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Abstract

Lyapunov stability theory has long served as a cornerstone in the study of dynamical

systems and controller design, providing rigorous mathematical tools for certifying

stability of equilibria. Lyapunov’s Direct Method, despite its ubiquity across engineer-

ing disciplines, requires the construction of a Lyapunov function whose sub-level sets

are invariant — a condition that is both restrictive and computationally prohibitive in

nonlinear settings. While numerous computational approaches, such as PDE solvers,

linear and semidefinite programs, and sum-of-squares methods, have been proposed

to automate Lyapunov function discovery, their scalability remains limited by ex-

ponential complexity. Furthermore, recent efforts to relax conditions on Lyapunov

functions, including LaSalle-Krasovskii extensions, higher-order derivative conditions,

and discretization methods, continue to preserve many of the original limitations.

This dissertation introduces a fundamental relaxation of invariance through the notion

of recurrence. A set is defined to be τ -recurrent if every trajectory that leaves the set

returns within time τ . Building on this concept, we develop the theory of Recurrent

Lyapunov Functions (RLFs), which replace the invariance requirement with recurrence,

thereby decoupling function design from the geometry of level sets. We establish general

stability theorems demonstrating that τ -recurrence suffices to guarantee stability,

asymptotic stability, exponential stability, and ultimate boundedness, and prove

norm-agnostic converse results that highlight recurrence as a fundamental property of

stability. To complement the theory, we propose a scalable, GPU-parallelized method

for data-driven verification of recurrence conditions, enabling stability certification

ii



Abstract

without explicit Lyapunov function construction.

Extending these ideas to control, we introduce Recurrent Control Lyapunov Functions

(R-CLFs) and develop Non-Parametric Chain Policies (NCP), a correct-by-design,

data-driven approach to exponential stabilization. Unlike classical control Lyapunov

methods, R-CLFs require only that the candidate function decrease sufficiently often

along trajectories. NCP controllers achieve stabilization by chaining together verified

control seeds, yielding scalable sample-complexity guarantees and lifelong refinement of

the region of attraction. Numerical experiments on nonlinear benchmarks—including

unicycle, bicycle, and inverted pendulum models—demonstrate the practicality of the

approach.

By reframing stability around recurrence, this dissertation provides both theoretical

foundations and computational tools for scalable, data-driven stability analysis and

control, advancing the applicability of Lyapunov theory to modern dynamical systems.

Keywords: Dynamical Systems, Lyapunov Theory, Recurrence, Control Theory,

Sampling, Non-Parametric
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Chapter 1

Introduction

Beginnings are the most important of times, because they

carry within them the seeds of all that will follow.

– Lord Rabbi Jonathan Sacks

Lyapunov stability theory plays a central role in the study of dynamical systems.

It provides a rigorous mathematical framework for qualitatively analyzing system

solutions and has heavily influenced systems theory and engineering over the past

century. A fundamental tool derived from this theory is the so-called Lyapunov direct

method, a.k.a. Lyapunov’s second method [74], which states conditions on a function

V (x) (non-increasing along trajectories and proper) that can certify stability of an

equilibrium point. Since first proposed in 1892, Lyapunov’s direct method has found

ubiquitous applications across multiple branches of engineering, including aerospace,

electrical, mechanical, and chemical, among others [62, 96, 102, 112].

A critical step in the application of Lyapunov’s direct method is finding the function

V that indeed satisfies all the conditions stated by the theory. Unfortunately, while

such a function is known to exist via converse theorems, e.g., [79], manually finding a

Lyapunov function is often tricky and relies on ingenuity and deep domain knowledge.

To circumvent this step, a variety of computational methods have been proposed

for finding Lyapunov functions [44], e.g., via the use of partial differential equation

(PDE) solvers to solve Zubov’s Equation [50, 121], linear programs (LPs) to find

piece-wise linear Lyapunov functions[58], and semidefinite programs (SDPs) to solve
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linear matrix inequalities (LMIs) [45] or sum of square (SoSs) problems [95]. However,

the computational complexity is known to exponentially increase with not only the

dimension of the state space but also the parameterization of the Lyapunov function [3,

44].

This has led to multiple investigations into relaxing the conditions required for V ,

and in particular, its time derivative V̇ . Such relaxations can be broadly divided

into three groups. The first group seeks LaSalle-Krasovskii type of conditions by

relaxing the negative definiteness of V̇ , i.e., only requiring V̇ ≤ 0; see [62, 99] and its

generalization [78, 84]. The second group further relaxes the strict negative definite

condition Lyapunov method by allowing V̇ > 0 on some regions of the state space.

This is implicitly done by using generalizations of the comparison lemma [46] to impose

conditions on higher-order time derivatives of V that still ensure convergence of V → 0

while allowing V̇ > 0 for some regions of the state space. The third group uses the

so-called discretization method, which considers a fixed parameter T > 0 and leverages

the net decrement of V across any trajectory x(t), i.e., V (x(t + T )) − V (x(t)), to

reason about stability [1, 35]. Unfortunately, despite such efforts, the basic principle

can still be traced back to the (indirect) construction of a Lyapunov function whose

sub-level sets are invariant [2, 59], which still needs to be verified either analytically

or via the solution of a convex program, rendering similar verification challenges as

before.

The challenge of finding such functions lies in the fact that Lyapunov’s direct method

implicitly constrains its shape by requiring every sub-level set to be an invariant set.

The goal of this dissertation is to relax this condition by replacing the invariance of

2
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sub-level sets with a weaker notion known as recurrence. We say that a set is (τ -

)recurrent if every trajectory that starts in the set returns to it (within τ seconds). Such

relaxation has been recently shown to provide a versatile mechanism for estimating

regions of attractions of stable equilibrium points [103] as well as verifying the safety

of a dynamical system [104]. Moreover, from an information theoretical standpoint,

(control) recurrence can be achieved at lower data rates than invariance [105] and can

often be enforced using a finite number of trajectory data [106].

In Chapter 4, we seek to explore the role of recurrence in certifying different notions

of stability of an equilibrium point. The contributions of our work are several:

• Recurrent Lyapunov Functions: We introduce the concept of Recurrent Lyapunov

Functions (RLFs), which generalize classical Lyapunov functions by replacing the

invariance condition on sub-level sets with a more flexible recurrence condition.

This relaxation decouples the geometry of the trajectories from the geometry of

the level sets.

• Stability Guarantees: We establish rigorous stability theorems demonstrating that τ -

recurrence of a sequence of compact sub-level sets is sufficient to guarantee stability,

asymptotic stability, exponential stability, and ultimate boundedness. These results

provide an alternative framework for proving stability without requiring strict

invariance conditions.

• Norm-agnostic Converse Theorems: We show that, under mild assumptions, any

norm is guaranteed to satisfy our RLF conditions, provided one is willing to look

for a slightly weaker stability property. This generality highlights the fundamental

3
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role of recurrence in stability analysis, and opens the door for the development of

stability verification methods that do not require the computation of a Lyapunov

function.

• Data-Driven Verification: We develop a computationally efficient, GPU-parallelized

method to verify whether a given function, e.g., a norm, satisfies the proposed

RLF conditions on a compact domain. Our approach enables scalable data-driven

verification of dynamical systems, making stability analysis feasible even when an

explicit Lyapunov function is difficult to construct.

In Chapter 5, we extend the new theory to encapsulate stabilization of control systems.

Data-driven control methods offer a novel paradigm for synthesizing controllers directly

from trajectory observations, potentially bypassing the need for accurate system

models while reducing computational burden and conservativeness of classical control

synthesis [112, 135]. Recent years have witnessed significant progress in data-driven

control. These approaches, as well as their level of maturity, depend considerably on the

underlying system properties. For linear systems, the field has substantially matured:

LMI-based formulas [38] and convex programs [19, 36] can transform trajectories into

stabilizing feedback controllers with robustness [18, 19, 38, 120], performance [19, 36,

39] and sample complexity guarantees [27, 126].

For nonlinear systems, several approaches have been proposed, with methods highly

dependent on the implicit assumptions made on the nonlinear system class and the

control synthesis methodology. One prolific line of works considers dynamics formed

from dictionary-based hypothesis classes—e.g., using polynomials [37, 47, 61], fractions
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of polynomials [114], or general nonlinear functions [88]—and formulate semidefinite

programs that render policies with a wide variety of guarantees, including contraction-

based stability [54, 93, 119] or robustness [61]. Other methods employ general learning

techniques to learn models or policies and leverage intrinsic system properties to

provide different guarantees, e.g., Koopman operator methods that exploit spectral

properties [55], sample complexity analysis for stochastic dynamics [28], and conformal

prediction approaches for statistical robustness [53].

Despite the effectiveness of these methods in synthesizing controllers with guarantee,

many questions remain unanswered. First, sample complexity guarantees are typically

technique-dependent and do not provide clear understanding of how data requirements

scale with explicit system properties, such as state dimension or attainable performance

levels, or the specific hypothesis class considered. Second, computational complexity

of optimization-based methods scales poorly with dictionary size and state dimension.

Third, incorporating new data necessitates resolving the underlying optimization

problem, often requiring complete recomputation and discarding previous work. As a

result, there remains a need for flexible data-driven approaches that can adapt to new

information without structural assumptions while providing transparent performance-

data trade-offs.

To address these challenges, we introduce the concept of Nonparametric Chain Policies

(NCPs), a data-driven approach that requires only Lipschitz assumptions on the

system dynamics while providing explicit sample complexity guarantees for practical

stabilization. NCPs employ a normalized nearest-neighbor rule to assign finite-duration

control signals from a stored library of verified trajectories, enabling direct use of data

5



Chapter 1. Introduction

without parametric modeling or optimization re-solving when new data arrives. Our

theoretical guarantees build on the framework of Recurrent Lyapunov Functions [109,

110], which we extend here for the control setting by introducing here the notion of

Recurrent Control Lyapunov Functions (RCLFs, Section 5.2).

Contributions. Our approach offers three key advantages over existing methods:

1. Explicit sample complexity: NCPs achieve practical exponential stabiliza-

tion using O
(︂
(3/ρ)d log(R/δ)

)︂
sample trajectories, with transparent scaling in

dimension d, target radius R, precision δ, and a system-dependent parameter ρ.

2. Incremental learning: The nonparametric nature of NCPs allows for new

verified data to be seamlessly incorporated to expand a certified region, or

improve performance, without discarding previous guarantees or re-solving

optimization problems.

3. Performance-complexity trade-offs: The framework explicitly controls the

trade-off between sample requirements and performance through a user-specified

parameter ρ that relates best achievable performance and the performance

guaranteed by the NCP.

The remainder of this thesis is organized as follows: Chapter 2 covers the background of

the mathematical foundations of our primary contributions. It is divided into Section

2.1, which contains an extensive introduction to the field of dynamical systems for the

layman, followed by Section 2.2, which gives the same treatment to control theory.

We recommend that those familiar with either discipline skip these subsections and
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continue to the next section. Topic-specific information more relevant to individual

contributions are contained in the introduction sections for the relevant chapters.

Chapter 3 covers related work in dynamical systems and control theory in Sections

3.1 and 3.2 respectively. Chapter 4 contains our primary contribution to the realm of

dynamical systems, namely the introduction of Recurrent Lyapunov Functions, their

necessary and sufficiency for stability analysis, and a fully parallelizable algorithm

for stability verification along with experiments demonstrated its utility. Chapter

5 extends our dynamical system results and theory to the realm of control and

introducing the paradigm of NCP control. We offer our concluding thoughts in

Chapter 6, followed by the bibliography of references cited.
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Chapter 2

Background

To be intelligible to others, we must first learn to speak in the

language of others. Only then can we begin the conversation.

– Lord Rabbi Jonathan Sacks

This section is dedicated to providing a complete background, not only to the specific

topic of Lyapunov functions, but more broadly to the basics of dynamical systems and

control theory, as to enable readership from throughout the scientific and engineering

communities, including outside of mathematics. We aim to increase intuition and

understand the current difficulties which this thesis is targeted at solving.

2.1 Dynamical Systems

Dynamical systems are a key notion in mathematics and a powerful tool for analysis

in many engineering and scientific disciplines. We can intuitively consider a dynamical

system as ”a system which changes deterministically”, i.e. one where we know based

on the current state what the state will be at every future time. Consider John Doe,

a man who commutes daily to work via the same path, and before traffic, so that

given a location and time, he knows more or less where he will be at any subsequent

time along the path. In this example, his position along his route forms a dynamical

system.

Dynamical systems are comprised of two key components, a state space and a

mapping. The state space is - as the name suggest - simply a grouping of all possible

8



Chapter 2. Background

states of the system. A state space can be a one-dimensional system (what we call

a scalar system), such as the number of animals of a given sort in a population, the

representation of an electric circuit, or the distance of a tightrope walker along the

string. A state space can also just as easily be a higher-dimensional system (what we

call a vector system), such as the current stock of seventy different items in a grocery

store (70 dimensions), the position of ten different objects in three-dimensional space

along with their velocities and accelerations (90 dimensions), or the relative angles of

fifteen joints in an under-actuated robot arm (15 dimensions). In Johns’s case, we

consider the state-space to be the collection of all physical positions along his route

to work as a two-dimensional system, i.e. his coordinates on the map. The mapping,

usually denoted by the Greek letter ϕ, is a function which accepts an amount of time

and an initial state, and outputs the final state of the system assuming that we start

at the initial state and let the prescribed amount of time pass. If we let t be the

time, x be the initial state, and y be the final state, the particular relation using this

mapping can be expressed as y = ϕ(t; x).

Back to John Doe, where he has empirically derived the mapping through trial and

error. An example case of the mapping is as follows: Beginning at a given location,

e.g., the corner of Main Street and Park Avenue, he knows that ten seconds later he

will be at another particular location, e.g., the corner of Main Street and Oak Drive.

As such, this could be written as

ϕ(10; Main and Park) = Main and Oak

A key point to note is that in dynamical systems, the mapping must be well-defined at

9
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Chapter 2. Background

every point of the state space. This is why we defined the state space in John’s case as

only the points along his regular route rather than the entirety of the state, country,

or world; if there is an unexpected detour due to construction and he is forced to

drive along another road, the mapping begins to fall apart. Due to lack of knowledge

regarding traffic light timings on the side street and an upheaval in regular traffic

patterns, he is no longer able to deterministically predict where he will be at each

time in the future along this ride.

The eagle-eyed reader may have already noticed an issue with the determinism of the

mapping. While John Doe is driving toward work, ten seconds from Location 1 he

will be at Location 2. But when he is driving home, ten seconds from the Location

1 he will be at Location 3. To disentangle this issue we can include the time of day

as part of the state space: if it is around 8am he is on the way to work, while if it

is around 5pm he is on the way home. We can include a t0 term in our mapping

expression which denotes the initial time, i.e. the time which the state is x, such that

y = ϕ(t; x, t0). This lets us write that

ϕ(10; Location 1, 8am) = Location 2

whereas

ϕ(10; Location 3, 5pm) = Location 3

The former system, wherein the initial time does not impact the behavior of the

mapping, is called a time independent system. The latter system, wherein the

initial time alters the behavior of the mapping, is naturally referred to as a time
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dependent system. By default and in the rest of this thesis, we will assume that

systems are time independent. There are some who refer to time independent systems

as autonomous systems and time dependent systems as nonautonomous systems.

However, we will avoid doing so to avoid ambiguity and abuse of terminology since we

will later use the term ”autonomous” to refer to another type of dynamical system

as is conventional. As a side note, we will use the following common mathematical

notation in this manuscript:

• The capital letter S in this section will denote the state space of a dynamical

system

• The letter R will refer to the set of all real numbers, with R+ referring to the

set of all positive real numbers, and R≥0 referring to the set of all non-negative

real numbers

• The expression Rk will refer to the set of k-entry vectors with elements drawn

from R

• x ∈ S, read as “x in S”, denoting the set from which element x is drawn

• f : S1 → S2, read as “f from S1 to S2”, denoting a function f which maps

elements of the set S1 to the set S2

• ḟ , read as “f dot”, denoting the derivative of a differentiable function f

• S1 ⊂ S2, read as “S1 subset S2”, denoting that the set S1 is a subset of set S2,

i.e. that S1 is a set comprised only of elements which belong to S2

11
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• ∃x, read as “there exists an x”, denoting the existence of an element satisfying

certain properties

• ∀x, read as “for all x”, denoting that all elements in a particular set satisfy

certain properties

• x |, read as “x, such that”, denoting the restriction of elements to those which

satisfy a certain property

• ∥x∥, read as “norm of x”, denoting the magnitude of vector x (the absolute

value for scalars). If we instead insert a difference expression, e.g. ∥y − x∥, this

represents the distance from y to x.

These will be combined in such ways as ∃t > 0 | ∀x ∈ S, ϕ(t; x) ∈ S, to be read as

”there exists a t greater than zero such that for all x in set S, the solution of x after

time t is contained in set S”.

Now, let us consider only the forward direction of John Doe’s journey, i.e. that he

begins at home, ends his trip at work, and stays there. Thus once he arrives at

work, he will not continue moving in any direction. This fact makes his workplace

an equilibrium point or fixed point of the dynamical system (along with other,

less-recommended equilibrium points such as falling into the river), i.e. a point of

the state space which does not change with time. Mathematically, we can write that

a point x∗ of the state space is an equilibrium point if for all times t, ϕ(t; x∗) = x∗.

There are many kinds of equilibrium points, each with distinct associated properties,

but they all have the property of remaining there forever. In many systems, such as

12
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our example with John Doe, the equilibrium points can form targets, with the ’goal’

being to reach a fixed point and stop moving. John needs to get to work and stay there,

so his work building is an equilibrium point. Under this framework, and in the field

of Dynamical Systems in general, a number of questions about (and corresponding

properties of) the system immediately jump out at us:

1. How far away does the system drift from an equilibrium point, assuming it starts

sufficiently close?

2. Is the system guaranteed to converge to the equilibrium point, achieving its

target?

3. Assuming the system converges to equilibrium, how fast does it do so?

After the formalization dynamical system by the ”The Last Universalist” and polymath

par excellence Henri Poincare, the first person to consider these questions of equilibria

was Aleksandr Lyapunov. His scientific career is quite interesting: Lyapunov was born

in 1857 to an astronomer father, and at 19 entered the university as a physics student,

following in his father’s footsteps. However, he was inexorably drawn to mathematics

and changed departments in just over a month (from the Physico-Mathematical

Department to the Mathematics Department) to study under the stellar statistician

and Father of Russian Mathematics Pafnuty Chebyshev, although he never gave

up on his love for physical systems, particularly fluid bodies and hydrostatics. In

1892, Lyapunov introduced formalizations of the questions about equilibrium points,

designing algorithms and providing theoretical guarantees for a wide variety of systems

under many different conditions. Lyapunov referred to the first property - not going

13
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too far away from an equilibrium point - as stability. An equilibrium point is called

stable if for any ε > 0 we can define δ such that trajectories which start within δ

of the equilibrium point will never grow to a distance greater than ε from the same

equilibrium point. Mathematically, for an equilibrium point x∗ ∈ S we can write

∀ε > 0 ∃δ > 0 | ∀x ∈ S
(︂
∥x− x∗∥ < δ ⇒ ∥ϕ(t; x)− x∗∥ < ε, ∀t ≥ 0

)︂
.

Lyapunov called the second property - converging to an equilibrium point - asymptotic

stability. An equilibrium point is said to be asymptotically stable if it is stable and

attractive. Attractivity is defined to be such that for every sufficiently close starting

point, will eventually draw arbitrarily close to the equilibrium point. Mathematically,

for an equilibrium point x∗ ∈ S we can write

∃δ > 0 | ∀x ∈ S
(︂
∥x− x∗∥ < δ ⇒ ∀ε > 0 ∃T > 0 ∀t > T : ∥ϕ(t; x)− x∗∥ < ε

)︂
,

or equivalently and more succinctly

∃δ > 0 | ∀x ∈ S
(︂
∥x− x∗∥ < δ ⇒ lim

t→∞
∥ϕ(t; x)− x∗∥ = 0

)︂
.

Finally, Lyapunov named the third property - having a minimum rate at which

convergence occurred - exponential stability. An equilibrium point is said to be

exponentially stable with rate α if every point not only converges to the equilibrium,

but converges to the equilibrium point x∗ faster than the exponential function e−αt.

14
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Mathematically, for an equilibrium point x∗ ∈ S we can write

∃δ > 0, k ≥ 1, α > 0 | ∀x ∈ S
(︂
∥x−x∗∥ < δ ⇒ ∥ϕ(t; x)−x∗∥ ≤ ke−αt∥x−x∗∥, ∀t ≥ 0

)︂
.

These three conditions are called local stability conditions. Similar conditions which

are more stringent are called global stability conditions, which require the aforemen-

tioned conditions to hold for all points, rather than just those which start sufficiently

close to the equilibrium point.

As mentioned above, Lyapunov not only studied these properties of equilibria, but

gave conditions which can be used to guarantee such properties. Indeed, checking

that each and every one of uncountably infinitely many points in a set - or even in

a small ball around the equilibrium - satisfies a condition is impossible. Therefore,

relying on verifiable alternative conditions which give the desired results is absolutely

imperative. To discuss Lyapunov’s theory, we must first introduce some definitions.

A function f : D ⊂ S → R is called positive semidefinite (respectively negative

semidefinite) over a set D ⊂ S if ∀x ∈ D, f(x) ≥ 0 (respectively f(x) ≤ 0). Such

a function is called positive definite (respectively negative definite) over a set

D ⊂ S if f(0) = 0 and ∀x ∈ D\{0}, f(x) > 0 (respectively f(x) < 0). If a function is

neither positive nor negative semidefinite, it is referred to as being indefinite. As an

aside, going forward we will assume without loss of generality that x∗, the equilibrium

point of interest, is at the origin, i.e. at zero. While this may seem like an overly

strong assumption, no information is actually lost - we can simply reparametrize the

system such that the equilibrium point is at the origin, essentially defining the origin

as our equilibrium point of interest. As such, we will use the term origin to refer to
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our equilibrium point of interest going forward.

Lyapunov had two primary methods for determining the stability of a system. The

first method, known as Lyapunov’s Indirect Method, relies on taking a linear

approximation around the origin and analyzing the resulting linearized system for

stability. This is quite intuitive - given a linear mapping of the form ẋ = Ax, if A < 0

(analogously, in higher dimensions, the real parts of the eigenvalues of matrix A are

all negative) then the trajectory will always converge to origin, and the system will be

asymptotically stable. Similarly, if a > 0 (analogously, in higher dimensions, the real

parts of the eigenvalues of matrix A are all positive) then the trajectory will always

diverge from the origin, and the system will be unstable. Therefore the origin original

system will be locally asymptotically stable (respectively unstable) if same property is

satisfied by the origin of the linear system. While quite easy to perform, this method

is limited to asymptotic stability, being unable to make claims about stability and

exponential stability. Furthermore, this method is limited to local stability, being

unable to make global claims. Finally and perhaps most unfortunate is the fact that

in higher-order systems, many systems have eigenvalues on both sides of zero, which

results in a failure of the Indirect Method to yield any claims whatsoever. This method

is thus incredibly easy to implement, but equally limited in its potential use cases.

The second method, known as Lyapunov’s Direct Method (commonly referred to

as Lyapunov’s Theorem) offers significantly more flexibility of use cases and benefits in

terms of variety of possible claims. This method is quite straightforward, relying only

on designing a Lyapunov function, a function V (x) : D ⊂ S → R satisfying certain

properties key to the method. The procedure is as follows: select a continuously
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differentiable (continuous with a continuous derivative) function V (x) : D ⊂ S → R

which is positive definite on D. Then, the following are true:

1. If V̇ (x) is negative semidefinite on D, then V (x) is a stability Lyapunov function

and the equilibrium point at the origin is stable

2. If V̇ (x) is negative definite on D, then V (x) is an asymptotic Lyapunov function

and the equilibrium point at the origin is asymptotically stable

3. If there exists an α > 0 such that V̇ (x) ≤ −αV (x) for all x ∈ D, then V (x) is

an exponential Lyapunov function and the equilibrium point at the origin is

exponentially stable with rate α.

In each of these cases, the stability assertions are about local stability. However, they

can be made about global stability by taking D = S and requiring the condition of V

being radially unbounded, i.e. that V (x)→∞ as x→∞.

Let us look at an example to illustrate the utility of Lyapunov’s Theorem. Consider a

pendulum with friction, which can be written as the dynamical system

⎡⎢⎢⎣ẋ1

ẋ2

⎤⎥⎥⎦ =

⎡⎢⎢⎣ x2

−a sin(x1)− bx2

⎤⎥⎥⎦

for a, b > 0, wherein S = (−π, π) × R. Consider the candidate Lyapunov function

V (x) = a(1− cos(x1)) + 1
2x2

2. We know that V (0) = 0 since

V (0) = a(1− cos(0)) + 1
2 · 0

2 = a(1− 1) + 0 = a · 0 + 0 = 0 + 0 = 0
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Additionally, if x1 ̸= 0, cos(x1) < 1 so a(1− cos(x1)) > 0. Similarly, if x2 ̸= 0, 1
2x2

2 > 0.

Therefore, V (x) > 0 everywhere but the origin, so V is positive definite. We have by

differentiation that

V̇ (x) = a sin(x1) · ẋ1 + x2 · ẋ2 = a sin(x1)x2 + x2(−a sin x− bx2) = −bx2
2

This is negative semidefinite, since the square of a number is always nonnegative, but

is not negative definite since V (x) = 0 at all points where x2 = 0, not only at the

origin. Thus, we can conclude that the origin is stable, but not that it is asymptotically

stable.

However, the conditions of Lyapunov’s Theorem not being satisfied implies lack of

evidence of stability, not evidence proving lack of stability - they are sufficient, but

not necessary. To show this, let us select a more appropriate candidate for a Lyapunov

function, namely

V (x) = a(1− cos(x1)) +
[︃
x1 x2

]︃ ⎡⎢⎢⎣b2/2 b/2

b/2 1

⎤⎥⎥⎦
⎡⎢⎢⎣x1

x2

⎤⎥⎥⎦
= a(1− cos(x1)) + 1

2

(︄
b2

2 · x
2
1 + bx1x2 + x2

2

)︄

Through some Linear Algebra and the entries of the matrix, we know that the second

term of V (x) is positive definite and therefore V (x) is positive definite, as the sum

of positive definite functions is positive definite and we have already demonstrated

the positive definiteness of the first term of V (x) above. Taking the derivative, and
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simplifying we have

V̇ (x) = − b

2(ax1 sin(x1) + x2
2)

which is negative definite, since x1 sin(x1) > 0 for all nonzero x1 ∈ (−π, π) and x2 > 0

for all x2 ∈ R. As such, simply by changing the Lyapunov function, we can now

assert that the origin is asymptotically stable. This highlights a key problem with

Lyapunov’s Theorem. Finding an appropriate Lyapunov function can be incredibly

difficult, and designing an appropriate one generally requires the system to have a

known parametrization with properties that can be utilized in the function design

process.

Recall the illustration using John Doe. One might be drawn to think that Euclidean

distance to the origin - in this case his work building - forms a good Lyapunov function,

as this distance is clearly positive definite along his route. However, we encounter a

problem: While he advances toward his job along the selected path, the Euclidean

distance may actually grow between him and his workplace (such as driving from his

house to get onto the main street) so using this candidate Lyapunov function would

fail due to its derivative being positive on the first leg of his drive. Perhaps a better

choice would be Manhattan distance, i.e. the number of intersections between two

points. This is certainly positive definite and non-increasing, so would seemingly form

a good Lyapunov function. However, let us extend the state space to include a second

viable route, namely taking the highway to work. In order to drive to the highway, he

needs to actually drive away from work, increasing the Manhattan Distance, but will

eventually reach work and in fact will reach work faster than taking the normal route.

Thus, while in truth the origin of the system is asymptotically stable, we cannot even
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prove stability with the candidate Lyapunov functions.

Beyond the difficulty of constructing a Lyapunov function in the general case, Lya-

punov Theory has two major drawbacks: lack of robustness and lack of extendability.

Changing the underlying dynamics (the mapping) or the state space even by the

smallest amount can entirely invalidate a previously acceptable Lyapunov function,

sending the designer back to the drawing board. Lyapunov gave a converse theorem,

one which guarantees that a stable (respectively asymptotically stable, exponentially

stable) equilibrium point must have a Lyapunov function fulfilling the necessary con-

ditions. Despite this and despite many tips and tricks for finding Lyapunov functions

based on specific domain knowledge developed over the past thirteen decades by

Lyapunov and his disciples, there is no broadly-applicable method for the design of

Lyapunov function in the general case. A major field of research for the past century

has been in relaxing the constraints of Lyapunov functions, e.g. by allowing V̇ (x) to

be positive in certain small areas, by requiring conditions on higher-order derivatives,

or by discretizing the system, we will discuss in the Related Work section. However,

these methods tend to suffer from the same key issue: how do we design a function

which satisfies certain conditions in the general case of a dynamical system wherein

the dynamics are complex, or perhaps even not fully parametrized?

The difficulties with Lyapunov function design are what led to the first key contri-

bution of the research presented in this manuscript. What if we could eliminate the

requirement of designing a Lyapunov function altogether? This novel method, utilizing

what we call Recurrent Lyapunov Functions (RLFs) is discussed in-depth in Chapter 4.

This method presents an alternative to Lyapunov function design which can verify
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the stability properties of a system entirely computationally without necessitating

extensive trial-and-error, guesswork, or particular domain knowledge and expertise,

and can be applied uniformly to any dynamical system. Without ever resorting to

painstakingly studying the parametrization of the dynamical system and designing a

Lyapunov function such that its properties along trajectories align with the geometry

of the system, we start from the goal and work backwards. By extending Lyapunov’s

Theorem such that the conclusions apply with significantly more lenient requirements,

we prove that we can take effectively any distance metric and use it in place of a

Lyapunov function. The process then consists of proving that the metric selected

has the desired properties when applied to the dynamical system, which becomes

achievable due to the easy-to-verify requirements and their computational efficiency.

A key benefit of our method is its practicality: as no function was designed around a

given state space, the method is robust to changes in the underlying system - or lack

of parametrization entirely. Furthermore, the method is extendable - any conclusions

derived will hold even if the state space is later expanded. This method is also perfectly

suited to the computerized modern world, replacing the difficult problem of analysis

and design with a straightforward computational algorithm.

2.2 Control Theory

We next turn to discuss what are known as dynamical systems with control, or

control systems for short. Generally, dynamical systems which do not depend on an

input are also known as autonomous systems as they are fully deterministic insofar

as they do not depend on any signal external to the system itself. A control system is
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simply a dynamical system with the addition of an input term, commonly denoted by

the lowercase letter u. For example, the dynamical system described by f(x) = x2

can be turned into a control system by adding a control, such as f(x, u) = x2 + u. An

example can be John Doe’s driving of the car by pressing the gas pedal and moving

the steering wheel to direct it. The behavior the car exhibits - the trajectories of its

motion - are dependent upon the input which it receives, making it a classic example

of a control system. As alluded to by the name, control systems generally have an

additional component - the target behavior - which can be a single state, a single

trajectory, or some more complicated state sequences. In the case of John Doe, the

task is to bring him from the starting state to work.

In general, Control Theory can be quite complicated and requires a high level of

mathematical rigor, and the goal of developing a specific control can be quite daunting.

However, the fundamental notions which govern the nature of control systems are

very intuitive, which lead to us performing control problems in our brains without any

difficulty. Trajectory planning, i.e. how to move oneself from one place to another, is

something which every toddler begins to become proficient in from an early age, as

is the task of walking without falling over (something which expert roboticists and

control theorists continue to struggle with regarding their robots). Baseball batters

perform incredibly precise control problems, moving dozens upon dozens of muscles

with precision to time the arrival of their bat to align with the location of the ball to

the nearest few millimeters and milliseconds. Everything that relies on balance from

riding a bike to walking a tightrope needs a delicate touch of control, lest one become

overcome by gravity. Any activity that includes the moving of tools, from digging

22



Chapter 2. Background

a sandcastle to eating with a fork, is governed by similar requirements. The ability

which elevated humans over animals - the ability to throw objects with precision

- is the prototypical example of object trajectory planning. In short, there can be

nothing more intuitive or fundamental to the human experience than control, the

careful design of inputs to extract the desired output.

Many of the above examples have illustrated a concern beyond simply moving from

one state to another, that of constraints and optimality. When John Doe drives

the car, there are a number of constraints which dictate what comprises a valid control

solution. First, there are constraints governed by possibility and the laws of physics -

the car cannot begin floating or sink into the ground, nor can it be driven at more

than 300mph. Then there are constraints of safety and legality: on each road, the

speed of the car should not exceed the posted speed limit, and the car should be

entirely stopped at red lights and stop signs. Furthermore, the location of the car

should not be superimposed with any other vehicles or any pedestrians, nor should it

be on the wrong side of the road, rather it should be on the right side of the road -

or the left side, in countries such as England or Japan. In fact, it is imperative that

the car always remain on the road and not cross through any building, or even cross

sidewalks or lawns though it may be shorter. Constraints govern the viability of

inputs: any control solution which violates these constraints is nonviable, and cannot

be considered whatsoever. This is to be contrasted with the concern of optimality:

solutions which are not optimal are still viable but are less desirable.

A solution is said to be optimal if it minimizes some cost function The cost function

is chosen to optimize some choice of target metric. If we want to optimize for time,
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driving fastest is the best. However, if we want to optimize for distance, we can

choose an unpaved dirt road, as the speed does not matter. We could alternatively

elect to optimize for some combination of distance and time - weighting time more

heavily would prioritize taking a longer path with a higher speed limit such as the

highway, whereas weighting distance more heavily would prioritize taking a shorter

path with a lower speed limit. However, what if we want to minimize the number

of times that he needs to press the brakes? Perhaps we want to minimize gasoline

expenditure or maximize tire longevity due to rising inflation? Each consideration

or weighted combination of considerations will yield a different cost function, and

therefore a different optimal control.

A fundamental question about control theory is how we pick sequences of inputs,

also known as control policies. Returning to the human examples of control, it

is unlikely that someone would decide a priori precisely the sequence of actions to

take. For example, as the acrobat begins walking, he may begin leaning too much to

the left. Since his current position is too far to the left, and his target position is at

the center. Instead of pre-designing his walk step-by-step, he will use this feedback

to course correct by leaning to the right, counteracting the current discrepancy in

position. This is the idea behind feedback control or closed loop control (to

distinguish from open loop control, which does not receive feedback), one of the

most common and broadly applicable forms of control. The key defining feature of

feedback control is that the state can be observed every so often, and the discrepancy

between the current trajectory and the target state (or trajectory) will be used to

determine the appropriate input for the next stage.
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Each of these two systems of control come with its own distinct benefits and drawbacks,

but they are ultimately each subject to difficulties. Under the system of open-loop

control, there is no need for continual sensors and updates about the current state, as

everything is neatly designed ahead of time. This comes with an issue wherein such

a paradigm requires immense domain knowledge such that the designer can know a

priori how the system will behave at each point to design a control policy that yields

a trajectory converging to the desired goal. This is highly dependent on the initial

state, as there is no reason why a sequence of inputs which drives a point on one side

of the target to converge would drive a point on another side to converge to the same

target. Therefore, each starting point requires an immense amount of design time

and computational cost before any control policy is enacted. The issue of a priori

computation is somewhat ameliorated in the case of feedback control. Starting with

an educated guess for a good initial input, we can continually update this with each

state observation based on the discrepancy between the current and desired states.

However, while there is no longer a need for a high amount of computational time

and cost up-front, this is replaced by continual computation which constantly drains

resources and adds time delay with every observation.

As such, in either case there is a significant delay in real-time action, either before

the first step or between steps. Equally problematic is the issue of computational

cost, which derives from the non-reusability of general control policies. Feedback

control makes no attempt at reusing policies across different starting states to begin

with - computations are done in real-time based on the current state. As such, each

initial point requires the full amount of computational cost, regardless of how many
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other iterations of the feedback control process have previously been run from other

initializations. Similar issues also hold for open-loop control, where in all but the

simplest of systems, each initial state must receive a full design cycle for its control

policy. Such problems results from a lack of robustness, wherein any error in the

initial state or in the domain-knowledge-based design process will continue percolating

and being amplified, as errors cannot be addressed without receiving and adjusting to

feedback. As such, for either open-loop or feedback control policies to succeed, they

must be designed on an initialization-by-initialization basis.

Modern research has focused on the problem of stabilizing control through a variety

of different methods, but generally fail along one of two axes. Methods which provide

theoretical guarantees require simultaneous controller design and external verification

of correctness, and are highly prone to robustness problems by relying on explicit

parametrizations of the underlying system. Data-based methods are more efficient in

this sense, but result in lack of theoretical guarantees and significant latency in online

deployment.

As such, we propose a method which is highly scalable, has near-instantaneous real-

time execution, requires minimal computation, provides firm theoretical guarantees,

and is independent of the parametrization of the control system. We will draw

inspiration from the following attributes of control policies which humans affect in

their day-to-day lives.

1. Memorizing Landmark Paths: Humans use discretized landmarks to guide

their path. When receiving directions, it is common to hear “turn left at the
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second stop sign” or “go straight until the clock tower”. Controls do not need to

be designed individually for each point, but can generally reuse controls from a

nearest landmark, or ’seed’ point.

2. Non-Parametric: Humans don’t have an explicit functional expression for how

to move from one point all the way to an end point. Instead, they know the

direction in which they wish to go, and simply exert movement in that direction.

3. Continually Expanding: Humans are constantly expanding their horizons -

updating their control to encompass more of the world. If someone travels to

a location they have never been, they derive new controls based on their new

environment to bring them closer to the goal, before re-using previously derived

controls.

4. Adaptive Precision: Humans change the desired precision of their control

decisions (and the rate at which they update them) based on their distance from

the target. If someone is in New York City and wishes to get to Washington

DC, the control need only be vaguely “drive South”, whereas if they are only a

couple hundred meters from their destination, an ever-more precision of required

as not to overshoot.

Our designed methodology incorporates these key features of human-inspired control.

This algorithmic category, which we dub Non-Parametric Chain Policies (NCP), is

discussed in-depth in Chapter 5 and forms one of the key contributions of this research.

NCP control relies on designing individual controls for points either offline or online
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and then reusing them for all points which are sufficiently close, backed by strong

theoretical guarantees. The controls used at a point in time depend on the region of

the state space. Importantly, the space is subdivided into easy-to-find hypercubes

which have efficient search algorithms associated with them. Sizes of containing

hypercubes expand with distance from the target to reduce the number of required

controls, specifically only a number that scales logarithmically with the radius. NCP

Control presents significant benefits over current state-of-the-art methods:

• Stabilizing-by-design controls which provide firm theoretical guarantees of expo-

nential stability without the need for separate verification.

• Better scaling, as the required number of control seeds grows only logarithmically

with the size of the state space.

• Lifelong learning, allowing new data to expand the stabilizable region without

discarding previously verified controllers.

• Improved robustness from lack of parametrization, given that parametric models

can be incredibly sensitive to tuning of the parameters.

• Improved speed of execution compared to other non-parametric methods.

• Norm-agnostic design, improving interpretability and simplifying controller

synthesis for highly nonlinear systems.
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iuuRelated Work in Dynamical Systems and Control

Before we can change the world, we must understand it.

And to understand it, we must listen before we speak.

– Lord Rabbi Jonathan Sacks

3.1 Relaxations of Lyapunov Functions

The first part of the research presented in this thesis is based on forming a general

relaxation of Lyapunov’s Direct Method [75]. The intuition behind Lyapunov’s Direct

Method for asymptotic stability is quite straightforward (analogously for stability,

exponential stability): one constructs a Lyapunov function V (x), a continuously

differentiable function that is positive definite, with a negative definite derivative.

The fact that V (x) is continuous and is positive definite implies that there is a small

enough neighborhood of the origin such that for any ε > 0, we have V≤ε ⊂ Bδ(0), with

δ decreasing uniformly as ε→ 0. Since V̇ (x) < 0, necessarily V (ϕ(t; x))→ 0 and thus

∥ϕ(t; x)∥ → 0. Both the requirements and the proof of Lyapunov’s Direct Method

were constructed in a way as to be maximally intuitive along this line of logic.

As with any intuitive method which consists of necessary-but-not-sufficient conditions

for an implication, the requirements are easy to understand and connect with the

result, but are not necessarily minimal. Due to this fact combined with the utility

of Lyapunov theory in a broad realm of disciplines, relaxations of the conditions of

Lyapunov’s Direct Method has been an active field of research for well over half a
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century. Following the logic of the intuition behind the method, much of this research

has focused on replacing the negative definiteness of V̇ (x) with other conditions

which guarantee that V (ϕ(t; x))→ 0, which by the positive definiteness of V (x) will

guarantee that ∥ϕ(t; x)∥ → 0, i.e. that the origin is asymptotically stable. Such

relaxations of Lyapunov’s conditions can be broadly divided into three categories:

1. Allowing V̇ (x) ≥ 0, but requiring higher-order conditions, i.e. placing some

conditions on a function u such that u(V (q), V (q−1), . . . , V̈ , V̇ , V )

2. Requiring V̇ (x) < 0 on most of the state space, but allowing specific regions

where V̇ (x) ≥ 0 subject to certain conditions

3. Providing a discretized Lyapunov condition, i.e. placing inequality constraints

on the sequence {V (ϕ(nT, x))}n∈N instead of placing general constraints on V̇ (x)

Placing higher-order conditions on V (x) has long been the most prolific of such

approaches and particularly popular early on, with a large number of papers in this

direction between 1962-1971. This approach was first considered in [66], where if one

requires the negative definiteness of V̈ instead of the negative definiteness of V̇ (x),

it can be guaranteed that all trajectories either diverge to infinity or converge to

the origin. Similar results are derived and then generalized in [130], wherein for any

compact, invariant subset of the state space K ⊂ S wherein S −K remains simply

connected, then no solution can have limit points in S −K. Under such a framework,

the results of [66] become a corollary by taking K to be the origin. This is expanded

and simplified by considering the third derivative in addition to the previous ones

in [22]. The negative definiteness of the weighted sum of the first three derivatives,
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i.e. g(x) = a2
...
V (x) + a1V̈ (x) + V̇ (x) is used in place of the negative definiteness of

V̇ (x) to guarantee asymptotic stability, a stronger result than is achievable by only

considering the first two derivatives.

From specific order of derivatives, research moved on to the general case of higher-

order derivatives. In [46], the first m derivatives of V (x) are taken for an arbitrary

m ≥ 1 and a comparison function u(V (q), V (q−1), . . . , V̈ , V̇ , V ) is considered. If V (x)

is bounded above and below by class K functions of the norm, solutions of the

comparison function are bounded above, and the m-th derivative of V (x) is bounded

above by the comparison function, the origin can be proven to be stable. Around

four decades later in [85–87] (all by the same two researchers), negative definiteness

of expressions in the form of weighted sum of arbitrary number of derivatives, i.e.

h(x) = V (m)(x) + am−1V
(m−1)(x) + ... + a1V̇ (x) can be used in place of negative

definiteness of V̇ (x) to guarantee asymptotic stability. There is significant discussion

of what the coefficients ai must be, but eventually over the three papers this is

weakened to simply requiring that ai all be nonnegative. In fact, in [4] it is proven that

if this function h(x) is negative definite, then the integral of h(x) forms a traditional

asymptotic Lyapunov function.

The second direction is that of limiting the regions where V̇ (x) is nonnegative, which

forms the bulk of more recent research in the field. The simplest of such cases, wherein

V̇ (x) is only negative semidefinite instead of negative definite, is considered by LaSalle’s

Invariance Principle (alternatively known as the Barbashin-Krasovskii Theorem) in

[65, 67], and principles of construction of such functions are clearly delineated in [78,

84]. These works prove that if it can be guaranteed that no trajectories accumulate in
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the zero-level set of V̇ (x) (i.e. in the set {x | V̇ (x) = 0}) other than at the origin is

used to prove asymptotic stability of the origin. Guarantees that trajectories must

not accumulate anywhere beside the origin were provided by [80], wherein auxiliary

functions are used to guarantee that the zero-level set must be left at all non-origin

points. Results based on extending Matrosov’s results by either relaxing the constraints

on the auxiliary functions, nestling multiple applications of auxiliary functions, or

giving strong guarantees for specific types of systems are provided in [8, 68, 71, 73,

115, 117, 124].

Incisive analysis of the case where the V̇ (x) is negative semidefinite is given by [76, 82],

who demonstrates that if V̇ (x) is negative semidefinite but zero only periodically (i.e.

is not zero for any non-empty open intervals of time) that the origin is asymptotically

stable. Such methods are most clearly and concisely further refined and generalized

to the time-dependent case in [132–134] by requiring that V̇ (t, x) ≤ µ(t)V (t, x) for

some function µ(t). Based on the properties of µ(t), one can ascertain asymptotic or

exponential stability of the origin, being either local or global depending on further

properties of µ(t). Similar results, requiring a variety of conditions of the form

V̇ (t, x) ≤ µ(t)g(V (t, x)) to provide Lyapunov stability results (although primarily

focusing on input-to-state stability) for a variety of specific categories of systems can

be found in [9, 17, 24, 25, 49, 60, 77, 83, 91, 100, 101]. Finally, in [72], a bound on

where V̇ (x) ≥ 0 is permitted is given not based on the amount of time that trajectories

spend in this condition, but based on the volume of the state space wherein this

occurs.

The last of the popular Lyapunov relaxation categories is that of discretization, i.e.
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considering discrete-time conditions on the Lyapunov function in continuous time. In

practice, this consists of replacing the negative definite condition on V̇ (x) (which can

be considered a condition of the form limt→0 V (ϕ(t, x))− V (x) < 0) with conditions

on V (ϕ(t, x)) − V (x) for fixed t > 0. This has the added benefit of not requiring

differentiability of V (x), which is particularly significant in light of the higher-order

derivative conditions which in the limit require smoothness. For the purpose of control,

[35] indirectly proves that a system which is asymptotically stable in the discretized

sense, i.e. V (ϕ(t, x))− V (x) < 0, is also asymptotically stable in the continuous sense.

This is expanded to uniform stability in the time-dependent case by [1], extending

[89] who previously proved this only for systems wherein V̇ (x) was already known to

be negative semidefinite.

3.2 Explicit Model Predictive Control

The second part of the research presented in this thesis is based on refining current

methods of building control policies throughout the state space with significant

practical applications and strong theoretical guarantees. The most natural analog to

this work is found in the realm of Model Predictive Control [42, 81, 90, 98]. Model

Predictive Control (MPC) is a method of control wherein at a given start time t, a

piecewise control policy u(t) is designed with time steps of ∆t for a fixed horizon

[t, t + T ] by estimating the effect of the control on the model. The first part of

u(t) is applied to the system, and then after ∆t time passes, another observation of

the system is taken and a new control is computed for the receding horizon, state,

and prediction. For linear MPCs, i.e. regarding models which are truly linear or in
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approximating nonlinear models with a fixed-horizon linearization, a number of strong

theoretical guarantees for computational time, cost, and ultimate system stability can

be provided [20, 40, 64]. Nevertheless, as the system becomes sufficiently complex or

precision is of particular importance, nonlinear MPC systems must be utilized [6, 41].

A major drawback of these nonlinear MPCs is that computation can be incredibly

expensive, particularly as the system and its interaction with the input control become

increasingly complicated.

A popular method which can mitigate some of the drawbacks of the ’online’ MPC

is that of ’offline’ Explicit MPC [5, 12, 13, 21, 52, 92]. Explicit Model Predictive

Control (eMPC) is a method which replaces the iterated computation of a control for

a specific trajectory during execution time by the off-line computation of piecewise

affine (PWA) controls for the entire state space along with their associated regions,

which can be chained together during runtime by simply observing the current state

and determining the correct region. Such PWA controls have even been incorporated

into deep neural network architectures for increased interpretability of reinforcement

learning policies [123]. For the case of linear control, each PWA control policy is

associated with a convex polytopic region, which can be explicitly parametrized as

a subset of the state space [63]. However, the number of controls and regions grows

exponentially with attributes of the system including the number of states, which

results in a drastic increase in both the memory requirements - of storing the regions

and trajectories - and the computational time during the algorithm’s execution for

determining which polytope contains the current state.

In fact, discovering the correct polytope, known as the point location problem or
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set membership problem (or even more broadly the nearest polytope problem), is

an active research direction in its own right [11, 15, 118]. For some special cases,

such as a linear cost function, the problem can be shown to devolve to a Voronoi

diagram which can be solved by a weighted nearest-neighbor algorithm [57]. For the

general case, there are a wide variety of algorithms used to find the nearest polytope.

There are research angles which try to reduce the problem to that of reachability and

use reference points to simplify the process [113, 116]. Others, as in [125], give an

explicit lattice representation to these regions, which can reduce the computation

time and memory requirements, and can be combined with a binary search tree for a

unified algorithm as in [10]. The research in [131] focuses on the trade-off between

online and offline computation and integrates components of both to balance the

MPC computation requirements with the polytope-finding computation requirements.

Understanding the difficulty of finding the polytopes, some turn to approximation

methods which exchange computation time and cost for suboptimality, including both

a wide variety of different approximate mathematical methods [14, 16, 23, 43, 51, 56]

and neural networks [26]. The work in [29] relies on using bounding boxes to find

the nearest polytope. A sampling of algorithms including the bounding box methods,

binary search tree methods, and seeded reference points can be found in [129].
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Chapter 4

Relaxations of Lyapunov Theory via Recurrence

Greatness is not about never falling, but about
falling and learning how to rise again.

– Lord Rabbi Jonathan Sacks

This chapter is adapted from the following article:

Siegelmann, R., Shen, Y., Paganini, F. & Mallada, E. A recurrence-based direct method
for stability analysis and gpu-based verification of non-monotonic lyapunov functions
in 2023 62nd IEEE Conference on Decision and Control (CDC) (2023), 6665–6672.
doi:10.1109/CDC49753.2023.10383373.

4.1 Preliminaries

We consider a continuous-time dynamical system

ẋ = f(x) , (4.1)

where x ∈ D ⊂ Rn is the state, and the map f : D → Rn is a continuous function

defined over an open domain D. Given an initial state x, we use ϕ(t, x) to denote the

solution of (4.1). Throughout the paper, we make the following assumption about the

vector field and its solutions.

Assumption 4.1. The vector field f(x) in (4.1) is locally Lipschitz. That is, for any

compact set S ⊂ D, there exists a constant LS ∈ R≥0 such that

∥f(y)− f(x)∥ ≤ LS∥y − x∥, ∀x, y ∈ S.
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The local Lipschitz nature of the vector field implies that solutions must exist for

some amount of time, which we will denote by the following:

Definition 4.1 (Interval of Existence). For x ∈ D, the maximal interval of

existence I(x) ⊂ R is the largest open interval around t = 0 such that ϕ(t, x) exists

for all t ∈ I(x). The trajectory is said to be forward complete if I(x) ⊃ [0,∞).

Whenever the initial condition is understood from the context, we will use x(t) :=

ϕ(t, x). Whenever the set S is understood from context, we will use L instead of LS.

For simplicity, we refer to the dynamical system (4.1) as the dynamical system f .

We next introduce the core building blocks of Lyapunov Stability Theory.

Definition 4.2 (Stability). An equilibrium x∗ is stable if for any ε > 0, ∃δ > 0, such

that if ∥x− x∗∥ ≤ δ then ∥ϕ(t, x)− x∗∥ ≤ ε ∀t ≥ 0.

Definition 4.3 (Attractivity). An equilibrium x∗ is attractive on the set S if

every x ∈ S, ∥ϕ(t, x)− x∗∥ → 0 as t→∞.

Definition 4.4 (Asymptotic Stability). An equilibrium x∗ is asymptotically stable

on the set S, if it is stable, and attractive on S.

Definition 4.5 (Exponential Stability). An equilibrium x∗ is exponentially stable

on the set S if there exists constants K > 0, λ > 0 such that if x ∈ S, then

∥ϕ(t, x)− x∗∥ ≤ Ke−λt∥x− x∗∥, ∀t ≥ 0. (4.2)

It will also be useful throughout our presentation to define sets that are of general use

to characterize transient, as well as asymptotic behavior.
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We start by characterizing the set of points that can be reached within a finite interval

of time.

Definition 4.6 (Reachable Tube). For the dynamical system f , a time τ > 0, and a

set S ⊂ D, we denote the τ -reachable tube from S within τ units of time by

Rτ (S) =
⋃︂

x∈S,t∈[0,τ ]∩I(x)
{ϕ(t, x)}.

Next, we formally define positive invariant sets.

Definition 4.7 (Positively Invariant Sets). A set S ⊆ Rn is positively invariant w.r.t.

(4.1) if and only if:

x ∈ S =⇒ ϕ(t, x) ∈ S, ∀ t ∈ R≥0. (4.3)

Since we only consider here positive invariant sets, as opposed to negative invariant

sets, we will often refer to them as plainly invariant sets. As mentioned before, the

notion of positive invariance is a fundamental building block of Lyapunov Theory.

By trapping trajectories on compact sub-level sets of a function one can guarantee

boundedness of trajectories, stability, and asymptotic stability via a gradual reduction

of the Lyapunov function value.

4.2 Recurrence

To relax the notion of invariance, one must allow trajectories to temporarily leave a

set. However, in order to still be able make statements about asymptotic behavior,

our first condition requires trajectories to return infinitely often.
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Definition 4.8 (Recurrent Set). A set S ⊆ Rn is recurrent w.r.t. (4.1), if for any

x ∈ S , and t ≥ 0,

∃ t′ > t, s.t. ϕ(t′, x) ∈ S. (4.4)

Since trajectories are allowed to leave S, in our development, it will be useful to keep

track of the time intervals where a trajectory ϕ(t, x) lies within a given set S for a

given initial point x ∈ D.

Definition 4.9 (Containment Times). Given a set S ⊂ D and a point x ∈ D, we

define the set of containment times, TS(x), as the set of times t for which the trajectory

ϕ(t, x) ∈ S, i.e.,

TS(x) := {t ∈ R>0 | ϕ(t, x) ∈ S}.

Given constants a, b, we write

TS(x; a, b) := TS(x) ∩ (a, a + b].

For convenience we also write TS(x; b) := TS(x; 0, b). Finally, when the set S is clear

from context, we may omit the subscript entirely.

The notion of recurrent sets introduced here is related to classical Poincare recur-

rence [97], and in particular, Poincare recurrent sets[7, Def. 2.4.1], which constitutes

the union of Poincare recurrent points; a point x is Poincare recurrent if its backward

and forward flows, i.e., {ϕ(−t, x)}t≥0 and {ϕ(t, x)}t≥0, get arbitrarily close to x, in-

finitely often. In fact, one can show that any open subset S of a Poincare Recurrent

Set is a Recurrent Set according to Definition 4.8.
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Definition 4.8, under appropriate assumptions for S, implies (see [103]) that part of

the ω-limit set of f must be contained within the recurrent set S. While this property

suggests attractivity to some set that intersects S, for stability analysis we further

require control on how far the trajectory may depart from S, therefore we introduce

the following stronger notion of recurrence:

Definition 4.10 (τ -Recurrent Set). A set S ⊆ D is τ -recurrent w.r.t. (4.1), if for

any x ∈ S and t ≥ 0,

∃ t′ > t, with t′ − t ∈ (0, τ ] and ϕ(t′, x) ∈ S. (4.5)

We further say that S is strictly τ -recurrent, if for any x ∈ S , and t ≥ 0,

∃ t′ > t, with t′ − t ∈ (0, τ ] s.t. ϕ(t′, x) ∈ S\∂S. (4.6)

Implicit in the above definition is that trajectories which start in S are forward

complete, since the flow is defined for arbitrarily large times. Trajectories that start in

S will visit it infinitely often (again and again), and forever (there is always a future

time when it is visited again), and moreover there is a bound τ on the lengths of

excursions outside S.

While definition 4.10 is sufficient for the development that follows, its conditions for

far-off times are hard to verify. The next lemma shows that such verification is simpler

when the set S is compact.

Lemma 4.1 (Characterization of τ -Recurrent Compact Sets). Let S ⊂ D be a compact

set, and consider the system (4.1) under Assumption 4.1, and τ > 0. The following

40



Chapter 4. Relaxations of Lyapunov Theory via Recurrence

conditions are equivalent:

(i) S is τ -recurrent.

(ii) For any x ∈ S, ∃ t ∈ (0, τ ] with ϕ(t, x) ∈ S.

(iii) For any x ∈ S there is a sequence {tn}n∈N satisfying,

lim
n→∞

tn =∞ , with tn+1 − tn ∈ (0, τ ] , (4.7)

and ϕ(tn, x) ∈ S ∀n.

Proof. (i)=⇒(ii): Follows from Definition 4.10 and choosing t = 0.

(ii) =⇒ (iii): Given x ∈ S, we build the sequence {tn}n∈N satisfying (4.7) and

ϕ(tn, x) ∈ S by induction. For the base case, let t0 := 0, x0 = ϕ(t0, x) = x, and define:

t1 = max{t ∈ (0, τ ] | ϕ(t, x0) ∈ S};

the above set of times is non-empty by hypothesis. Its supremum is actually a

maximum due to the compactness of S and the continuity of ϕ(t, x). By construction,

t1 ∈ I(x).

The inductive construction proceeds in a similar manner: given t1 < t2 < · · · tn, with
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xn := ϕ(tn, x) ∈ S, define:

tn+1 = tn + max{t ∈ (0, τ ] | ϕ(t, xn) ∈ S}. (4.8)

Note that tn+1 exists analogously to the above, and satisfies tn+1 − tn ∈ (0, τ ] as

required. Further, tn+1 − tn ∈ I(ϕ(tn, x)), which implies that tn+1 ∈ I(x).

It remains to show that tn → ∞, which we argue by contradiction. If, instead, the

strictly increasing sequence of times was bounded, we would have tn ↑ t∗. If t∗ was the

supremum of the maximal interval I(x), then a standard result in differential equations

[30] implies that ϕ(t, x) should exit any compact set as t ↑ t∗; this would contradict the

fact that xn := ϕ(tn, x) ∈ S ∀n , and S compact. Therefore [0, t∗] ⊂ I(x), x∗ = ϕ(t∗, x)

exists, and by continuity of ϕ(·, x), it follows that limn→∞ xn = x∗ ∈ S.

We now choose n large enough, say n∗, such that t∗ < tn∗ + τ . Since ϕ(t∗, x) ∈ S,

then t∗ is a candidate value for the induction step (4.8) and satisfies t∗ > tn∗+1; this

contradicts the fact tn∗+1 is the maximum such value. Thus, tn →∞, as desired. In

particular, I(x) ⊃ [0,∞).

(iii)=⇒(i): Given x ∈ S and t ≥ 0, let n∗ be the largest n s.t. tn ≤ t, then, it follows

that tn∗+1 − t ∈ (0, τ ], ϕ(tn∗+1, x) ∈ S. Definition 4.10 is satisfied with t′ = tn∗+1.

Note as a consequence of this Lemma, that condition (ii) over the time interval

(0, τ ], when valid over a compact set S implies the forward completness of trajectories

initiating in this set.
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We now proceed to bound the distance a trajectory can travel away from a τ -recurrent

set. To that end, we recall here that the vector field (4.1) is assumed locally Lipschitz

(Assumption 4.1). While such property suffices, it will prove convenient to obtain

tighter bounds via locally one-sided Lipschitz constants.

Definition 4.11 (One-sided Lipschitz). For system 4.1 under Assumption 4.1, the

one-sided Lipschitz constant over the compact set S ⊂ D is defined as the smallest

LS ∈ R such that

(y − x)T (f(y)− f(x)) ≤ LS||y − x||2, ∀x, y ∈ S.

Note that LS ≤ LS.

We will also introduce a notation for the maximum norm of the vector field on a

(compact) set S,

FS := max
S
∥f(x)∥.

When S is a ball of radius ε centered around a fixed point x∗, i.e., S = Bε(x∗), we

will use Fε := FBε(x∗) for simplicity. Note that Fε → 0 when ε → 0. Using these

definitions, we now derive a bound on how far trajectories can go from a compact set

in which they start.

Lemma 4.2 (Containment Lemma). Consider system (4.1) under Assumption 4.1.

Let S ⊂ D be a compact set such that solutions starting in S are forward complete.

Then, Rτ (S) has compact closure, and defining L := LclRτ (S) <∞, we have

max
t∈[0,τ ]

d(ϕ(t, x), S) ≤ FS h(τ ; L), (4.9)
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where

h(τ ; L) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
eLτ −1

L
, L ̸= 0,

τ, L = 0.

(4.10)

Proof. Compactness of clRτ (S) is proved in Proposition 5.1 of [70].

Let x ∈ S and let u(t) := ∥ϕ(t, x) − x∥, with t ∈ [0, τ ]. Observe that since x ∈ S,

d(ϕ(t, x), S) ≤ u(t). Thus, bounding u(t) will be sufficient. Differentiating u(t)2 w.r.t

to time gives

d

dt
u(t)2 = d

dt
⟨ϕ(t, x)− x, ϕ(t, x)− x⟩

= 2⟨ϕ(t, x)− x, f(ϕ(t, x))⟩

= 2⟨ϕ(t, x)− x, f(ϕ(t, x))− f(x)⟩

+ 2⟨ϕ(t, x)− x, f(x)⟩

≤ 2Lu(t)2 + 2FSu(t),

where the first step uses d
dt

ϕ(t, x) = f(ϕ(t, x)), the second adds and subtracts f(x),

and the last inequality follows from the definition of L (note ϕ(t, x) ∈ Rτ (S)), FS and

u(t). It follows then that

2u(t)u̇(t) ≤ 2Lu(t)2 + 2FSu(t).

If x is an equilibrium of (4.1), then u(t) ≡ 0 and the bound (4.9) is trivial; otherwise,

since u(0) = 0, we must have an interval t ∈ (0, δ) where u(t) > 0. Extend this interval
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maximally (but no further than τ), defining:

t1 = max{δ ∈ (0, τ ] | u(t) > 0 in (0, δ)}.

We have t1 > 0, and

u̇(t) ≤ Lu(t) + FS, ∀t ∈ (0, t1);

applying Grönwall’s inequality (c.f [62], Lemma A.1) yields

u(t) ≤ FS

L
(eLt − 1) or u(t) ≤ FSt,

respectively if L ̸= 0 or L = 0, so

u(t) ≤ FS h(t; L) ≤ FSh(τ ; L) for 0 < t < t1, (4.11)

where we used the fact that h(·, L) is increasing and t1 ≤ τ . If t1 = τ , then FSh(τ ; L)

is a bound on the u(t) across the entire interval (0, τ ]. If, instead, t1 < τ , then

necessarily u(t1) = 0 and the system has a periodic orbit of period t1; (4.11) still gives

the bound FS h(τ ; L) over the entire period, and hence for all time. (4.9) follows.

The Containment Lemma, which provides containment guarantees for a finite time,

can be combined with the recurrence property of Definition 4.10 and Lemma 4.1 to

provide trajectory bounds for all positive times.

Corollary 4.1 (Boundedness of Trajectories). Let S be a compact τ -recurrent set.
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Then it follows that for any x ∈ S,

d(ϕ(t, x), S) ≤ FSh(τ ; L), ∀t ≥ 0,

where L := LclRτ (S). Moreover, the τ -reachable tube Rτ (S) is invariant.

Proof. Applying Lemma 4.1, we have a sequence of times tn → ∞ such as xn =

ϕ(tn, x) ∈ S, and tn+1 − tn ≤ τ . Also trajectories starting in S are forward complete.

Applying Lemma 4.2 starting from xn ∈ S we conclude that:

d(ϕ(t, x), S) ≤ FSh(τ ; L) for t ∈ [tn, tn+1],

from which the bound holds for all time.

For the second claim, observe first that if x ∈ S, then ϕ(t, x) ∈ Rτ (S) for all t ≥ 0. This

follows by placing t in an interval t ∈ [tn, tn+1), and noting that ϕ(t, x) = ϕ(t− tn, xn)

with xn ∈ S and t− tn ≤ τ .

Now, if y ∈ Rτ (S), then y = ϕ(t′, x) and therefore ϕ(t, y) = ϕ(t + t′, x) ∈ Rτ (S), as

required for invariance.

We finalize this section, noting that Corollary 4.1 imbues compact τ -recurrent sets

with the same functional property of compact invariant sets, i.e., bounding trajectories.

This provides the cornerstone to the development of a recurrence-based stability

theory.
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4.3 Recurrent Lyapunov Functions

Having established the ability to bound trajectories using τ -recurrent sets, we now

introduce the modified conditions on a function V : D → R≥0, that relax the standard

Lyapunov conditions for stability. In contrast to the classical counterpart, we do not

require V to be monotonically non-increasing along trajectories. Rather, for any given

initial x ∈ D, we allow τ(x) units of time to elapse before requiring the function to

meet any requirements on its value. This leads to the proposed definition of Recurrent

Lyapunov Functions.

Definition 4.12 (Recurrent Lyapunov Function (RLF)). Given an equilibrium point

x∗ ∈ D of (4.1), a set S ⊆ D satisfying x∗ ∈ int(S) and τ > 0. We say that a

continuous function V : D → R≥0 is a τ-Recurrent Lyapunov Function over the

set S if the following properties hold:

(i) V is positive definite around x∗, that is,

V (x) > 0, ∀x ̸= x∗, and V (x∗) = 0. (4.12)

(ii) V is τ-recurrent over S, that is,

min
s∈TS(x; τ)

V (ϕ(s, x)) ≤ V (x), ∀x ∈ S. (4.13)

We make the following remarks about Definition 4.12. First, the minimum in (4.13) is

taken over the non-necessarily closed set TS(x; τ) = TS∩ (0, τ ]. For the min to be finite
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as required, there must exist t ∈ (0, τ ] with ϕ(t, x) ∈ S. Second, we only require V to

be continuous; while classical Lyapunov theory can be developed for non-differentiable

functions, it usually requires increased complexity in the analysis. Our results can be

readily stated for only continuous V . Finally, the τ -recurrent property (4.13) acts as

a substitute to the standard differential inequality: V̇ = ∇V (x)T f(x) ≤ 0. As we will

see next, this condition allows us to substitute the standard invariance property with

the more relaxed notion of recurrence.

Lemma 4.3. Given any c ≥ 0 and a compact set S ⊆ D. If V : D → R≥0 is

continuous and τ -recurrent over S (c.f. (ii) in Definition 4.12), then, the following

holds:

(i) The set S is τ -recurrent.

(ii) The set V≤c ∩ S = {x ∈ S | V (x) ≤ c} is τ -recurrent.

Proof. We start by noting that since V is continuous, it has a finite maximum over

compact S; hence, there exists c large enough such that S ∩ V≤c = S. As a result,

property (i) follows directly from (ii).

To prove (ii) we use the characterization (ii) of Lemma 4.1. By hypothesis, for any

x ∈ S ∩ V≤c, one can find t′ ∈ (0, τ ] such that ϕ(t′, x) ∈ S ∩ V≤c. Since S ∩ V≤c is

compact, by Lemma 4.1 it is τ -recurrent.

We are now ready to present the main result of this section, which states that the

existence of an RLF is sufficient to guarantee the stability of the associated equilibrium

point.
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Theorem 4.1 (Stability). Consider system (4.1) under Assumption 4.1, with an

equilibrium point x∗ ∈ D, and a compact set S ⊆ D satisfying x∗ ∈ int(S). Then, if

V : D → R≥0 is a τ -RLF over S, the equilibrium x∗ is stable.

Proof. It suffices to show that for any ε > 0, there exists set I ⊂ Bε(x∗), I invariant

under (4.1) and with x∗ ∈ int(I). Without loss of generality, assume Bε(x∗) ⊂ S.

Note first that from Lemma 4.3, S is τ -recurrent, so trajectories starting in S are

forward complete; furthermore, by Lemma 4.2 there is a finite L = Lcl(Rτ (S)).

Find ε′ > 0 small enough such that

ε′ + Fε′h(τ ; L) ≤ ε. (4.14)

Now let α = minε′≤∥x−x∗∥≤ϵ V (x); by construction, α > 0. Select β such that 0 < β < α

and introduce the compact set

Ωβ := {x ∈ Bε′(x∗) : V (x) ≤ β}. (4.15)

Claim 1: Let I := Rτ (Ωβ). Then x∗ ∈ int(I), I ⊂ Bε(x∗).

Given (4.12), x∗ ∈ int(Ωβ); also Ωβ ⊂ I, so x∗ ∈ int(I). To establish I ⊂ Bε(x∗),

apply the Containment Lemma 4.2 to Ωβ: if x ∈ Ωβ, then for every t ∈ (0, τ ] we have:

d(ϕ(x, t), Ωβ) ≤ Fε′h(τ, L). (4.16)
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Since Ωβ ⊂ Bε′(x∗), the triangle inequality gives the norm bound ∥ϕ(x, t) − x∗∥ ≤

ε′ + Fε′h(τ ; L) ≤ ε, as claimed.

Claim 2: Ωβ is τ -recurrent.

Given x ∈ Ωβ, by hypothesis there exists t′ ∈ (0, τ ] such that x′ = ϕ(t′, x) ∈ S and

V (x′) ≤ β. Since x′ ∈ Rτ (Ωβ) we have ∥x′−x∗∥ ≤ ε by Claim 1. However, V (x′) < α

so ∥x′ − x∗∥ cannot be in the interval [ε′, ε]; so x′ ∈ Bε′(x∗) ∩ V≤β = Ωβ, and this set

is τ -recurrent.

Now apply Corollary 4.1 to conclude that I = Rτ (Ωβ) is an invariant set. So I

satisfies the requirements set up at the beginning of the proof.

4.4 Asymptotic Stability

Now that we have proven stability with RLFs, we wish to expand the theory to

incorporate asymptotic stability. Similarly to Lyapunov’s Direct Method, the extension

essentially consists of strengthening the condition from a non-strict inequality to a

strict one.

Definition 4.13 (Strict τ -Recurrent Lyapunov Function (S-RLF)). Given an equi-

librium x∗ ∈ D and a set S ⊆ D satisfying x∗ ∈ int(S). We say that a continuous

function V : D → R≥0 is a Strict Recurrent Lyapunov Function over the set S,

if the following holds:

(i) V is a τ -RLF, i.e., Definition 4.12.
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(ii) V is strictly τ-recurrent over S, that is,

min
s∈Tint(S)(x;τ)

V (ϕ(s, x)) < V (x), ∀x ∈ S\{x∗}. (4.17)

Since a Strict RLF is also an RLF, all the properties from our previous section hold for

S-RLFs. In particular, for compact S we have: sets V≤c ∩ S, are τ -recurrent, solutions

starting in S are forward complete, and Theorem 4.1 on equilibrum stability.

The additional requirement of strict inequality in (4.17), plays the role of the typical

Lyapunov condition V̇ (x) < 0, ∀x ∈ S\{x∗} which implies the strict decrease of

V (ϕ(t, x)) in time. In contrast, our condition amounts to decrements every so often,

as the next Lemma shows.

Lemma 4.4. Let x∗ ∈ D be an equilibrium and S ⊆ D a compact set satisfying

x∗ ∈ int(S). Let V : D → R≥0 be a Strict τ -RLF over S. Then: given x ∈ S\{x∗},

there exists a sequence of times {tn}n∈N, such that

lim
n→∞

tn =∞ tn+1 − tn ∈ (0, τ ] , (4.18)

with ϕ(tn, x) ∈ S\{x∗}, and for all n ≥ 1,

V (ϕ(tn+1, x)) < V (ϕ(tn, x)) < V (x). (4.19)

Proof. Consider x ∈ S\{x∗}. Note first that ϕ(t, x) is defined for all t ≥ 0 (forward

completeness), and ϕ(t, x) ̸= x∗ by uniqueness of solutions, since x∗ is an equilibrium.
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The sequence {tn} is constructed inductively, similar to Lemma 4.1. For the base case,

let t0 = 0 and choose

t1 = max{arg mint∈Tint(S)(x;τ)V (ϕ(t, x))}. (4.20)

Note that by hypothesis (4.17) there are times t ∈ (0, τ ]∩Tint(S)(x; τ) where V (ϕ(t, x)) <

V (x), so the above minimum is well defined and smaller than V (x) ; if there are multiple

minimizing times, t1 is defined as the largest. By construction V (ϕ(t1, x)) < V (x).

In a similar manner: given t1 < t2 < · · · tn, with xn := ϕ(tn, x) ∈ S, define

tn+1 − tn = max{arg mins∈Tint(S)(xn;τ)V (ϕ(s, xn))}. (4.21)

Note that tn+1 − tn ∈ (0, τ ] as required. Also,

xn+1 := ϕ(tn+1, x) = ϕ(tn+1 − tn, xn) ∈ S\{x∗} , (4.22)

and satisfies V (xn+1) < V (xn) by (4.17), so we verify (4.19).

It remains to show that tn →∞, which we argue again by contradiction. Consider

the alternative tn ↑ t∗ < ∞. By continuity of ϕ(·, x) and compactness of S, xn =

ϕ(tn, x) → ϕ(t∗, x) ∈ S; and since ϕ(t, x) ̸= x∗ for all t ≥ 0, ϕ(t∗, x) ∈ S\{x∗}. By

continuity of V we have:

vn := V (ϕ(tn, x)) n→∞−→ V (ϕ(t∗, x)) =: v∗.
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Since {vn} is strictly decreasing we conclude that v∗ < vn for all n ∈ N. Now pick n

such that tn ≥ t∗ − τ . Since ϕ(t∗, x) ∈ S, it follows that s∗ := t∗ − tn ∈ (0, τ ] is in the

feasible set for the minimization in (4.21), which by definition gives as minimum vn+1,

achieved at tn+1 − tn. Now, since v∗ = V (ϕ((s∗, xn)) < vn+1, this means s∗ achieves

a smaller solution in (4.21) than tn+1 − tn, which contradicts with the definition of

tn+1 − tn. Thus the sequence must be divergent.

By utilizing Lemma 4.4 and Theorem 4.1 we are able to demonstrate asymptotic

stability.

Theorem 4.2 (Asymptotic Stability). Consider system (4.1) under Assumption 4.1,

with an equilibrium point x∗ ∈ D of (4.1) and a compact set S ⊆ D satisfying

x∗ ∈ int(S). Then, if V : D → R≥0 is an S-RLF over S, the equilibrium x∗ is

asymptotically stable on the set S.

Proof. The stability requirement is already established by Theorem 4.1 and the fact

that an S-RLF is also an RLF. Thus, we are only left to show the attractivity of x∗

on the set S.

Consider x ∈ S\{x∗}. Following Lemma 4.4, construct a sequence of times {tn} and

points xn = ϕ(tn, x) ∈ S\{x∗} satisfying (4.18) and (4.19), and accordingly defined

by (4.20), (4.21), and (4.22). Now, let vn := V (xn) be the strictly decreasing sequence

that follows from (4.19), and v̄ be its limit, which exists since vn > 0 for all n. Then,

vn > v̄ ≥ 0 for all n. Since {xn} ⊂ S compact, we may take a convergent subsequence

xnk

k→∞−→ x̄ ∈ S. By continuity, v̄ = V (x̄).
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Suppose v̄ > 0, so x̄ ≠ x∗. Then, by the strict τ -recurrence of V (c.f. (4.17)), there

exists s̄ ∈ (0, τ ] satisfying V (ϕ(s̄, x̄)) < v̄ and ϕ(s̄, x̄) ∈ int(S); In fact, we must have

ϕ(s̄, x̄) ∈ int(S)\{x∗} by uniqueness and the fact that x̄ ≠ x∗. Note that by continuity

V (ϕ(s̄, xnk
)) k→∞−→ V (ϕ(s̄, x̄)) < v̄, (4.23)

and since ϕ(s̄, x̄) ∈ int(S), for k large enough we must have ϕ(s̄, x̄) ∈ int(S).

However, by construction of the sequence according to Lemma 4.4, we have that

vnk+1 = min
s∈Tint(S)(xnk

;τ)
V (ϕ(s, xnk

)) ≤ V (ϕ(s̄, xnk
)). (4.24)

Combining (4.23) and (4.24), and taking larger k if needed we have

vnk+1 ≤ V (ϕ(s̄, xnk
)) < v̄

which leads to a contradiction since by construction of the sequence vn we must have

vnk+1 > v̄. Therefore we have shown that vn = V (ϕ(tn, x)) n→∞−→ 0.

An immediate consequence of (4.12) is that xn = ϕ(tn, x) n→∞−→ x∗. Indeed, xn ∈ S ∀n,

and for any ε > 0 s.t. Bε(x∗) ⊂ S, the minimum of V (x) in cl(S\Bε(x∗)) is positive, so

xn must exit such a set in a finite number of steps, satisfying ∥xn− x∗∥ < ε afterward.

Now, let L = LRτ (S), and rn := ∥xn − x∗∥, and choose n large enough s.t. Brn ⊂ S,

for all n onward. Applying the Containment Lemma to Brn , we have that for any
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t ∈ (tn, tn+1],

∥ϕ(t, x0)− x∗∥ ≤ rn + Frnh(τ ; L).

Since the right-hand side goes to zero in n, and tn →∞, we have that limt→∞ ϕ(t, x0) =

x∗.

Theorem 4.2 demonstrates, how by enforcing the required property (strict decrement

the values of V (ϕ(t, x))) on an infinite sequence of times with bounded difference (tn,

tn+1 − tn ∈ (0, τ ]), it is possible to conclude properties of the entire trajectory. This

general principle will be further exploited in the next section to prove exponential

stability.

Finally, we further point out that while we require S to be compact in Theorem 4.2

the results can extend to a global setting, as follows.

Corollary 4.2 (Global Asymptotic Stability). Let Assumption 4.1 hold. Consider an

equilibrium point x∗ ∈ D of (4.1). Then, if V : D → R≥0 is an S-RLF over D, and

has compact sub-level sets V≤c ⊂ D, ∀c ≥ 0, then the equilibrium x∗ is globally

asymptotically stable.

Proof. Pick any x ∈ D and let c := V (x). Since V is S-RLF over D, property (4.17)

implies there exists t′ ∈ (0, τ ] satisfying

V (ϕ(t′, x)) < V (x) = c.

In fact, the same property holds for all x ∈ V≤c ⊂ D. It therefore follows that V is an

S-RLF over S := V≤c, and since V≤c is compact we can apply Theorem 4.2 to claim
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stability of x∗ ∈ V≤c and attractivity of ϕ(t, x). Finally, since x was chosen arbitrarily

within D, the result follows.

4.5 Exponential Stability

In the previous section, we showed that strictly τ -recurrent functions sequentially

constrain trajectories, enforcing the desired condition (attractivity) at discrete times.

We further showed that this was sufficient to ensure the same condition along the

entire trajectory (for all subsequences). We now move towards exponential stability.

As before, we seek conditions on the function V that enable us to enforce exponential

convergence at discrete, recurrent times.

Typically, exponential stability in classical Lyapunov analysis is verified by ensuring

an exponential decrease in the Lyapunov function along trajectories. More precisely,

a common integral form condition is given by:

V (ϕ(t, x)) ≤ e−αtV (x), ∀t ≥ 0, (4.25)

for some positive constant α. Such a condition tightly couples the geometry of V to

trajectories, significantly complicating its verification and limiting practical applicabil-

ity. To alleviate this, we now introduce a relaxed definition—Exponential Recurrent

Lyapunov Functions (E-RLFs)—which relaxes exponential Lyapunov functions.

Definition 4.14 (Exponential Recurrent Lyapunov Function (E-RLF)). Given an

equilibrium point x∗ ∈ D of (4.1) and a set S ⊆ D satisfying x∗ ∈ int(S). We say

that a continuous function V : D → R≥0 is an Exponential Recurrent Lyapunov
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Function over the set S if the following properties hold:

(i) V is positive definite and linearly contained around x∗, that is, there exist

constants a1, a2 > 0 such that

a1∥x− x∗∥ ≤ V (x) ≤ a2∥x− x∗∥, ∀x ∈ S. (4.26)

(ii) V is α-exponentially τ-recurrent over S, that is, there exist a locally bounded

function τ : S → R>0 and a positive constant α such that

min
s∈TS(x; τ(x))

eαsV (ϕ(s, x)) ≤ V (x), ∀x ∈ S. (4.27)

Note that an α-exponentially τ -recurrent function is always strictly τ -recurrent, but

not the other way around. We will use (4.27) to control (exponentially decreasing)

upper and lower bounds of V (ϕ(t, x)) as t→∞.

Theorem 4.3 (Exponential Stability). Consider an equilibrium point x∗ ∈ D of (4.1),

and a compact set S ⊆ D satisfying x∗ ∈ int(S). Suppose Assumption 4.1 holds, and

let V : D → R≥0 be an Exponential Recurrent Lyapunov Function over the set S.

Then, the equilibrium x∗ is exponentially stable with rate α on the set S. In particular,

for every x ∈ S and every t ≥ 0, it holds that

∥ϕ(t, x)− x∗∥ ≤ C e−αt∥x− x∗∥, (4.28)

with C := a2
a1

eατ (1 + L̄h(τ ; L)), τ = supx∈S τ(x), L := LRτ (S), and L̄ := L̄Rτ (S).
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Proof. Let τ , L, and L̄ be as defined in the theorem statement, and pick any x ∈ S.

Since E-RLF⇒S-RLF⇒RLF, it follows from Lemma 4.4, that ϕ(t, x) is bounded and

forward complete. Moreover, a similar construction to that of Lemma 4.4 also defines

a sequence {tn}n∈N, with t0 = 0, limn→∞ tn =∞ and tn+1 − tn ∈ (0, τ ], ∀n, such that

eαtn+1V (ϕ(tn+1, x)) ≤ eαtnV (ϕ(tn, x)) ≤ V (x), n ≥ 1. (4.29)

Using (4.26) and (4.29) we deduce that, for n ≥ 1 we

∥ϕ(tn, x)− x∗∥ ≤ V (ϕ(tn, x))
a1

≤ e−αtn

a1
V (x).

Let now rn := e−αtn

a1
V (x) and Bn := Brn(x∗) ∩ S. It follows from applying Lemma 4.2

on the compact set Bn ⊂ S that

∥ϕ(t, x)− x∗∥ ≤ rn + Frnh(τ ; L), ∀t ∈ (tn, tn+1].

Furthermore, since by Assumption 4.1, f is L̄-Lipschitz on Bn ⊂ S, and f(x∗) = 0 we

have Frn ≤ L̄rn, leading to

∥ϕ(t, x)− x∗∥ ≤ rn(1 + L̄h(τ ; L)) ≤ e−αtn

a1
(1 + L̄h(τ ; L))V (x) (4.30)

for all t ∈ (tn, tn+1] Note, further, that t ≤ tn+1 ≤ tn + τ , therefore −tn ≤ τ − t so

e−αtn ≤ eατ e−αt, leading to

∥ϕ(t, x)− x∗∥ ≤ eατ e−αt

a1
(1 + L̄h(τ ; L))V (x).
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Moreover, since the last bound is independent of n, and n was chosen arbitrarily, it

must hold for all t ≥ 0. Finally, applying the upper bound V (x) ≤ a2∥x − x∗∥ we

establish (4.28) for any x ∈ S.

The above theorem demonstrates the exponential stability of an equilibrium point x∗

on a compact set S. Note though, that while the constant C is independent of x, as

usually required, it does depend on the compact set S through τ , L and L̄. This make

the extension for global exponential stability slightly more involved. We provide here

a restricted extension under additional assumptions.

Corollary 4.3 (Global Exponential Stability). Consider the system (4.1), and suppose

the following hold:

(i) The domain D ⊆ Rn is forward invariant, and the vector field f is globally

Lipschitz on D with Lipschitz constant L̄.

(ii) The function V : D → R≥0 is an Exponential Recurrent Lyapunov Function over

D with compact sublevel sets.

(iii) The recurrence time function τ : D → R>0 is globally bounded: supx∈D τ(x) ≤

τ̄ <∞.

Then the equilibrium point x∗ is globally exponentially stable. In particular, for all

x ∈ D and t ≥ 0,

∥ϕ(t, x)− x∗∥ ≤ C e−αt∥x− x∗∥, (4.31)

where the constant C := a2
a1

e(L̄+α)τ̄ > 0.
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Proof. Let x ∈ D be arbitrary, and define the compact sublevel set S := V≤V (x) ⊂ D.

Since V is an Exponential Recurrent Lyapunov Function over D, it satisfies the ERLF

conditions over its sublevel set S as well.

By Theorem 4.3, the exponential stability bound holds on S with:

∥ϕ(t, x)− x∗∥ ≤ CSe−αt∥x− x∗∥,

where the constants CS := a2
a1

eατS (1+L̄Sh(τS; LS)) and τS := supx∈S τ(x) ≤ supx∈D τ(x) ≤

τ̄ .

By assumption, since f is globally Lipschitz on D with constant L̄, both the standard

and one-sided Lipschitz constants over RτS (S) ⊆ D satisfy LS ≤ L̄ and L̄S ≤ L̄.

Moreover, the function h(τ, L) := eLτ −1
L

is strictly increasing in both τ and L for τ > 0.

Therefore, we conclude that

CS ≤
a2

a1
eατ̄ (1 + L̄h(τ̄ ; L̄)) = C.

Since this bound is independent of the particular choice of x ∈ D, we obtain:

∥ϕ(t, x)− x∗∥ ≤ Ce−αt∥x− x∗∥, ∀x ∈ D, ∀t ≥ 0.

We conclude this section by relaxing the requirement in Theorem 4.3 that x∗ ∈ int(S),
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which leads to an ultimate boundedness condition that we now formally define.

Definition 4.15 (Exponential Ultimate Boundedness). The solutions of system (4.1)

are said to be exponentially ultimately bounded over a set S ⊂ D with rate α > 0 and

bound ε′ > 0 if there exists C > 0 such that for every x ∈ S and all t ≥ 0,

∥ϕ(t, x)− x∗∥ ≤ Ce−αt∥x− x∗∥+ ε′. (4.32)

To show this new result we are required to define a slight variation for the exponential

τ -recurrent condition in (4.27).

Definition 4.16 (α-Exponential τ -Recurrence over S relative to S ′). Let S, S ′ ⊆ D,

with S ⊆ S ′. We say that a function V : D → R≥0 is α-exponentially τ -recurrent over

S relative to S ′ if there exists a locally bounded function τ : D → R>0 and a constant

α > 0 such that:

min
s∈TS′ (x;τ(x))

eαsV (ϕ(s, x)) ≤ V (x), ∀x ∈ S.

Definition 4.17 (Relative Exponential Recurrent Lyapunov Function). Let S ⊆ S ′ ⊆

D. We say that a continuous function V : D → R≥0 is an Exponential Recurrent

Lyapunov Function over S relative to S ′ if:

(i) V is linearly contained, i.e., (4.26), for all x ∈ S ′,

(ii) V is α-exponentially τ -recurrent over S relative to S ′.

Theorem 4.4 (Ultimate Boundedness). Consider an equilibrium point x∗ ∈ D of

(4.1). Suppose Assumption 4.1 holds, and let V : D → R≥0 be an E-RLF over a
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compact set S ⊆ D relative to S ∪Bε(x∗), for some ε > 0 such that

x∗ ∈ int(S ∪Bε(x∗)), and ∂Bε(x∗) ⊆ S.

Then, the solutions of (4.1) are exponentially ultimately bounded over S ∪Bε(x∗), i.e.,

(4.32), with rate α and bound

ε′ := ε + Fεh(τ̄ ; L), (4.33)

where τ̄ := 1
α

log(C), C := a2
a1

eατ (1 + L̄h(τ ; L)), τ = supx∈S τ(x), L := LRτ (S), and

L̄ := L̄Rτ (S).

Proof. Let x ∈ S ∪Bε(x∗). Assume first x ∈ S. Since V is an E-RLF over S relative

to S ∪Bε(x∗), it follows from Theorem 4.3 that the trajectory satisfies

∥ϕ(t, x)− x∗∥ ≤ Ce−αt∥x− x∗∥, ∀t ∈ [0, t′] (4.34)

where t′ is the first time instance when ϕ(t′, x) ∈ Bε(x∗).

Now, given any x′ ∈ Bε(x∗) since ∂Bε(x∗) ⊂ S, if ϕ(t, x′) leaves Bε(x∗), it must come

back to it. In fact, using again (4.34), at most, it will take τ̄ = 1
α

log(C) to get back

to Bε(x∗). It follows then from Lemma 4.1 that Bε(x∗) is τ̄ -recurrent. By Lemma 4.2,

any excursion from Bε(x∗) remains within distance ε′ of x∗, where ε′ is given in (4.33).

Thus, any trajectory starting from S either decays exponentially while in S, or remains
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within the uniform bound ε′ once it enters Bε(x∗). Hence, for all t ≥ 0,

∥ϕ(t, x)− x∗∥ ≤ Ce−αt∥x− x∗∥+ ε′,

establishing exponential ultimate boundedness over S ∪Bε(x∗).

4.6 Norm-Based Converse Theorems

We are now ready to show that the recurrence conditions developed in the previous

sections are naturally satisfied by standard norms under classical stability assumptions.

In particular, we demonstrate that if a system is asymptotically or exponentially stable,

then any norm satisfies the corresponding recurrence inequality over compact subsets

of the domain. We begin by showing that any norm satisfies the τ -recurrence condition

over compact subsets of the domain of attraction when the system is asymptotically

stable.

Theorem 4.5 (Asymptotic Stability Implies Norm is S-RLF). Given system (4.1).

Let x∗ ∈ D be an asymptotically stable equilibrium on a compact set S ⊆ D (Definition

4.4) satisfying x∗ ∈ int(S). Let ∥ · ∥ be any norm on Rn. Then, the function

V (x) := ∥x− x∗∥ is a Strict Recurrent Lyapunov Function (S-RLF) over S.

Proof. The proof follows closely the results in Remark 2.4 of [59]. Let V (x) := ∥x−x∗∥.

Since x∗ is asymptotically stable on S, standard converse Lyapunov arguments (e.g.,

Lemma 4.5 in [62]) guarantee the existence of a class KL function β such that for all

x ∈ S:

V (ϕ(t, x)) ≤ β(V (x), t), ∀t ≥ 0.
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Now pick an arbitrary constant µ ∈ (0, 1) and x ∈ S. Since x∗ ∈ int(S) and is

asymptotically stable on S, there exist δ > 0 satisfying Bδ(x∗) ⊆ S, and a finite time

t0(x) > 0, such that

ϕ(t, x) ∈ Bδ(x∗), ∀t ≥ t0(x).

Now, for each x ∈ S \ {x∗}, define explicitly:

τ(x) := min{t ≥ t0(x) : β(V (x), t) ≤ µV (x)}.

Since t0(x) > 0, the function β(s, t) is continuous, strictly decreasing in t, and satisfies

limt→∞ β(s, t) = 0, it follows that this minimum exists, is unique, and strictly positive.

Furthermore, continuity of β combined with compactness of S ensures τ(x) is locally

bounded on S.

Clearly, by construction, we have for all x ∈ S \ {x∗}:

V (ϕ(τ(x), x)) ≤ β(V (x), τ(x)) ≤ µV (x) < V (x),

thus satisfying the strictly decreasing recurrence condition (4.17). Therefore, the

function V (x) = ||x − x∗|| is strictly τ -recurrent over the compact set S. Finally,

since by definition a norm is always proper, it follows from Definition 4.13 that

V (x) = ||x− x∗|| is an S-RLF.

Having established that asymptotic stability implies strict τ -recurrence of standard

norms, we now turn our attention to exponential stability. As mention, exponential
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stability will lead to norms satisfying an E-RLF condition, providing one gives some

slack on the exponential rate that can be verified.

Theorem 4.6 (Exponential Stability Implies Norm is E-RLF). Consider system (4.1),

and let x∗ ∈ D be a λ-exponentially stable equilibrium on a compact set S, i.e.,

Definition 4.5, satisfying x∗ ∈ int(S). Then for any 0 < α < λ, the function

V (x) := ∥x− x∗∥ is an Exponential Recurrent Lyapunov Function (E-RLF) on S for

any l.b. function τ(x) satisfying

τ(x) ≥ τ := 1
λ− α

ln
(︃

K
a2

a1

)︃
, ∀x ∈ S, (4.35)

where K, λ are given in (4.2) and a1, a2 are positive constants satisfying: Ba1(x∗) ⊆

S ⊆ Ba2(x∗).

Proof. Let V (x) := ∥x− x∗∥, where ∥ · ∥ is the norm of Definition 4.5. By hypothesis,

the equilibrium x∗ is λ-exponentially stable over the compact set S, implying that for

all x ∈ S and all t ≥ 0, ∥ϕ(t, x)− x∗∥ ≤ Ke−λt∥x− x∗∥.

Therefore it follows that for all t ≥ τ

∥ϕ(t, x)− x∗∥ ≤ Ke−λt∥x− x∗∥ = Ke
−λ 1

λ−α
ln
(︂

K
a2
a1

)︂
||x− x∗|| (4.36)

≤ Ke
−λ 1

λ
ln
(︂

K
a2
a1

)︂
||x− x∗|| ≤ a1

a2
||x− x∗|| ≤ a1 (4.37)

implying that ϕ(τ, x) ∈ Ba1(x∗) ⊂ S.

65



Chapter 4. Relaxations of Lyapunov Theory via Recurrence

Analogously, for all x ∈ S and τ as in (4.35) we have:

eατ∥ϕ(τ, x)− x∗∥ ≤ Ke(α−λ)τ∥x− x∗∥ ≤ a1

a2
∥x− x∗∥ ≤ ∥x− x∗∥ (4.38)

It therefore follows that for any locally bounded function τ(x) satisfying (4.35) we

must have

min
t∈TS(x;τ(x))

eαt∥ϕ(t, x)− x∗∥ ≤ eατ∥ϕ(τ, x)− x∗∥ ≤ ∥x− x∗∥,

which means that V (x) = ∥x− x∗∥ is an E-RLF over S, as desired.

4.7 Verification of Exponential RLFs

So far, we have defined E-RLFs and provided theoretical guarantees of exponential

stability, under the assumption that the exponential τ -recurrence condition (4.27) is

satisfied. Furthermore, we established that standard norms themselves are E-RLFs. We

now leverage these insights to provide a practical mechanism to verify condition (4.27)

explicitly using trajectory data. Our development in this section is closely related

to the work on topological entropy of dynamical systems as well as its extensions to

control.

In particular, in order to certify a specific behavior (α-exponential τ -recurrence) over

a set S, we will first focus on using a trajectory ϕ(t, x) of fixed duration [0, τ ] to certify

such behavior over a neighborhood Bε(x) (Section 4.7.1). We will then extend our

method to verify said behavior on a set S. For reasons that will become clear later,
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our focus will be on sets S satisfying the E-RLF conditions for exponential ultimate

boundedness of trajectories around an equilibrium x∗.

4.7.1 Trajectory-based Verification of a Neighborhood

We start by deriving conditions to verify condition (4.27) around a neighborhood of a

trajectory.

Theorem 4.7 (Trajectory-based Verification of E-RLF). Consider the system (4.1),

an equilibrium point x∗ ∈ D, a compact set S ′ ⊆ D, and constants ε > 0, α > 0, and

τ > 0. Assume that L = LRτ (S′) and that for some x ∈ S ′, with Bε(x) ⊆ S ′, there

exists t ∈ (0, τ ] satisfying simultaneously:

eαt
(︂
∥ϕ(t, x)− x∗∥+ εeLt

)︂
≤ ∥x− x∗∥ − ε, (4.39a)

sd(ϕ(t, x), S ′) + εeLt ≤ 0, (4.39b)

where sd(·, S ′) is the signed distance w.r.t S ′ based on the same norm ∥ · ∥. Then, the

function V (x) = ∥x− x∗∥ is an E-RLF over Bε(x) relative to S ′.

Proof. Let x ∈ S ′ be such that Bε(x) ⊆ S ′, and define V (·) := ∥ · −x∗∥. Let τ > 0

and L := LRτ (S′), as in the statement.

Since system (4.1) is L-one-sided-Lipschitz on Rτ (S ′), for all y ∈ Bε(x) and all

t ∈ [0, τ ], we have:

∥ϕ(t, x)− ϕ(t, y)∥ ≤ eLt∥x− y∥ ≤ εeLt (4.40)

=⇒ ∥ϕ(t, y)− x∗∥ ≤ ∥ϕ(t, x)− x∗∥+ εeLt. (4.41)
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Let t∗ ∈ (0, τ ] be a time that satisfies the verification condition (4.39a)–(4.39b) at

point x. In particular,

eαt∗ (︂∥ϕ(t∗, x)− x∗∥+ εeLt∗)︂ ≤ ∥x− x∗∥ − ε. (4.42)

Now, fix any y ∈ Bε(x). Then:

eαt∗∥ϕ(t∗, y)− x∗∥ ≤ eαt∗ (︂∥ϕ(t∗, x)− x∗∥+ εeLt∗)︂ (by (4.41))

≤ ∥x− x∗∥ − ε ≤ ∥y − x∗∥, (by (4.42))

where the last inequality holds since y ∈ Bε(x). This shows that || · −x∗|| would

satisfies the exponential decrease condition (4.27) at every point y ∈ Bε(x) provided

that ϕ(t∗, y) ∈ S ′.

To complete the argument, assume that ϕ(t∗, y) ̸∈ S ′ for some y ∈ Bε(x). By the

assumptions of the theorem, sd(ϕ(t∗, x), S ′) ≤ 0 which implies ϕ(t∗, x) ∈ S ′. Now let

yp ∈ ∂S ′ be such that yp = λϕ(t∗, x) + (1− λ)ϕ(t∗, y) for λ ∈ [0, 1]. It follows then by

Grönwall’s inequality (c.f [62], Lemma A.1), that

εeLt ≥ ∥ϕ(t∗, y)− ϕ(t∗, x)∥ = ||ϕ(t∗, y)− yp||+ ||ϕ(t∗, x)− yp|| (4.43)

≥ inf
z∈∂S′

||ϕ(t∗, y)− z||+ inf
z∈∂S′

||ϕ(t∗, x)− z|| (4.44)

= sd(ϕ(t∗, y), S ′)− sd(ϕ(t∗, x), S ′) (4.45)
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Therefore we conclude that

sd(ϕ(t∗, y), S ′) ≤ sd(ϕ(t∗, x), S ′) + εeLt∗ ≤ 0, (4.46)

contradicting the assumption that ϕ(t∗, y) ̸∈ S ′, since by compactness of S ′ implies

sd(ϕ(t∗, y), S ′) > 0.

Thus, ϕ(t∗, y) ∈ S ′ for all y ∈ Bε(x), and therefore V (y) := ∥y−x∗∥ is an Exponential

Recurrent Lyapunov Function (E-RLF) over Bε(x) relative to S ′.

Theorem 4.7 provides a mechanism to verify that every point y ∈ Bε(x) will satisfy

condition (4.27). We aim to leverage this conditions to verify the Relative E-RLF

property of a norm ∥ · ∥ over S relative to S ′, S ⊆ S ′. It is therefore natural to

consider an ε-cover1 of such set. However, this approach poses two main challenges.

First, condition (4.39a) cannot be satisfied for any point within Bε(x∗), which requires

ε to be small as one gets closer to x∗ and is aligned with he well known fact that

exponential stability cannot be verify using a finite number of trajectories [34, Example

2.1]. Second, any ε-cover of S will necessarily require O((R/ε)d) number of trajectories,

making its verification a computationally difficult problem.

4.7.2 Trajectory-based Verification of a Region

In this section we overcome the above mentioned problems by focusing on the ver-

ification of sets of the form S = cl(BR(x∗)\Bε(x∗)) and S ′ = BR(x∗), which satisfy

the conditions of Theorem 4.4 for exponential ultimate boundedness. This allows

1An ε-cover of a set S is a collections of balls Bε(xi) s.t. S ⊆ ∪iBε(xi)
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us to limit the radius ε of the balls needed to cover S. Moreover, we will allow the

radius of such cover to gradually increase as the center of the balls move away from

x∗. The result is a strategy that allows to verify the region S = cl(BR(x∗)\Bε(x∗))

using significantly less number of trajectories.

Theorem 4.8 (Sample Complexity for Verifying E-RLF). Consider system (4.1), an

equilibrium point x∗ ∈ D ⊆ Rd, and constants R > 0, ε ∈ (0, R), and τ > 0. Let

L := LRτ (BR(x∗)) denote the one-sided Lipschitz constant of (4.1) over the τ -reachable

set from BR(x∗). Suppose that x∗ is λ-exponentially stable over BR(x∗) with constant

K ≥ 1, choose any rate α ∈ (0, λ), and define β := λ−α
λ+L

, Kβ := K
1−β

β , and assume

β ∈ (0, 1).

Then, the function V (x) := ∥x− x∗∥ can be verified to be an Exponential Recurrent

Lyapunov Function (E-RLF) over the set S = BR(x∗)\Bε(x∗), relative to S ′ = BR(x∗),

using at most

N(ε) = d ln
(︃

R

ε

)︃
e

β

(︃
2 (2 + Kβ)

)︃d

= O
(︃

log
(︃

R

ε

)︃)︃
. (4.47)

trajectory evaluations of duration

τ = 1
λ− α

ln
(︂
K(2 + Kβ)eβ/d

)︂
.

Proof. We construct a layered covering of the region BR(x∗) \Bε(x∗) using concentric

annuli Ai centered at x∗, i.e., Ai := {x ∈ BR(x∗) : Ri ≥ ∥x − x∗∥ ≥ Ri+1}, with

i ∈ {0, . . . , N − 1}, with R0 = R, Ri = ρRi−1 = ρiR, and ρ, µ ∈ (0, 1). We aim to

cover each layer with verification balls of radius also given by εi := µRi. The key idea
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is to progressively chose different radii εi so as to limit the total number of balls, while

still guaranteeing that V (x) := ∥x− x∗∥ satisfies the exponential recurrence condition.

We aim to find values of ρ and µ such that for any given i ∈ {0, . . . , n}, the function

V is an E-RLF over Bεi
(x), for all x ∈ Ai, relative to BR(x∗). By Theorem 4.7, it is

sufficient to show that:

min
t∈TBR(x∗)(x;τ)

eαt
(︂
∥ϕ(t, x)−x∗∥+εie

Lt
)︂
≤ ∥x−x∗∥− εi. (4.48)

Since x∗ is λ-exponentially stable over BR(x∗), the left hand side of (4.48) can be

upper-bounded for all x ∈ Ai by:

Ke(α−λ)τ∥x−x∗∥+µRie
(α+L)τ≤Ri(Ke(α−λ)τ +µe(α+L)τ ).

Now, using the fact that ∥x − x∗∥ ≥ Ri+1 = ρRi and εi = µRi, it follows that

inequality (4.48) is satisfied whenever:

f(τ, µ) := Ke(α−λ)τ + µe(α+L)τ ≤ ρ− µ. (4.49)

Choosing τ large enough, i.e.,

τ(µ) = 1
λ− α

ln
(︄

K

µβ

)︄
>

1
λ− α

ln (K) , (4.50)

71



Chapter 4. Relaxations of Lyapunov Theory via Recurrence

ensures the existence of some µ small enough s.t. (4.49) hold. In particular, since

f(τ(µ), µ) = µβ + µ

(︄
K

µβ

)︄ 1−β
β

= (1 + Kβ)µβ

and β ∈ (0, 1), it is sufficient

µ(ρ) := ρ1/β

β

√︂
2 + Kβ

(4.51)

for (4.49) to hold, thus ensuring that (4.48) is satisfied for all i.

Next, we compute the number of annuli required to cover the region BR(x∗) \Bε(x∗).

Since the radii follow a geometric progression Ri = ρiR, we stop when Rn ≤ ε, which

implies

ρnR ≤ ε ⇒ n = ln
(︃

R

ε

)︃ 1
ln(ρ−1) . (4.52)

To estimate the number of balls of radius εi = µRi required to cover the annular region

Ai, we leverage properties of covering and packing numbers of a set K, i.e., N (K, ε)

and P(K, ε), respectively. In particular, for a given set, it is easy to show [122]:

N (K, 2ε) ≤ P(K, ε) ≤ N (K, ε) ≤ P(K, ε
2) (4.53)

as well as

P(K, ε) ≤ vol(K)
vol(Bε)

≤ N (K, ε) (4.54)

It follows then that

N (Ai, εi) ≤ N (BRi
, εi)− P(BRi+1 , εi) (4.55)
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≤ P(BRi
, εi

2 )−N (BRi+1 , 2εi) ≤
vol(BRi

)
vol(B εi

2
)−

vol(BRi+1)
vol(B2εi

) (4.56)

= 4dvol(BRi
)−ρdvol(BRi

)
2dvol(Bεi

) ≤ 2d

µ(ρ)d
, (4.57)

where in the last step we kept track of constants that depend on d. Summing over all

annuli, the total number of trajectories required is

n·N (Ai, εi)≤
2d

µ(ρ)d

ln
(︂

R
ε

)︂
ln(ρ−1) =

ln
(︂

R
ε

)︂
2d(2 + Kβ)d

ρ
d
β ln(ρ−1)

. (4.58)

where the first step follows from (4.52) and (4.57), and the last from (4.51). Optimizing

for the maximum ρ ∈ (0, 1) in g(ρ) = ρ
d
β ln(ρ−1) leads to ρ∗ = e− β

d and g(ρ∗) = β
d

1
e
.

Substituting ρ∗ in (4.58) and µ(ρ∗) = ( e
− 1

d

Cβ+1)
1
β in (4.50) finishes the proof.

Remark 4.1 (Performance vs Complexity Trade-off). Theorem 4.8 highlight the

intrinsic trade-off between the performance gap λ− α and the sample complexity of

the verification process. Notably, when λ− α→ 0+, β → 0+, and Kβ →∞. However,

a constant gap enables us to get sample complexity that is exponentially better thant

he naive O
(︃(︂

R
ε

)︂d
)︃

.

Remark 4.2 (Highly Performing Systems). When λ→∞, β, Kβ → 1, thus leading

to

N(ε) = O
(︃

d ln
(︃

R

ε

)︃
6d
)︃

.

In this setting, since the trajectories converge very, very fast, one can use arbitrarily

small τ → 0+.
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4.8 Numerical Methods

In this section, we build on Theorem 4.4 to develop parallelizable algorithms for

certifying exponential ultimate boundedness around an equilibrium point. Rather

than verifying exponential recurrence over a dense set, we use the neighborhood-based

condition from Theorem 4.7 to efficiently certify local balls around individual sample

points.

We present two complementary algorithms. The first (Section 4.8.2) takes a target

region S = BR(x∗) \ Bε(x∗) and computes the largest value of α for which V (x) =

∥x − x∗∥ is an ERLF over S relative to S ′ = BR(x∗). The second (Section 4.8.3)

takes a fixed decay rate α and incrementally constructs a certified region S where

V (x) := ∥x − x∗∥ is an ERLF relative to S ∪ Bε(x∗). We validate both algorithms

in Sections 4.8.4 and 4.8.5, respectively. In all of our algorithms below, L, τ , are

precomputed ahead of time and globally shared. We further assume here that x∗ = 0,

and V (x) = ∥x∥ := maxi∈[n] |xi|, i.e., the ℓ∞-norm.

4.8.1 Supporting Methods and Algorithms

In this section we introduce a set of supporting routines that are used in our methods.

4.8.1.1 Verifying a Ball at a Fixed Point

Given a grid point x ∈ Rd and a radius r > 0, we first build a routine that deter-

mines the largest rate α for which the ball Br(x) satisfies the exponential recurrence

condition (4.39). We formulate this as a simple one-dimensional optimization over

α, based on Theorem 4.7. Note that checking (4.39b) is not necessary when S ′
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is a sub-level set of V (x). Also, failure to certify is implied by αmax(x, r; S ′) < 0,

and in particular, when (4.39b) fails αmax(x, r; S ′) = −∞. For simplicity, we use

αmax(x, r) := αmax(x, r; BR(x∗)).

Algorithm 1: αmax(x, r; S ′) — Maximum α certifying exponential recurrence
for Br(x)

Input: Center x ∈ Rd, radius r > 0
Output: Maximum α such that Br(x) satisfies (4.39)
Find α∗ = max{α | ∃t ∈ (0, τ ] s.t. (4.39a) ∧ (4.39b);
return α∗;

4.8.1.2 Splitting Failed Points

In cases where Algorithm 1 fails to certify a ball Br(x) (i.e., αmax(x, r) < 0), the

failure may result from evaluating the recurrence condition over a region that is too

large to satisfy the assumptions of Theorem 4.7. To improve local resolution, we

subdivide Br(x) into 3d smaller balls of radius r/3, each centered on a uniformly

spaced grid. This allows us to recursively refine problematic regions while maintaining

full parallelizability. The subdivision procedure is described in Algorithm 2, and an

illustration is provided in Figure 4.1 for the 2D case.

Figure 4.1: Splitting a Ball according to Algorithm 2

4.8.1.3 Initial Grid Setup

Given a center x∗, inner radius ε, and outer radius R, our goal is to verify exponential

recurrence over the region S := BR(x∗) \Bε(x∗). To do this efficiently, we construct
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Algorithm 2: Split(x, r) — Splitting a ball Br(x) into 3d sub-balls
Input: Center x = (xi) ∈ Rd, radius r > 0
Output: List of sub-balls of radius r/3
Let S ←

{︂
−2

3r, 0, 2
3r
}︂
;

Y ← {(yi) ∈ Rd | yi ∈ xi + S, i ∈ [d]};
splits← {(y, r/3) | y ∈ Y };
return splits;

a layered grid of candidate points. Specifically, we divide the region into m layers,

where the radius of the center point in the ℓ-th layer is given by rℓ := 3ℓ−1ε, for

ℓ ∈ {1, . . . , m}. Each layer contributes 3d − 1 points (excluding the origin), so the

total number of initial grid points is O(3dm).

To ensure that the full annular region S is covered, we choose the number of layers m

such that:

R ≤ ε +
m∑︂

ℓ=1
2rℓ = ε

(︄
1 + 2

m∑︂
ℓ=1

3ℓ−1
)︄

= 3mε.

This construction is exponentially more efficient than a uniform ε-grid, which would

require O((R/ε)d) points. A two-layer example is shown in Figure 4.2.

4.8.1.4 Estimation of L and τ

To apply Theorem 4.7, we require a one-sided Lipschitz constant L valid over a set S ′

that contains all trajectories starting from the region S = BR(x∗) \ Bε(x∗). To this

end, we seek a conservative outer set of the form S ′ := BR′(x∗) for some R′ > R. We

begin by constructing a uniform grid G ⊂ ∂BR(x∗) with spacing at most ℓ > 0. From

each point x ∈ G, we simulate the trajectory ϕ(t, x) over the interval t ∈ [0, τ ], and

verify that it reenters BR(x∗) within time τ . If any trajectory fails to return, τ must
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Figure 4.2: Illustration of Initial Grid Setup. We use R = 3mε, with m = 2
layers. The red dots are the grid points, while the central black dot is x∗

be increased.

Next, we compute the maximum excursion of all trajectories:

Rmax := maxx∈G, t∈[0,τ ] ∥ϕ(t, x)− x∗∥, and set R′ := Rmax + δ, where δ > 0 is a small

buffer. Finally, we estimate the one-sided Lipschitz constant L := maxz∈BR′ (x∗) Lz

using a fine grid. To ensure robustness with respect to perturbations around grid

points, we verify the inequality:

max
t∈(0,τ ]

max
x∈G

(R′ − ∥ϕ(t, x)∥) e−tL ≥ ℓ.

This condition guarantees that all trajectories starting within an ℓ-neighborhood of

the grid remain safely inside BR′(x∗) for the entire interval [0, τ ]. If this fails, we halve

77



Chapter 4. Relaxations of Lyapunov Theory via Recurrence

the grid resolution ℓ and repeat the process until the condition is met.

4.8.2 Verification of a Region

We now integrate the routines developed in Section 4.8.1 into a complete algorithm

for certifying exponential recurrence over the annular region S := BR(x∗) \ Bε(x∗).

We begin by computing a valid recurrence time τ and a one-sided Lipschitz constant

L over a reachable set S ′ ⊇ S, as described in Section 4.8.1.4 (Estimation of L and

τ). Using these constants, we construct an initial layered grid over S as explained in

Section 4.8.1.3 (Initial Grid Setup). Each grid point x is associated with a ball Br(x),

where the radius r scales with the distance to the equilibrium.

To evaluate recurrence at each point, we apply the routine αmax(x, r) from Algorithm 1,

which returns the largest value of α for which the ball satisfies condition (4.39). For

each point x, we compute both:

• a lower bound α(x) := αmax(x, r), which certifies condition (4.39) over the full

ball,

• an upper bound α(x) := αmax(x, 0), which certifies condition (4.39) only at

the center.

If the worst-case relative (α(x)−α(x))/α(x) the lowest α(x) across the grid exceeds a

specified threshold θ, we iteratively refine the k lowest-scoring points using the Split

routine (Algorithm 2). This process continues for at most m refinement steps.

The full verification procedure is summarized in Algorithm 3. If successful, it returns
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Algorithm 3: Find-αmin(R, ε, θ) — Find best rate α for region BR(0) \Bε(0)
via parallel ball certification

Input: Outer radius R > 0, inner radius ε ∈ (0, R), threshold θ ∈ (0, 1), max
number of refinements m

Output: Lower bound on the certified value of α
Construct initial grid G← {(xi, ri)} covering BR(x∗) \Bε(x∗); set
counter← 0;

while counter ≤ m− 1 do
For all (xi, ri) ∈ G, compute αi ← αmax(xi, ri) and αi ← αmax(xi, 0) ;
// upper and lower bounds

Let i∗ ← arg mini∈[|G|] αi; // lowest estimate of α in region
if (αi∗ − αi∗)/αi∗ > θ then

Replace the k lowest–αi balls (xi, ri) in G with Split((xi, ri)) ;
counter← counter + 1;

end
else

break;
end

end
return αi∗

a uniform lower bound α such that V (x) = ∥x∥∞ is an ERLF over S, as guaranteed

by Theorem 4.4.

4.8.3 Exponential Region of Attraction Mining

We now consider the complementary task to Section 4.8.2: given a fixed decay rate

α > 0, identify a maximal subset of the state space over which V (x) = ∥x∥∞ can be

certified as an Exponential Recurrent Lyapunov Function (ERLF) with rate at least

α.

To that end, we define an initial covering grid G0 := {(xi, ri)} over the annular

region BR(x∗) \ Bε(x∗), where each pair (xi, ri) represents a candidate ball Bri
(xi).
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The union of all such balls forms a discrete approximation to the candidate region

of attraction. Using this grid, we iteratively apply the ball certification routine

αmax(xi, ri) (Algorithm 1). Balls that pass the condition αmax(xi, ri) ≥ α are added

to the certified set. Those that fail are recursively subdivided using the Split routine,

up to a maximum number of refinements. This growth procedure is encapsulated in

Algorithm 4. To improve efficiency, Algorithm 4 supports a Boolean flag Trim. When

set to False, each ball is verified using only local information. Once the region has

been expanded, the same algorithm is rerun with Trim set to True, ensuring that

all recurrence trajectories remain entirely within the certified region (as required by

Theorem 4.4).

The result is a data-driven, self-consistent inner approximation of the α-region of

attraction.

4.8.4 Numerical Validation of Algorithm 3

We continue by providing a preliminary validation of the proposed Algorithm 3. To

investigate the efficiency of our proposed method, we consider the following systems:

⎡⎢⎢⎣ẋ1

ẋ2

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 0 2

−1 −1

⎤⎥⎥⎦
⎡⎢⎢⎣x1

x2

⎤⎥⎥⎦+ B1

⎡⎢⎢⎢⎢⎢⎢⎣
x2

1

x1x2

x2
2

⎤⎥⎥⎥⎥⎥⎥⎦ ; (4.59)

80



Chapter 4. Relaxations of Lyapunov Theory via Recurrence

Algorithm 4: Find-α-RoA(R, ε, α, G0, Trim) — Find certified region for
fixed exponential rate α

Input: Target α > 0, range parameters R > 0, ε ∈ (0, R), initial grid
G0 = {(xi, ri)}, boolean Trim, max splits m

Output: Subset of G0 certifying ∥x∥∞ as an ERLF with rate at least α
Set G← G0, Positives← ∅, counter← 0;
while counter ≤ m− 1 and G ̸= ∅ do

Define Region← ⋃︁
(x,r)∈Positives∪G Br(x) ; // Used if trimming is

enabled
foreach (xi, ri) ∈ G do

αi ← Trim αmax(xi, ri; Region) : αmax(xi, ri) ; // Evaluate
recurrence

if αi ≥ α then
Positives← Positives ∪ {(xi, ri)} ; // Add to certified set

end
end
G← Split(G \ Positives) ; // Refine remaining uncertified
balls

counter← counter + 1;
end
return Positives ; // Region certified for recurrence at rate α

⎡⎢⎢⎢⎢⎢⎢⎣
ẋ1

ẋ2

ẋ3

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
−1 0 0

0.5 −1 0

0.5 0.5 −1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
x1

x2

x3

⎤⎥⎥⎥⎥⎥⎥⎦+ B2

⎡⎢⎢⎢⎢⎢⎢⎣
x2

1
...

x2
3

⎤⎥⎥⎥⎥⎥⎥⎦ , (4.60)

where B1 ∈ R2×3 and B2 ∈ R3×9 are drawn independently from a Gaussian distribution,

i.e., [B1]ij, [B2]ij ∼ N (0, σ). We will increase the standard deviation σ as a means to

increase the complexity of the dynamics. In our experiments, we choose the ℓ∞ norm

as our choice of V (x) and as the norm used to measure distances between trajectories.

Thus, α1 = α2 = 1. Sample trajectories for the system (4.59) with σ = 0.3 are

shown in Figure 4.3, where we also illustrate the ball of radius R (blue) selected, the
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computed ball of radius R′ (red), and the small region around the origin (x∗) not

certified (black). We also show in Figure 4.4 the verified region and a coloring scheme

illustrating the different ball sizes used at different parts of BR(x∗)\Bε(x∗).

Figure 4.3: Phase Portrait of System (4.59). The black box surrounds the
region which we do not verify (Bε(x∗)), the blue box represents surrounds the region
which we verify in Algorithm 3 (BR(x∗)), and the red box surrounds the region which
trajectories that begin in the blue box do not leave (BR′(x∗)).

Figure 4.4: Sizes of blocks resulting from applying Algorithm 3 to system (4.59).

In these experiments we use R = 0.7 and ε = 0.01. Table 4.1 and Table 4.2 summarize

the results obtained by running Algorithm 3 together with a comparison with SOS-

TOOLS. When running our algorithm, we use the Torchode toolbox [69] to compute

system trajectories in parallel. We also show the solving times of our algorithm and

SOSTOOLS [94]. It can be seen that as σ grows - i.e., the system becomes more
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nonlinear - and the dimension grows, our algorithm begins to significantly outperform

SOSTOOLS.
2D sys. (4.59) 0.3, 0.6 1

Alg 3 α: 0.470 0.414 0.349
SoS α: 0.360 0.247 0.223

Alg 3 Time: 10.95s 15.01s 15.30s
SoS Time: 0.97s 1.06s 0.94s

Table 4.1: Parameter values and performance comparison between our algorithm
and the SOSTOOLS for system (4.59)

3D sys. (4.60) σ = 0.1, 0.3 0.4 0.5
Alg 3 α: 0.635 0.449 0.370 0.359
SoS α: 0.309 0.341 0.256 0.213

Alg 3 Time: 140.85s 144.33s 150.07s 154.92s
SoS Time: 54.89s 276.10s 299.77s 632.55s

Table 4.2: Parameter values and performance comparison between our algorithm
and the SOSTOOLS for system (4.60)

4.8.5 Numerical Validation of Algorithm 4

We end this section by providing preliminary experiments for Algorithm 4. To do

so, we consider the Kuramoto Oscillator with uniform coupling constants, i.e., for an

n-dimensional system and some constant k, oscillator θi is defined by:

θ̇i = k

n

n∑︂
j=1

sin(θj − θi) (4.61)

To eliminate the rotational symmetry of this system, we consider the change of

variables φi = θi − θn, which effectively reduces the dimensions by one.

We next consider the use of Algorithm 4 to find the α-RoA. First we consider the

two-oscillator system with α = 1 and k = 10. Figures 4.5 and 4.6 are the phase
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portraits along with the 1-RoA formed of the verified balls, when usnig maximum

split counts of 1 and 6, respectively.

Finally, we investigate how the size of the certified region and the computational cost of

verification scale with the ambient dimension. Specifically, we fix the system dynamics

and all algorithmic parameters, and vary only the state dimension. Figure 4.7 reports

the volume of the region certified by Algorithm 4 and the corresponding computation

time, for dimensions ranging from 2 to 6 and maximum split counts from 0 to 6

(represented by the dots).

Figure 4.5: Phase Portrait of System (4.61), 1 Split. The the blue region
composed of distinct cells is the verified region resulting from Algorithm 4 with a
maximum split count of 1.
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Figure 4.6: Phase Portrait of System (4.61), 6 Splits. The blue region composed
of distinct cells is the verified region resulting from Algorithm 4 with a maximum split
count of 6.

Figure 4.7: Area of region Verified by Algorithm 4 for system 4.61 and
Associated Computational Time Requirements. Split counts range from 0 to 6,
with each split count corresponding to a dot and dimensions 2 through 6. Time is
provided in log-scale.
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Chapter 5

Non-Parametric Chain Policies for Stabilizing Con-
trol

There is no single heroic narrative. There are a thousand
small acts of courage that hold the world together.

– Lord Rabbi Jonathan Sacks

This chapter is adapted from the following article:

5.1 Preliminaries

We consider a nonlinear control system:

ẋ(t) = f(x(t), u(t)), (5.1)

with state x(t) ∈ Rn and input u(t) ∈ U ⊆ Rm. We define

U (a,b] := {u : (a, b]→ U | u measurable},

as the set of admissible control signals on interval (a, b], and set U := U (0,∞). Given

u0 ∈ U (0,a] and u1 ∈ U (0,b], their concatenation u0u1 ∈ U (0,a+b] is defined by

(u0u1)(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
u0(t), t ∈ (0, a],

u1(t), t ∈ (a, a + b].
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More generally, for a sequence of control signals un ∈ U (0,τn], with τn > 0, ∀n ∈ N, we

further use u[n] := u0u1 . . . un, and u[∞] = limn→∞ u[n]. In some occasions we slightly

abuse notation by using u interchangeably to represent instantaneous inputs in U and

signals in U (a,b]; the intended meaning will always be clear from context.

For an initial state x ∈ Rn and control signal u ∈ U (0,a], we denote by ϕ(t, x, u) the

solution of (5.1) for t ∈ (0, a]. We further assume the following regularity conditions

for (5.1).

Assumption 5.1 (Forward Completeness). The solutions of the control system (5.1)

are forward complete. Specifically, for each initial condition x ∈ Rn and every

control signal u ∈ U , the trajectory ϕ(t, x, u) exists and remains bounded for all t ≥ 0.

Assumption 5.2 (Uniform Lipschitz Continuity). The vector field f(x, u) of sys-

tem (5.1) is locally Lipschitz continuous in x, uniformly with respect to u. More

precisely, for every compact set S ⊆ Rn, there exists a constant LS ≥ 0 such that

∥f(y, u)− f(x, u)∥ ≤ LS∥y − x∥, ∀x, y ∈ S, ∀u ∈ U.

5.1.1 Practical Exponential Stabilizability

In this work, we aspire to render an equilibrium point x∗ ∈ Rn practical exponentially

stable.

Definition 5.1 (Equilibrium Point). A point x∗ ∈ Rn is an equilibrium point of

system (5.1) if there exists a control input u∗ ∈ U such that f(x∗, u∗) = 0.

Definition 5.2 ((Practical) Exponential Stabilizability). Let S ⊆ Rn. The equilibrium

x∗ of system (5.1) is said to be:
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(i) Exponentially Stabilizable on S if for every x ∈ S, there exists a control

signal u ∈ U satisfying

∥ϕ(t, x, u)− x∗∥ ≤ Ke−λt∥x− x∗∥, ∀t ≥ 0; (5.2)

(ii) Practically Exponentially Stabilizable on S if for every x ∈ S, there exists

a control signal u ∈ U satisfying

∥ϕ(t, x, u)− x∗∥ ≤ Ke−λt∥x− x∗∥+ c, ∀t ≥ 0, (5.3)

for constants K ≥ 1, λ > 0, and c ≥ 0.

It is well known from the topological entropy literature that it is impossible to

exponentially stabilize a system, i.e., achieve (5.2), using a finite number of control

signals [32]. We will therefore aim to enforce the weaker notion of practical exponential

stability, i.e., (5.3), which follows the terminology of [33, 48].

5.1.2 Recurrent Lyapunov Functions

To provide guarantees for our data–driven stabilization framework, we build on the

theory of Recurrent Lyapunov Functions (RLFs) [110]. Unlike classical Lyapunov

functions, which require strict decrease along trajectories, RLFs only require a decrease

at a sequence of recurrent times. This relaxation broadens the class of certificates

available, while still ensuring exponential stability.
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We begin with the notion of containment times, which we define for general trajectories

of the controlled system.

Definition 5.3 (Containment Times). Given a set S ⊂ Rn, an initial state x ∈ Rn,

and an input u ∈ U , the set of containment times is

TS(x, u) := {t ∈ R>0 | ϕ(t, x, u) ∈ S}.

For constants a, b > 0 we define

TS(x, u; a, b) := TS(x, u) ∩ (a, a + b],

and for convenience TS(x, u; b) := TS(x, u; 0, b).

We now recall the definition of an RLF in the autonomous case, where the trajectory

is uniquely determined by the initial condition. In this case we write ϕ(t, x) for the

flow of the system.

Definition 5.4 (Recurrent Lyapunov Function). Let S ⊂ Rn be a compact set with

x∗ ∈ int(S). A continuous function V : Rn → R≥0 is called a Recurrent Lyapunov

Function (RLF) over S with rate α > 0 and horizon τ > 0 if

min
t∈TS(x;τ)

eαtV (ϕ(t, x)) ≤ V (x), ∀x ∈ S, (5.4)

where TS(x; τ) := {t ∈ (0, τ ] | ϕ(t, x) ∈ S}.

It will also be useful to characterize the set of points that can be reached within a

finite interval of time.
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Definition 5.5 (Reachable Tube). For the control system (5.1), a constant τ > 0,

and a set S ⊂ Rn, we denote the τ -reachable tube from S within τ units of time by

Rτ (S) =
⋃︂

x∈S,u∈U ,t∈[0,τ ]
{ϕ(t, x, u)}.

5.2 Recurrent Control Lyapunov Functions

As mentioned before, our guarantees rely on the theory of Recurrent Lyapunov

Functions (RLFs) from [110]. In this section, we extend this notion to the control

setting, introducing Recurrent Control Lyapunov Functions (R-CLFs), and illustrate

how they can be used to certify practical stabilizability. Though RLFs and R-CLFs have

been showb to to certify stability, asymptotic stability and exponential stability [110],

our focus here is on practical exponential stability and thus we will use the following

definition.

Definition 5.6 (Recurrent Control Lyapunov Function (R-CLF)). Consider the control

system (5.1) with equilibrium x∗ ∈ Rn. Let S ⊆ Rn be a set satisfying x∗ ∈ int(S). A

continuous function V : Rn → R≥0 is a Recurrent Control Lyapunov Function

(R-CLF) over S if the following conditions hold:

(i) Positive Definiteness and Linear Bounds: There exist constants a1, a2 > 0

such that

a1∥x− x∗∥ ≤ V (x) ≤ a2∥x− x∗∥, ∀x ∈ S. (5.5)

(ii) Control α-Exponential (τ, δ)-Recurrence: There exist constants τ, α > 0
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and δ ≥ 0 such that for every x ∈ S, there exists u ∈ U [0,τ) satisfying

min
t∈TS(x,u;τ)

eαt(V (ϕ(t, x, u))−δ) ≤ [V (x)−δ]+ . (5.6)

The following lemma characterizes the long term behavior of the control system (5.1)

under the controls u ∈ U that are build upon concatenation of controls satisfying

property (ii) of Definition 5.6.

Lemma 5.1 (Characterization of R-CLF). Let assumptions 5.1 and 5.2 hold. Consider

an equilibrium x∗ of (5.1) and a compact set S satisfying x∗ ∈ int(S). A function

V : Rn → R≥0 satisfying (5.5) is a Recurrent Control Lyapunov Function (R-CLF)

over S if and only if there exists parameters α, τ > 0 and δ ≥ 0 such that for any

x ∈ S there is a sequence {tn}n∈N and u ∈ U satisfying the following conditions:

lim
n→+∞

tn = +∞, with tn+1 − tn ∈ (0, τ ], (5.7a)

ϕ(tn, x, u) ∈ S , and (5.7b)

V (ϕ(tn, x, u))− δ ≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
e−αtn(V (x)− δ) , n ≤ n̄ ,

0 , o.w. ,
(5.7c)

for a non necessarily finite n̄ ∈ N ∪ {∞}.

Proof of Lemma 5.1. We prove each direction separately.

Necessity (⇒): Suppose that V is a Recurrent Control Lyapunov Function (R-CLF)

over the compact set S. By Definition 5.6, there exist constants α, τ > 0 and δ ≥ 0
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such that, for any x ∈ S, there exists ū ∈ U [0,τ) satisfying (5.6).

We will build u ∈ U and the sequence {tn}n∈N inductively. Let t0 = 0, x0 := x ∈ S,

and define for n ≥ 0,

τn := max
{︄

arg min
t∈TS(xn,ūn;τ)

eαt(V (ϕ(t, xn, ūn))−δ)
}︄

, (5.8)

tn+1 := tn + τn , and xn+1 := ϕ(τn, xn, un) , (5.9)

where ūn ∈ U [0,τ) is a control satisfying (5.6), un is its restriction to the interval

(0, τn], and xn ∈ S ∀n ∈ N, by definition. Next, let u := limt→∞ u[n]. Note that

ϕ(t0, x, u) = x0 ∈ S, and whenever for some n, ϕ(tn, x, u) = xn ∈ S that by the group

property of the flow

ϕ(tn+1, x, u) = ϕ(tn+1 − tn, ϕ(tn, x, u), un) (5.10)

= ϕ(τn, xn, un) = xn+1 ∈ S , (5.11)

which by induction ensures that (5.7b) holds.

Next, from the recurrence condition (5.6), it follows that as long as V (ϕ(tn, x, u)) ≥ δ,

then eατn (V (ϕ(τn, xn, ūn))−δ)≤V (xn)−δ, which implies

eαtn+1(V (ϕ(tn+1, x, u))−δ)≤eαtn(V (ϕ(tn, x, u))−δ) , (5.12)
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and, in particular,

eαtn (V (ϕ(tn, x, u))− δ)≤V (x)− δ, ∀n ≤ n̄ , (5.13)

where n̄ is the last instance with V (xn̄) ≥ δ. It also follows from (5.6) that, when

n̄ <∞, for all n ≥ n̄ + 1, V (ϕ(tn, x, u)) ≤ δ, which completes (5.7c).

To show (5.7a), we first note that by definition, tn+1 − tn = τn ∈ (0, τ ]. Next, we

will show that t∗ = ∞. Suppose not, i.e., t∗ < ∞. By continuity of ϕ(t, x, u) and

compactness of S, ϕ(tn, x, u)→ ϕ(t∗, x, u) ∈ S.

Now, let vn := V (xn)−δ and v∗ = V (ϕ(t∗, x, u))−δ. If v∗ > 0, it follows from (5.12) and

the continuity of V that vn ↓ v∗ := V (ϕ(t∗, x, u)−δ), and eαt∗
v∗ ≤ eαtn+1vn+1 ≤ eαtnvn .

Thus, for large enough n, t∗ ∈ (tn, tn + τ ] and t∗ > tn+1, which implies

eαt∗−tnv∗ ≤ eατnvn+1 ≤ vn ,

which contradicts τn being the max in (5.8). As similar argument holds when v∗ < 0,

and thus t∗ =∞.

Sufficiency (⇐): To show that V is a R-CLF, it is sufficient for any x ∈ S to restrict

the corresponding u ∈ U that satisfies (5.7) to the interval [0, τ) and choosing t1 from

the sequence (5.7) to show (5.6).
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We will leverage Lemma 5.1 to prove (practical) exponential convergence of trajectories.

To that end, we need to bound how much a trajectory can travel in between instance

of exponential convergence (5.7c). The following lemma provides a mechanism to

obtain such bounds. The proof is based on Grönwall’s Lemma [62, Lemma A.1] and

can be found in [108].

Lemma 5.2 (Containment Lemma). Let Assumption 5.2 hold. Consider a compact

set S ⊂ Rn and a constant τ > 0. Then, for any x ∈ S, u ∈ U the following holds:

max
t∈[0,τ ]

d(ϕ(t, x, u), S) ≤ FS τeLτ (5.14)

where L := LRτ (S).

We are now ready to show that R-CLFs as defined in Definition 5.6 guarantee expo-

nential stabilizability.

Theorem 5.1 (R-CLF Implies (Practical) Exponential Stabilizability). Consider the

control system (5.1) with equilibrium x∗ ∈ Rn, and let S be a set satisfying S ⊆ Rn

and x∗ ∈ int(S). Let Assumption 5.1 and Assumption 5.2 hold, and V : Rn → R≥0 be

a Recurrent Control Lyapunov Function over S, with constants α, τ > 0, δ ≥ 0, and

linear bound constants a1, a2 > 0 from (5.5).

Then, the equilibrium x∗ is (practically) exponentially stabilizable on S (when δ > 0).

In particular, for every initial condition x ∈ S, a control signal u ∈ U satisfying (5.7)

for some sequence of times {tn}n∈N ensures:

∥ϕ(t, x, u)− x∗∥ ≤ Ke−λt∥x− x∗∥+ c, ∀t ≥ 0, (5.15)
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where

λ :=α, K := a2

a1
eατ (1+LτeLτ ), and c := δ

a1
(1+LτeLτ ), (5.16)

with L:=LRτ (S).

Proof. We will use the control u ∈ U from Lemma 5.1 to prove this theorem. Given

x ∈ S, by Lemma 5.1, there exists u ∈ U and a sequence tn, xn := ϕ(tn, x) ∈ S

satisfying (5.7). There are two cases. First, assume that n ≤ n̄ ∈ N ∪ {∞}. Since

V (xn) ≤ e−αtn(V (x)− δ) + δ and V (xn) ≥ a1∥xn − x∗∥, it follows that

rn := ∥xn − x∗∥ ≤ 1
a1

V (xn) ≤ a2

a1
e−αtn∥x− x∗∥+ δ

a1
.

Consider any time t ∈ (tn, tn+1] and Bn := Bn(x∗) ∩ S. By applying the containment

lemma on Bn and using the fact that L ≥ LRτ (Bn), we get, using the triangle inequality:

∥ϕ(t, x, u)− x∗∥ ≤ ∥xn − x∗∥+ ∥ϕ(t, x, u)− xn∥

≤ rn + FrnτeLτ ≤ (1 + LτeLτ )rn

where rn := ||xn − x∗||. Then for any n ≤ n̄ and any t ∈ (tn, tn+1] we have,

∥ϕ(t, x, u)− x∗∥ ≤ (1 + LτeLτ )rn ≤ (1 + LτeLτ )
(︄

a2

a1
e−αtn∥x− x∗∥+ δ

a1

)︄
(5.17)

≤ Ke−ατ e−αtn∥x− x∗∥+ δ

a1
(1 + LτeLτ ) (5.18)

≤ Ke−αt||x− x∗||+ c (5.19)

where the last step follows, since t ≤ tn+1 ≤ tn + τ , which implies −tn − τ ≤ −t, so
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that e−ατ e−αtn ≤ e−αt.

If n̄ =∞ we are done. Otherwise, consider n > n̄. We have rn = ∥xn− x∗∥ ≤ V (xn)
a1
≤

δ
a1
∀n > n̄, and thus by Lemma 5.2 again, for all t > tn̄

∥ϕ(t, x, u)− x∗∥ ≤ (1 + LτeLτ )rn ≤ (1 + LτeLτ ) δ

a1
= c.

Thus, for all t ≥ 0,

∥ϕ(t, x, u)− x∗∥ ≤ Ke−λt∥x− x∗∥+ c,

as desired.

Theorem 5.1 states that the existence of an R-CLF implies that x∗ can be made

practically exponentially stable. At the core of its proof is the fact that one can find

a function V that satisfies the recurrent condition (5.6). A key observation of [110],

is that condition (5.6) can be met by a norm, provided τ and α are properly chosen

(c.f. [110, Theorem 6]). The the caveat is, however, that in order to make R-CLFs

practically useful, on would need to store, for each x ∈ S, a suitable u : [0, τ) → U

that ensures (5.6). In the next section we surprisingly show that when δ > 0, only a

finite number of such signals are needed.

5.3 Non-Parametric Chain Policies

In the previous section, we introduced Recurrent Control Lyapunov Functions (R-CLFs)

to characterize exponential stabilizability via carefully selected control signals. In this
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section, we propose nonparametric chain policies, a systematic, data-driven approach

for generating these stabilizing signals. The proposed method aligns closely with recent

developments in topological entropy—a notion quantifying the minimal complexity

required to accomplish various control tasks (see, e.g., [31–33]). A distinctive feature

of our method is that we do not assume the control signals can be generated online;

instead, we explicitly store them in a finite set, called a control alphabet [106].

Definition 5.7 (Control Alphabet). A control alphabet is a finite collection of

control signals

A := {vi : (0, τi]→ U}M
i=0, (5.20)

where each vi is piecewise continuous and defined over a duration τi > 0.

The control alphabet provides a library of candidate signals. To deploy them, we

assign specific controls to regions of influence within the state space. To aid this task

we define an assignment set.

Definition 5.8 (Assignment Set). An assignment set is a finite collection of

verification triples

K := {(xi, ri, vi)}N
i=1 ⊆ Rn × R>0 ×A,

where xi ∈ Rn is a center point, ri > 0 is its radius, and vi ∈ A is the control signal

assigned to that region. The support of K is

Supp(K) :=
N⋃︂

i=1
Bri

(xi).

We denote N := |K| as the size of the assignment set.
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While an assignment set specifies regions of influence, it does not by itself resolve

which control to apply when balls overlap, nor what to do when a state lies outside

Supp(K). To address this, we introduce a normalized nearest-neighbor rule with a

fall-back option:

ιK(x) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
arg mini:(xi,ri,vi)∈K

∥x− xi∥
ri

, rK(x) ≤ 1,

0, otherwise,

(5.21)

where

rK(x) := min
(xi,ri,vi)∈K

∥x− xi∥
ri

,

and ιK(x) = 0 corresponds to selecting the default control v0.

Remark 5.1. We designate v0 ∈ A as the default control. Unless otherwise stated, we

take v0(t) = u∗ ∈ U , ∀t ∈ [0, τ0), where u∗ is the equilibrium control of Definition 5.1.

The index map ιK specifies, for any state x, which control from the assignment set (or

the default control) should be applied. Building on this rule, we can now formalize

the induced feedback policy.

Definition 5.9 (Nonparametric Chain Policy). Given an assignment set K and default

control v0, the nonparametric chain policy is given by the map πK : Rn → A:

πK(x) := vιK(x). (5.22)

Remark 5.2. The policy πK induces an infinite-horizon control signal uK,x ∈ U

through concatenation. Starting with x0 = x and the empty signal u[0] = ∅, for each
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n ≥ 0 define

u[n+1] = u[n] vιK(xn), xn+1 = ϕ
(︂
τιK(xn), xn, vιK(xn)

)︂
. (5.23)

The resulting control is then

uK,x := lim
n→∞

u[n].

5.3.1 Convergence Guarantees of NCPs

With the nonparametric chain policy in place, we now turn to its stability properties.

The following theorem establishes conditions under which such a policy renders the

equilibrium x∗ practically exponentially stable on a prescribed region.

Theorem 5.2 (Practical Exponential Stabilization via Chain Policies). Consider

an equilibrium point x∗ ∈ Rn of (5.1), and let S ⊆ Rn be a set with x∗ ∈ int(S).

Let πK denote a nonparametric chain policy associated with the assignment set K =

{(xi, ri, vi)}N
i=1 and a default control v0 ∈ A, and define τ := max{τ0, τ1, . . . , τN}, and

let L := LRτ (S). Suppose the following hold:

(i) Covering. There exists ε > 0 such that

Bε(x∗) ⊂ Bε(1+LτeLτ )(x∗) ⊂ int(S), (5.24a)

cl(S \Bε(x∗)) ⊆ Supp(K). (5.24b)

(ii) Verification. For each (xi, ri, vi) ∈ K with τi > 0,

eατi

(︂
∥ϕ(τi, xi, vi)−x∗∥+rie

Lτi

)︂
≤ ∥xi−x∗∥−ri, (5.25a)
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sd(ϕ(τi, xi, vi), S) + rie
Lτi≤ 0, (5.25b)

(iii) Equilibrium. For all t ∈ [0, τ0), ϕ(t, x∗, v0) = x∗.

Then the equilibrium x∗ is practically exponentially stable on S under the policy πK,

with constants

λ = α, K = eατ (1 + LτeLτ ), c = ε(1 + LτeLτ ).

Proof. We will show that the control uK,x induced by the nonparametric chain policy

πK admits a sequence of times {tn}n∈N that satisfies the conditions of Lemma 5.1

for the function V (x) = ∥x − x∗∥ over the set S. This establishes two points: (1)

V = ∥ · −x∗∥ is an R-CLF with rate α, and (2) the control uK,x practically stabilizes

x∗ with exponential rate α over S.

Let x0 = x ∈ S, t0 = 0, and u[0] = ∅. Define the sequences {xn}, {tn}, and u[n]

according to (5.23), i.e.,

xn+1 = ϕ
(︂
τιK(xn), xn, vιK(xn)

)︂
, u[n+1] = u[n]vιK(xn), (5.26)

uK,x = lim
n→∞

u[n], tn+1 := tn + τιK(xn), ∀n ≥ 0. (5.27)

By construction, for all n ≥ 0,

0 < min
i∈{0,...,N}

τi ≤ tn+1 − tn ≤ max
i∈{0,...,N}

τi =: τ,
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so condition (5.7a) holds. Moreover, by induction one shows that for all n ≥ 1,

ϕ(tn, x, uK,x) = xn = ϕ
(︂
τιK(xn−1), xn−1, vιK(xn−1)

)︂
.

We claim that if xn ∈ S then xn+1 ∈ S. Suppose first that xn ∈ S \ Bε(x∗). By the

covering condition (5.24b), there exists (xi, ri, vi) ∈ K such that xn ∈ Bri
(xi) and the

verification condition (5.25) holds. In particular, by (5.25b),

sd(xn+1, S) = sd(ϕ(τi, xn, vi), S) (5.28)

≤ sd(ϕ(τi, xi, vi), S) + rie
Lτi (5.29)

≤ 0, (5.30)

which implies xn+1 ∈ S.

If instead xn ∈ Bε(x∗), then either ιK(xn) ̸= 0 and the above argument applies, or

ιK(xn) = 0, in which case we apply v0 for time τ0. By the containment lemma applied

to the ball Bε(x∗),

∥xn+1 − x∗∥ = ∥ϕ(τ0, xn, v0)− x∗∥ (5.31)

≤ ε + d(ϕ(τ0, xn, v0), Bε(x∗)) (5.32)

≤ ε + FBε(x∗)τeLτ0 (5.33)

≤ ε(1 + Lτ0e
Lτ0), (5.34)

so by (5.24a) and τ0 ≤ τ we conclude xn+1 ∈ S. Thus, xn ∈ S implies xn+1 ∈ S, i.e.,
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condition (5.7b) holds.

Verification of (5.7c). Let δ := ε(1 + LτeLτ ) and n̄ := inf{n : ∥xn − x∗∥ ≤ δ}. If

ιK(xn) = 0 and ∥xn − x∗∥ ≤ ε ≤ δ, then by (5.34) we have ∥xn+1 − x∗∥ ≤ δ.

If ιK(xn) = i ̸= 0, then from (5.25a) and xn ∈ Bri
(xi),

eα(tn+1−tn)∥xn+1 − x∗∥ ≤ eατi

(︂
∥ϕ(τi, xi, vi)− x∗∥+ rie

Lτi

)︂
(5.35)

≤ ∥xi − x∗∥ − ri ≤ ∥xn − x∗∥, (5.36)

which implies

eα(tn+1−tn)(∥xn+1 − x∗∥ − δ) ≤ ∥xn − x∗∥ − δ.

If ∥xn−x∗∥ ≤ δ (n ≥ n̄), then this inequality ensures ∥xn+1−x∗∥ ≤ δ. If ∥xn−x∗∥ > δ

(n < n̄), iterating yields

∥xn − x∗∥ − δ ≤ e−αtn

(︂
∥x− x∗∥ − δ

)︂
.

Hence for n ≥ n̄, ∥xn−x∗∥ ≤ δ, while for n < n̄ the excess above δ decays exponentially.

This verifies condition (5.7c).

By Lemma 5.1, V (x) = ∥x − x∗∥ is an R-CLF with rate α over S and parameter

δ = ε(1 + LτeLτ ). Therefore, Theorem 5.1 implies that x∗ is practically exponentially

stable on S under πK, with constants

λ = α, K = eατ (1 + LτeLτ ), c = ε(1 + LτeLτ ).
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5.3.2 Existence and Sample Complexity of NCPs

Theorem 5.2 establishes that nonparametric chain policies can guarantee practical

exponential stability of a region around an equilibrium point that is appropriately

covered by data points from K. However, it is a priori not clear how many data points

are needed to construct such policy, or even whether such a policy exists. The next

result provides conditions for existence of Chain Policies as well as a bound on the

sample complexity of such policies, i.e., the sizes of the assignment set K and alphabet

A required to construct such policy.

Theorem 5.3 (Existence and Sample Complexity of Chain Policies). Consider the

control system (5.1) with equilibrium x∗ ∈ Rn, and assume x∗ is λ-exponentially

stabilizable on Rn with gain K > 0. Let S = BR(x∗) with R > 0, and choose ε s.t.

R > ε > 0. Fix any α ∈ (0, λ) and choose

τ >
ln K

λ− α
, L := LRτ (S), ρ := 1−Ke−(λ−α)τ

1 + e(L+α)τ . (5.37)

Then there exists a nonparametric chain policy πK built from a finite assignment set

of verification points {(xi, ri)}N
i=1 ⊂ S and associated controls {vi}N

i=1 such that:

(i) Practical exponential stability. For every x ∈ S, the induced closed loop

satisfies

∥ϕ(t, x, uK,x)− x∗∥ ≤ C e−αt∥x− x∗∥+ c, ∀t ≥ 0,

103



Chapter 5. Non-Parametric Chain Policies for Stabilizing Control

with C = eατ
(︂
1 + LτeLτ

)︂
and c = ε

(︂
1 + LτeLτ

)︂
.

(ii) Sample complexity. The number N of covering centers and controls satisfies

N = O

⎛⎝(︄3
ρ

)︄d

logR

c

⎞⎠ .

Remark 5.3 (Performance–Complexity Trade-off). The definition of ρ in (5.37)

reveals two contrasting regimes. When λ− α is close to the lower bound ln K/τ , the

numerator 1−Ke−(λ−α)τ approaches zero, so ρ ≈ 0. In this regime the guaranteed rate

α is nearly as fast as the best attainable λ, but the sample complexity bound O((3/ρ)d)

becomes extremely large. At the other extreme, when α ≪ λ, the term Ke−(λ−α)τ

vanishes, and ρ approaches 1/(1 + eLτ ). In this regime, far fewer samples are needed,

but the realized performance α is much slower than the system’s intrinsic rate λ.

Thus, ρ quantifies the fundamental trade-off: choosing α close to λ yields strong

performance at the cost of high sample complexity, while smaller α reduces sample

requirements but sacrifices convergence speed.

Proof. Since x∗ is λ-exponentially stabilizable on S with constant K > 0, for each

grid center xi ∈ S we can select a constant control vi such that

∥ϕ(t, xi, vi)− x∗∥ ≤ Ke−λt∥xi − x∗∥, ∀t ≥ 0. (5.38)

We construct the nonparametric chain policy πD by covering S with finitely many

balls Bri
(xi) and assigning to each xi the control vi above. In our construction, we

will assume ∥ · ∥ is the infinity norm, i.e., ∥x∥ = maxj=1,...,n |xj|.
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Step 1: Choice of radii. Fix α ∈ (0, λ) and τ > ln K
λ−α

. Let L := LRτ (S) and set

ρ := 1−Ke−(λ−α)τ

1 + e(L+α)τ > 0, ri := ρ ∥xi − x∗∥.

By construction ri > 0. From (5.38), for t = τ we have

Ke−(λ−α)τ∥xi − x∗∥+ rie
(L+α)τ = ∥xi − x∗∥ − ri,

which implies the verification condition

min
t∈(0,τ ]

eαt
(︂
∥ϕ(t, xi, vi)− x∗∥+ rie

Lt
)︂
≤ eατ

(︂
∥ϕ(τ, xi, vi)− x∗∥+ rie

Lτ
)︂
≤ ∥xi − x∗∥ − ri.

Hence each (xi, ri) satisfies (5.25a).

Step 2: Covering number bound. We cover the annular region BR(x∗)\Bε(x∗) by

n concentric annuli A1, . . . , An of thickness Ri = 3i−1ε. Since the total radial width is

R− ε,

R− ε ≤
n∑︂

i=1
3i−1ε = ε

3n − 1
2 ⇒ n =

⌈︃
log3

(︃2R

ε
− 1

)︃⌉︃
= O

(︃
log R

ε

)︃
.

Each Ai is initially partitioned into 3d − 1 hypercubes of side Ri. For any x ∈ Ai,

∥x− x∗∥ ≥ 3i−1ε and ri ≤ ρ∥x− x∗∥. We refine each hypercube by successive splits

into 3d subcubes until the side length is at most ρ∥x− x∗∥. This requires

3m ≥ 1
ρ
⇒ m = ⌈log3(1/ρ)⌉
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splits, producing at most

Nannulus = (3d − 1) 3dm = O

⎛⎝(︄3
ρ

)︄d
⎞⎠

points per annulus.

Step 3: Total number of points. Multiplying by the number of annuli,

N = n ·Nannulus = O

⎛⎝(︄3
ρ

)︄d

log R

ε

⎞⎠ .

Finally, since c = ε(1 + LτeLτ ), this yields the claimed sample complexity bound.

5.3.3 Incremental Learning of NCPs

The performance–complexity trade-off discussed in Remark 5.3, together with the

existence and sample complexity result of Theorem 5.3, suggests a practical method-

ology for progressively improving performance. By actively sampling trajectories

more finely and refining the covering set K, one can construct NCPs that certify

larger rates α (by reducing the effective radius r), thereby reducing the gap between

realized performance and the best attainable rate λ. In other words, performance can

be systematically enhanced by enriching the assignment set with additional verified

points, which readily enables incremental learning.

Beyond improving rates, another key feature of NCPs is their ability to incrementally

expand the certified region. The next result formalizes this incremental learning

property: previously verified assignments can be reused together with new ones to
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grow the domain over which stability is guaranteed.

Theorem 5.4 (Incremental Learning of K). Consider an equilibrium point x∗ ∈ Rn of

(5.1) and a set S ⊆ Rn satisfying x∗ ∈ int(S). Let πK be a nonparametric policy with

assignment set K = {(xi, ri, vi)}N
i=1 and default control v0 ∈ A satisfying properties

(i)–(iii) of Theorem 5.2 with parameters α, δ, τ, L, ε. Take xj ∈ Rn \ S, rj > 0, and

vj ∈ U [0,τj) s.t. Brj
(xj) ∪ S = ∅. Define the enlarged set S ′ := S ∪ Brj

(xj), and let

Lj = LRτj (Brj (xj)), and L′ = max{Lj, L}.

Whenever the following conditions are satisfied:

(1 ) Feasibility of (xj, rj, vj): The 3-tuple (xj, rj, vj) with vj : [0, τj)→ U satisfy

sd(ϕ(τj, xj, vj), S) + rje
Ljτj ≤ 0. (5.39)

(2 ) Either of the following holds:

(a) Direct verification at (xj, rj, vj): The tuple satisfies decrease condition:

eατj

(︂
∥ϕ(τj, xj, vj)−x∗∥+rje

Lτj

)︂
≤∥xj−x∗∥−rj. (5.40)

Set α′ = α, τ ′ = max{τ, τj}, δ′ = δ.

(b) Bootstrapping: There is K̂ ⊆ K, such that

(i) BrjeLj τj (ϕ(τj, xj, vj)) ⊆ Supp(K̂)
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(ii) There is α′ < α such that

max
(xi,ri,vi)∈K̂

e−(α−α′)τi

e−ατj

∥xi − x∗∥+ ri

∥xj − x∗∥ − rj

≤ 1.

Set τ ′ = τ + τj, δ′ = δ.

Then the augmented assignment set K′ := K ∪ {(xj, rj, vj)} and the default control v0

induce a policy πK′ that practically exponentially stabilizes x∗ over S ′ = S ∪ Brj
(xj)

with

λ′ = α′, K ′ = eα′τ ′(1 + L′τeL′τ ′), c′ = ε(1 + LτeLτ ).

Proof. We first note that since K and v0 satisfy Theorem 5.1 (i)–(iii) on S, and

S∩Brj
(xj) = ∅, any initial state x ∈ S under πK′ will only trigger assignments from K

or the default control v0. By Theorem 5.2, this ensures that for every x ∈ S there exists

a sequence of times {tn} satisfying the conditions of Lemma 5.1, along which (5.7) is

satisfied for V (x) = ∥x−x∗∥. Hence, whenever x ∈ S ⊂ S ′, the trajectory ϕ(t, x, uK′,x)

is practically exponentially stable with parameters λ = α, K = eατ (1 + LτeLτ ), and

c = ε(1 + LτeLτ ). Moreover, since α ≤ α′, τ ′ ≥ τ , and L′ ≥ L, the same trajectory

also satisfies the practical exponential stability bound with the updated constants λ′,

K ′, and c′ as stated in the theorem.

We next consider the case x ∈ S ′ \S. Since S ∩Brj
(xj) = ∅, it follows that ιK′(x) = j,

so the first control applied by πK′ is vj . We will use the sequence (5.23) induced by πK′

to build a sequence of times {tn}n∈N satisfying the properties in (5.7) of Lemma 5.1 for

the control signal uK′,x. The result then follows from Theorem 5.1. We will choose δ′
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and α′ in (5.7) later on. Recall that πK satisfies (5.7) for some α and δ = ε(1 + LτeLτ ).

To simplify notation, we use u to refer to uK′,x.

We choose x0 = x and t0 = 0. We will select t1 differently, depending on which clause

of condition (2) in the theorem’s hypothesis hold.

Case (2a). We choose t1 = τj, and accordingly x1 = ϕ(τj, x, vj) = ϕ(t1, x, u). By

condition (1) of the theorem, we have

sd(ϕ(τj, x, vj), S) ≤ sd(ϕ(τj, xj, vj), S) + rje
Ljτj ≤ 0,

which implies ϕ(τj, x, vj) ∈ S. This ensures ϕ(t1, x, u) = ϕ(τj, x, vj) ∈ S ⊂ S ′, i.e.,

(5.7b) for the set S ′. It further follows from (5.40) by a similar argument to Theorem

5.2, that

∥ϕ(t1, x, vj)− x∗∥ ≤ e−αt1 ∥x− x∗∥,

so (5.7c) holds for α and any value of δ.

Case (2b). As in case (2a) after choosing vj, ϕ(τj, x, vj) ∈ S. In fact, by (2b.i),

ϕ(τj, x, vj) ∈ Supp(K̂) ⊆ S. Let (xi, ri, vi) ∈ K̂ s.t. i = ιK(ϕ(τj, x, vj)). We choose

t1 := τj + τi, (5.41)

x1 := ϕ(τj + τi, x, vjvi) = ϕ(τi, ϕ(τj, x, vj), vi). (5.42)

Since (5.25) holds for (xi, ri, vi) ∈ K, x1 ∈ S, and therefore we have ϕ(t1, x, u) = x1 ∈

S ⊂ S ′; hence (5.7b) holds for t1 and S ′.
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It remains to ensure the decrease in (5.7c) at t1 with some α′ < α and δ′ = δ. We

thus consider

eα′t1∥ϕ(t1, x, u)− x∗∥ = (5.43)

= eα′(τj+τi)∥ϕ(τj + τi, x, vjvi)− x∗∥ (5.44)

= eα′(τj+τi)∥ϕ(τi, ϕ(τj, x, vj), vi)− x∗∥ (5.45)

≤ eα′(τj+τi)e−ατi∥ϕ(τj, x, vj)− x∗∥ (5.46)

= e−(α−α′)τi

e−α′τj

(︄
∥ϕ(τj, x, vj)− x∗∥
∥x− x∗∥

)︄
∥x− x∗∥ (5.47)

≤ e−(α−α′)τi

e−α′τj

(︄
∥xi − x∗∥+ ri

∥xj − x∗∥ − rj

)︄
∥x− x∗∥ (5.48)

≤ ∥x− x∗∥ , (5.49)

where step one follows from definition of t1 and u, two from the group property of ϕ,

three from (5.25a) on (xi, ri, vi), and the final step from the bootstrapping condition

(2b.ii).

In both cases, after t1 the subsequent points are generated by K, so the sequence {tn}

continues to satisfy (5.7b)–(5.7c) by Theorem 5.2. Thus V (x) = ∥x−x∗∥ is an R-CLF

on S ′, and by Theorem 5.1, πK′ renders x∗ practically exponentially stable on S ′ with

the claimed constants.

5.4 Numerical Experiments

Using the sufficiency of NCPs derived in Theorem 5.2 along with the grid construction

of Theorem 5.3, we next introduce an algorithmic methodology to design NCPs to

110



Chapter 5. Non-Parametric Chain Policies for Stabilizing Control

stabilize a given region. The algorithmic flow is as follows:

i. Given a region S ⊂ Rn, select a desired convergence rate α > 0, select a τmax

to upper-bound τi, and determine the one-sided Lipschitz constant L for the

underlying dynamics across Rτmax(S)1.

ii. Create a grid of points and radii G = {(xi, ri)} covering the region S with

increasingly large radii per annulus according to Theorem 5.3.

iii. For each xi, derive controls vi for τmax time (for example, using sampling methods

akin to Model-Predictive Path Integrals (MPPI) [127, 128]).

iv. For each (xi, ri, vi), if condition (5.25a) is satisfied for some τi ≤ τmax, store the

largest τi that achieves equality.

v. Otherwise, split the ball Bri
(gi) into 3d smaller balls.

vi. Repeat until a control is found for α-exponential decrease with slack of at least

each ball’s radius, or until a pre-defined maximum number of splits is achieved.

vii. For balls which still fail the conditions, apply condition 2b of Theorem 5.4 to

leverage previously derived controls.

viii. Trim down the verified region only to those trajectories which satisfy (5.25b),

save verified αi ≥ α for each cell.

1Achieved through estimating the reachable tube by simulating samples along the boundary and
adding precision-correction terms, and then sampling points in that region for OSL while adding
precision-correction terms again.
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With this algorithmic method, we present a number of case studies in different classic

control stabilization problems, which will demonstrate useful features of NCPs.

5.4.1 Unicycle

Consider the unicycle model moving in the plane, parametrized by its x position, y

position, and angle of vehicle θ with respect to the x-axis, with two control inputs -

velocity v and angular velocity ω. The dynamics are given by

⎡⎢⎢⎢⎢⎢⎢⎣
ẋ

ẏ

θ̇

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
v cos(θ)

v sin(θ)

ω

⎤⎥⎥⎥⎥⎥⎥⎦ .

We bound u ∈ [0, 1] and ω ∈ [−1, 1], and run the method to derive NCPs for two

different norms, being V1 = max{|x|, |y|, |θ|} and V2 =
√

x2 + y2 + 0.01θ2. For either

choice of norm (simpler or tied to the classic reward function), the method quickly

stabilized the entire region of (x, y) ∈ [−20, 20]2, θ ∈ (−π, π], see Figure 5.1.

To demonstrate the incremental growth capabilities of NCP, we do two stages of

learning. After learning a control for the previous region, i.e., (x, y, θ) ∈ [−20, 20]2 ×

(−π, π], we expand the state space to include values in the region (x, y, θ) ∈ [−20, 20]×

[20, 25]× (−π, π]. Trajectories fragments starting in the formerly verified region retain

the same behavior, while the new behavior (for initial values in the new region) are

depicted in Figure 5.2.
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5.4.2 Inverted Pendulum

We next analyze the utility of the NCPs on the inverted pendulum. The system

consists of a mass m attached at the end of a rigid pendulum of length l, pivoting

freely about a fixed point. The dynamics are governed by the torque around the

pivot due to both gravity and an external control input. Denoting by θ the angle of

the pendulum measured from the vertical (with θ = 0 corresponding to the inverted

equilibrium), the equation of motion is given by

ml2θ̈(t) = mgl sin(θ(t)) + u(t), (5.50)

where g is the gravitational acceleration, and u(t) is the external control torque applied

at the pivot.

Figure 5.3 demonstrates the refinement capabilities of NCPs, such that by adding data

(simulated by splitting all balls once), the rate of convergence achieved is significantly

increased.
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(b) NCP trained with V2.

0 5 10 15 20 25
Time (s)

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

V 1

V1 over Time
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Figure 5.1: Trajectories of Unicycle NCP. Phase plots of (x, y) for eight evenly
distributed points. The black icons depict the initial facing of the unicycle. Plot (a)
contains trajectories from NCP trained to minimize V1, which results in sharp turns,
while (b) is trained to minimize V2, which results in softer turns and smoother overall
behavior. Plots (c) and (d) show the development of V1 and V2 over time respectively.
Both converge exponentially to the equilibrium, with at least α = 0.01. We have
τmax = 5, ε = 0.01, L = 1 and c = ε(1 + LτmaxeLτmax) ≃ 0.613, represented by the
dotted line.
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Figure 5.2: Incremental Learning of Unicycle Policy. Extending the state
space from the previously learned region in the y-direction. Subfigure (a) contains the
phase plot before learning, while subfigure (b) contains the phase plot after. The new
region is learned without forgetting, such that parts of the trajectory in the old region
use previously designed controls.
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(a) Base NCP verification. (b) NCP refinement.
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Figure 5.3: Additional Data Refinement Facilitates Improved NCP Perfor-
mance. Plot (a) contains the balls used to verify the region (θ, θ̇) ∈ (−π, π]×[−5π, 5π]
for the inverted pendulum. Plot (b) is a refinement of plot (a), wherein all balls were
split once more and re-verified. The minimum verified rate of convergence for trajecto-
ries α goes from 0.003 to 0.0145, and the average verified α goes from 1.815 to 3.149.
Plot (c) demonstrates the average norm over time of 400 sample trajectories under each
schema. We have τmax = 1.5, ε = 0.01, L = 1, and c = ε(1 + LτmaxeLτmax) ≃ 0.072.
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Conclusion

What we begin in life may not be completed in our lifetime. That
does not make it meaningless. It makes it honorable.

– Lord Rabbi Jonathan Sacks

Stabilization analysis has long relied on the construction of Lyapunov functions. Un-

fortunately, they are difficult to design, with re-usability between systems being highly

limited. The end result is that there are many systems which are stable—including

some which we empirically or theoretically know must be stable—cannot be verified

as having stability properties. Furthermore, Lyapunov functions lack robustness; the

expansion of the state space may require the complete re-design of these functions.

This feels intuitively wrong: what we learn about part of a system should not simply

be erased when beginning to look at the system in its entirety.

This problem is exacerbated in the design of controls. Having firm theoretical guaran-

tees not only relies on the construction of Lyapunov functions, but also simultaneous

construction of controls which render the selected function valid. This also requires

knowledge of the parametrization of the system, which is a significant ask from an

information standpoint, and results in further loss of robustness. This problem in

particular inspired the creation of modern AI and RL methods for control, which while

are non-parametric, come with their own drawbacks. First, there are no guarantees of

performance and stabilization, as such schemes are entirely empirical. Furthermore,

the real-time execution of such systems presents a latency bottleneck, as controls must
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be recomputed at each state.

While not part of this dissertation, we recently investigated similar issues beyond

dynamical systems and control in the realms of LLMs and Computational Biology.

These other studies facilitated a deeper and more abstract understanding of our

contributions in this thesis. In the up-and-coming field of Large Language Models

(LLMs), the problem of latency and computational cost is a significant issue in current

training and evaluation metrics, which almost universally require generations on a

test set to be created and then evaluated. Beyond this, existing metrics tend to be

binary, lacking robustness to linguistic structure and testing methodology (such as

true or false versus multiple choice, free response, numeric extraction, etc.). Similar

to Lyapunov functions, such testing methodologies also require explicit design, and

are ill-suited to analyzing performance in open-ended subjects, such as language.

In Computational Biology—as in LLMs—state-of-the-art analytical methods generally

rely on binarization, here via thresholds to determine what constitutes ’biological

regions of significance’. Beyond the lack of formalism (and thus apparent arbitrarity)

in selection of such thresholds, they inherently introduce the potential of entirely

missing biological phenomena which fall partially or mostly beneath their detection

thresholds.

In all aforementioned disciplines, there is a fundamental disconnect between the

reseacher—who had particular targets in mind—and the systems themselves, with

their discompassionate data. Our direction of study entails maximal reduction in the

conditions set upon the target of analysis, and letting the data speak for itself, aiding
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us in disentangling the underlying system and its properties.

In each case, our solution has been slightly different. In dynamical systems, rather

than painstakingly design a Lyapunov function to fit the system into the neat box of

invariance, solutions are allowed to leave sublevel sets and recur. In a stable system, it is

necessary and sufficient for any norm to have this property of τ -recurrence, and thus the

solutions themselves can be used to provide stability guarantees without referring to the

functional representation. This freedom from parametrization facilitates a significant

step in control theory, wherein theoretical guarantees are provided by construction in

a framework that offers incredibly fast real-time execution and continual expansion

capabilities.

Our solution for LLMs [107], entailed the introduction of the metric of Complementarity,

which enables a paradigm of robust, cross-system comparisons that are broadly

applicable and free of binarization. By measuring fluency, Complementarity facilitating

an examination of true understanding of particular domains rather than the particular

style, format, or biased testing seen in many state-of-the-art AI metrics. This freedom

from naive binarization forms the backbone of MOTiF - our soltuion in computational

biology [111] - wherein a broad spectrum of different thresholds is utilized to achieve a

panoramic view of the genomic structural and functional landscape, and thus a deeper

explanation of the underlying biological effects.

Science, at its best, is a discipline of truth. Yet in practice, even the most rigorous

inquiry is shaped—subtly and profoundly—by human choice. The selection of tools,

the framing of problems, the conditions we impose on proofs—these are not neutral

119



Chapter 6. Conclusion

acts. They reflect assumptions, traditions, and implicit values.

Lyapunov theory has stood for more than a century as a standard by which stability

is judged. But like all standards, it is not without its limits. The insistence on

invariance has long defined the boundaries of what counts as stability, often at the

cost of flexibility or accessibility. This thesis has sought, in some small measure, to

widen that horizon: to show that recurrence may serve where invariance has been

thought essential, and that stability can be understood not only through what never

leaves, but also through what leaves and returns.

The contrast between Lyapunov theory and our own is that of constraint: both

methods offer necessary and sufficient conditions. However, whereas Lyapunov’s

necessity is only in the existence of a single function satisfying the strict conditions,

ours is a broader statement, that of any norm satisfying the simpler, less-restrictive

conditions. We therefore believe that RLFs present a more holistic picture of the

nature of system stability.

The responsibility of science is not to shape systems in our image, nor to bind them

within conditions that suit our convenience. The task is more difficult, and more

sacred: to let the system speak, and to listen—to discover forms of order that are

already present, even if they do not match the patterns we expected.

If recurrence offers another path, more adaptable to modern systems and more

accessible in practice, then this work has served its purpose: to add a small stone

to the long road by which science moves closer to understanding. Its purpose is not

an end, but a beginning—an invitation to think differently, to question inherited
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boundaries, and to seek stability where once it seemed out of reach.
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