) =™ | +rje" ™) < llaj—a* || =r;.

Set o/ = o, 7' = max{r, 7;}, &' = .
(b) Bootstrapping: There is K C K, such that

(l) BT-jeLjTJ (d)(Tj? Zj, vj)) g Supp(l@)
(ii) There is o < o such that
—(a—a’)T; ok )
a6 | |z — *|| + 7 <1
(zi,ri,vi)eﬁ e~ ij - QZ‘*” -7y

Set 7' =714 15, 8 =4
Then the augmented assignment set K' := IC U {(z;,r;,v;)}
and the default control vy induce a policy wi: that practically
exponentially stabilizes x* over S' = S U B, (x;) with
N =d,

K =7 (14 L're"™), ¢ =e(1+ Lrel).

Proof. The proof is omitted due to page limits. and can be
found in [24]. L]

V. NUMERICAL EXPERIMENTS

Using the sufficiency of NCPs of Theorem [2] along with the
grid construction of Theorem [3] we next introduce Algorithm ]
to design NCPs to stabilize a region. With this algorithm, we
present case studies in different classic control stabilization
problems, which demonstrate useful features of NCPs.

A. Unicycle

Consider the unicycle model with state (z, y, §) and controls
velocity v and angular velocity w:

& =wcosf, y=wsinf, 6=w.

With v € [0,1] and w € [-1,1], we derive NCPs for
two different norms, Vi = max{|z|,|y|,|0|} and V5 =
/22 + y2 4+ 0.0162. For both choices, the method stabilizes
the entire region (z,y) € [—20,20]%, § € (-, (Fig. .

To demonstrate the incremental growth capabilities of NCP,
we learn in two stages:. After learning the region (z,y,0) €
[—20, 20]% x (-, 7], we expand the state space to include the
region (x,y,0) € [—20,20] x [20,25] x (—m, «]. Trajectories
fragments starting in the formerly verified region retain the
same behavior, while the new behavior (for initial values in
the new region) are depicted in Figure



Algorithm 1 Constructing Nonparametric Chain Policy (NCP)

Require: Region S C R”, target rate @ > 0, maximum
horizon 7,5 > 0, tolerance € > 0

1. Estimate L := Lg__ ()

2: Construct an initial covering G = {(x;,7;)} of S\ Bc(x*)

3: for each (z;,r;) € G do

4: Compute candidate control v; over [0, Tyayx] (for ex-
ample, by MPPI [32], [33]]))

5 if there exists 7; < Tyax satisfying (T0a) then

6: Store (24,7, v, T5)

7: else

8 Subdivide B,,(w;) into 3¢ sub-balls of radius r;/3

9 Add sub-balls to G, removing the original (x;, ;)

10: end if

11: end for

12: Retain only assignments satisfying (T0DB)

13: Attempt bootstrapping (Theorem M) to unverified
(z;,7;) € G, storing new successful (z;,7;,v;, 7;)

14: return assignment set K

B. Inverted Pendulum

The inverted pendulum consists of a mass m at the end of a
rigid rod of length [ pivoting about a fixed point. Let 6 denote
the angle from the vertical, with § = 0 corresponding to the
inverted equilibrium. The dynamics are

mi?6(t) = mglsin(0(t)) + u(t),

where g is the gravitational acceleration and w(¢) is the control
torque.

Figure [3] demonstrates the refinement capabilities of NCPs,
such that by adding data (simulated by splitting all balls once),
the rate of convergence achieved is significantly increased.

VI. CONCLUSIONS

In this work we proposed a method for data-driven (prac-
tical) stabilization of nonlinear systems using nonparametric
Chain Policies. The approach leverages a normalized nearest-
neighbor rule to assign, at each state, a finite-duration con-
trol signal, after which the process repeats. The method is
grounded in the notion of Recurrent Lyapunov Functions
(RLFs) as well as their control extension Control-RLFs, which
enable certification of stability using standard norm function.

Our analysis establishes that:

1) NCP Policies achieve practical exponential convergence
to a c-neighborhood with sample complexity scaling as
O((3/p)*log(R/c)), with radius R and precision c.

2) The framework supports incremental growth: new assign-
ments can be added to expand the verified region while
preserving previously established guarantees.

3) Controller refinement is monotone: more data only im-
proves convergence rates and enlarges certified region.

These results position Chain Policies as a flexible, data-
driven approach to certified stabilization, offering rigorous
guarantees together with the ability to expand incrementally
as new data becomes available.
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Fig. 1: Trajectories of Unicycle NCP. Phase plots of (z,y)
for eight evenly distributed points. The black icons depict the
initial facing of the unicycle. Plot (a) contains trajectories
trained to minimize V;, which results in sharp turns, while
(b) is trained to minimize V5, which results in softer turns and
smoother overall behavior. Plots (¢) and (d) show the devel-
opment of V7 and V5 over time respectively. Both converge
exponentially to the equilibrium, with o > 0.01. We have
Tmax = 5,6 = 0.01,L = 1 and ¢ = &(1 + Lryaxel™ax) ~
0.613, represented by the dotted line.
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(a) Before learning (b) After learning.

Fig. 2: Incremental Learning of Unicycle Policy. Extending
the state space from the previously learned region in the y-
direction. Subfigure (a) contains the phase plot before learning,
while subfigure (b) contains the phase plot after. The new
region is learned without forgetting, such that parts of the
trajectory in the old region use previously designed controls.



(a) Base NCP verification. (b) NCP refinement.
|l¢(t, x, u)|l. over Time (Initial) |l¢(t, x, u)||. over Time (Refinement)
6 6
=4 =2
5 s
X X
52 s,
0
0
-2
0 2 4 6 8 0 2 4 6 8
Time (s) Time (s)
©) ||l¢(t, z,u))||so, initial. @) ||¢(t, z,w))||oo, refinement.
Fig. 3: Additional Data Refinement Facilitates Improved

NCP Performance. Plot (a) contains the balls used to verify

the

region (0,0) € (—m,w| x [—bm,bn] for the inverted

pendulum. Plot (b) is a refinement of plot (a), wherein all
balls were split once more and re-verified. The minimum
verified rate of convergence for trajectories o goes from 0.003

to

0.0145, and the average verified o goes from 1.815 to

3.149. Plot (c) demonstrates the average norm over time of 400
sample trajectories under each schema. We have 7, = 1.5,
£=0.01, L =5, and ¢ = (1 + L7paxe? ™) ~ 0.072.
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