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Abstract— Gradient Descent Ascent (GDA) methods for min-
max optimization problems typically produce oscillatory be-
havior that can lead to instability, e.g., in bilinear settings.
To address this problem, we introduce a dissipation term into
the GDA updates to dampen these oscillations. The proposed
Dissipative GDA (DGDA) method can be seen as performing
standard GDA on a state-augmented and regularized saddle
function that does not strictly introduce additional convex-
ity/concavity. We theoretically show the linear convergence of
DGDA in the bilinear and strongly convex-strongly concave
settings and assess its performance by comparing DGDA
with other methods such as GDA, Extra-Gradient (EG), and
Optimistic GDA. Our findings demonstrate that DGDA sur-
passes these methods, achieving superior convergence rates. We
support our claims with two numerical examples that showcase
DGDA’s effectiveness in solving saddle point problems.

I. INTRODUCTION

In recent years, there has been a significant focus on
solving saddle point problems, namely min-max optimization
problems [1]-[6]. These problems have garnered consider-
able attention, particularly in fields such as Generative Ad-
versarial Networks (GANs) [6]-[8], Reinforcement Learning
(RL) [9], and Constrained RL (C-RL) [10], [11]. However,
a major challenge that persists in these approaches is the
instability of the training process. That is, solving the min-
max optimization problem via running the standard Gradient
Descent Ascent (GDA) algorithm often leads to unstable
oscillatory behavior rather than convergence to the optimal
solution. This is particularly illustrated in bilinear min-max
problems, such as the training Wasserstein GANs [12] or
solving C-RL problems in the occupancy measure space [13],
for which the standard GDA fails to converge [1]-[3].

In order to understand the instability of the GDA method
and further tackle its limitation, we draw inspiration from the
control-theoretic notions of dissipativity [14], which enables
the design of stabilizing controllers using dynamic (state-
augmented) components that seek to dissipate the energy
generated by the unstable process. This aligns with recent
work that leverages control theory tools in the analysis and
design of optimization algorithms [15]-[20]. From a dynam-
ical system point of view, dissipativity theory characterizes
the manner in which energy dissipates within the system
and drives it towards equilibrium. It provides a direct way to
construct a Lyapunov function, which further relates the rate
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of decrease of this internal energy to the rate of convergence
of the algorithm.

We motivate our developments by looking first at a simple
scalar bilinear problem wherein, the energy of the system, ex-
pressed as the square 2-norm distance to the saddle, is shown
to strictly increase on every iteration, leading to oscillations
of increasing amplitude. To tackle this unstable oscillating
behavior, we propose the Dissipative GDA method, which,
as the name suggests, incorporates a simple friction term to
GDA updates to dissipate the internal energy and stabilize the
system. Our algorithm can be seen as a discrete-time version
of [21], which has been applied to solve the C-RL problems
[10]. In this work, we build on this literature, making the
following contributions:

1. Novel control theory inspired algorithm: We illustrate how
to use control theoretic concepts of dissipativity theory to
design an algorithm that can stabilize the unstable behavior
of GDA. Particularly, we show that by introducing a friction
term, the proposed DGDA algorithm dissipates the stored
internal energy and converges toward equilibrium.

2. Theoretical analysis with better rates: We establish the
linear convergence of the DGDA method for bilinear and
strongly convex-strongly concave saddle point problems. In
both settings, we show that DGDA method outperforms other
state-of-the-art first-order explicit methods, surpassing the
standard known linear convergence rate (see Table [I] and [II).

3. Numerical Validation: We corroborate our theoretical
results with numerical experiments by evaluating the perfor-
mance of the DGDA method with GDA, EG, and OGDA
methods. When applied to solve bilinear and strongly
convex-strongly concave saddle point problems, the DGDA
method systematically outperforms other methods in terms
of convergence rate.

Outline: The rest of the paper is organized as follows. In Sec-
tion |lI} we provide some preliminary definitions and back-
ground. In Section we leverage tools from dissipativity
theory and propose the Dissipative GDA (DGDA) algorithm
to tackle the unstable oscillatory behavior of GDA methods.
In Section we establish its linear convergence rate for bi-
linear and strongly convex-strongly concave problems, which
outperforms state-of-the-art first-order explicit algorithms,
including GDA, EG and OGDA methods. In Section
we support our claims with two numerical examples. We
close the paper with concluding remarks and future research
directions in Section
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TABLE I: Summary of the global convergence results pre-
sented in Section [[V|for EG, GDA, and DGDA methods with
bilinear objective functions. If a result shows that the iterates
converge as O((1—r)?), the quantity r is reported (the larger
the better). « represents the condition number.

II. PROBLEM FORMULATION
In this paper, we study the problem of finding saddle points
in the min-max optimization problem:

i 1
min max f(z,y), (D

where the function f : R™ x R™ — R is a convex-concave
function. Precisely, f(-,y) is convex for all y € R™ and
f(z,-) is concave for all x € R™. We seek to develop a
novel optimization algorithm that converges to some saddle
point (z*,y*) of Problem

Definition 1 (Saddle Point): A point (z*,y*) € R x R™

is a saddle point of convex-concave function (I)) if and only
if it satisfies f(xz*,y) < f(a*,y*) < f(z,y*) for all = €
R™ y e R™.
Throughout this paper, we consider two specific instances of
Problem [I] commonly studied in related literature: strongly
convex-strongly concave and bilinear functions. Herein, we
briefly present some definitions and properties used in our
results.

Definition 2 (Strongly Convex): A differentiable function
f : R™ — R is said to be p-strongly convex if f(w) >
') + V() (w —w) + ¥ w — |2
Notice that if © = 0, then we recover the definition of
convexity for a continuously differentiable function and f(w)
is p-strongly concave if —f(w) is p-strongly convex. An-
other important property commonly used in the convergence
analysis of optimization algorithms is the Lipschitz-ness of
the gradient V f(w).

Definition 3 (L-Lipschitz): A function F' : R — R™ is
L-Lipschitz if Yw,w’ € R™, we have ||F(w) — F(w')|| <
Lljw = w'|.

Combining the above two properties leads to the first
important class of problem that has been extensively studied
[11-[31, [22].

Assumption 1: (Strongly strongly convex-concave func-
tions with L-Lipschitz Gradient) The function f : R™ X
R™ — R is continuously differentiable, y strongly convex in
x, and p strongly concave in y. Further, the gradient vector
(Vaof(z,y); =V, f(x,y)) is L-Lipschitz.

It is also crucial to consider situations where the objective
function is bilinear. Such bilinear min-max problems of-
ten appear when solving constrained reinforcement learning
problems [10], [23], and training of WGANSs [12].

Assumption 2 (Bilinear function): The function f : R™ x
R™ — R is a bilinear function if it can be written in the form
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TABLE II: Summary of the global convergence results pre-
sented in Section[[V]for GDA, EG, OGDA, and DGDA meth-
ods with strongly convex-strongly concave and L-Lipschitz
objective functions. The table reports the term r of a (1 —r)
linear rate. The constant € > 0 depends on the problem.

f(x,y) = 2T Ay. For simplicity, we further assume that the
matrix A € R™*" is full rank, with m < n.

As seen in Table [l and [ as well as in Section the
linear convergence rates of existing algorithms are frequently
characterized by the condition number k. Specifically, when
the objective function is bilinear, the condition number is
defined as k = 02, (A)/02: (A), where oyax(M) and
Omin (M) denote the largest singular value and smallest
singular of a matrix M respectively. When the objective
function is strongly convex-strongly concave with the L-
Lipschitz gradient, the condition number of the problem is
defined as k := L/p.

III. DISSIPATIVE GRADIENT DESCENT ASCENT
ALGORITHM

This section introduces the proposed first-order method for
solving the min-max optimization problem [T} The algorithm
can be seen as a discretization of the algorithm proposed by
[21], wherein a regularization framework was introduced for
continuous saddle flow dynamics that guarantees asymptotic
convergence to a saddle point under mild assumptions.
However, the continuous-time analysis presented in [21] does
not generally extend to discrete time. In this paper, we show
the linear convergence of the discrete-time version of this
algorithm.

A. Algorithm Design

Our results build on gaining an intuitive understanding of
the problems that one encounters when applying the vanilla
GDA method to solve saddle point problems (T):

Gradient Descent Ascent (GDA)

Try1 = Tk — NVa f(Th, Yr)s
Ykt1 = Yk + 0V f(Tr, yr)-

When is strongly convex-strongly concave, and has L-
Lipschitz gradients, the GDA method provides linear con-
vergence, with step size 7 = 1/ L? and a know rate estimate
of 1-1/ k2 [24]. However, when the problem is bilinear, the
standard GDA method fails to converge. This is illustrated
in the top plot in Figure

Our proposed algorithm draws inspiration from dissipative
theory in control by introducing two dynamic feedback con-
trollers (friction) to dissipate the energy stored and amplified



by the GDA algorithm. This is implemented in the form of
high pass filters of the form

Cht1 = G — p(Ce — Vi)
wy = p(vr, — k),

with transfer function w(z) = ﬁip)@(z’), that is inter-
connected in negative feedback to attenuate dampen the
oscillations of both z; and y. This modification leads to
the proposed algorithm, effectively dampening the oscilla-
tions in our illustrative example in FigurdI] and is formally
introduced next.

Dissipative gradient descent ascent (DGDA):

Tht1 T — Vo f(Tr, yr) — plzr — 1)

Tri1 Ty — p(Zk — 1) @)
Yk+1 yr +0Vyf(@r, ye) — p(yr — Ur)

Uk+1 U — p(Ur — k)

Particularly, for f as in (I), in (@) we introduce two new
sets of variables £ € R™ and § € R™ and a damping
parameter p > 0. One important observation is that, due to
the high-pass filter structure of the feedback, once the system
reaches equilibrium, i.e., Tx+1 = Tk, Ypt+1 = Yk, Tht1 =
Tk, Yk+1 = Yk, one necessarily has &y = x and Jx = yi,
which ensures that the fixed point is necessarily a critical
point of the saddle function.

GDA

. . . . . . . .
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Fig. 1: Trajectories of states for GDA and DGDA for the
simple bilinear objective function f(x,y) := xy.

In the remaining part of this section, we provide several
key properties of the proposed DGDA update and discuss
its differences with existing related algorithms. Then, in the
next section, we formally prove that the proposed DGDA
algorithm provides a linear convergence guarantee for both
bilinear and strongly convex-strongly concave functions.

B. Key Properties and Related Algorithms

The first important observation is that the above DGDA
update could be considered as applying a vanilla GDA update
to the following regularized surrogate for f(z,y):

f@,y.8,9):=flay)+Elle—l" - Lly—al>. @

We note that this is different from the Proximal Point Method
[22], [25] or introducing a Lo regularization [26], [27].

Differences with L, regularization. A commonly used
method to ensure convergence is to introduce a Lo regular-
ization term in x and y [26], [27]:

. Pz _ P2
min max Fa,y) + Slell” = Syl
Although the augmented objective function becomes strongly
convex-strongly concave and the vanilla GDA updates will
converge, this regularization changes the saddle points.
While our algorithm also introduces two regularizing terms,
the following Lemma verifies the fixed positions of saddle
points between f(z,y) and f(z,y,&, ) with virtual vari-
ables aligned with original variables.

Lemma 1 (Saddle Point Invariance): [21, Lemma 6] For
problem [1| a point (z*,y*) is a saddle point of f(x,y) if
and only if (z*,y*,2*,§*) is a saddle point of f(x,y,,9),
with * = 2* and g§* = y*.

More interestingly, the regularization terms, 2|z — 2|2
and £ ly—7||?, do not introduce extra strong convexity-stong
concavity to the original problem. Precisely, the augmented
problem f(z,y,&,9) is neither strongly convex on (z,Z)
nor strongly concave on (y, ). Indeed, on the hyperplane
of x = & and y = gy, the augmented problem recovers the
original problem f(z,y,Z,9) = f(z,y). Additionally, the
introduced regularization terms of the DGDA method are
separable and local, thus preserving the distributed structure
that original systems may have. Consequently, it can be
seamlessly integrated into a fully distributed approach.

Differences with Proximal Point Method. The Proximal
Point Method for saddle point problems [22] shares a similar
structure with DGDA algorithm. In the proximal method, the
next iterates (41, Yr+1) is the unique solution to the saddle
point problem

(Tht1, Y1) = PYOXn(ZCk:, Yk)

- - “)

(=arg min max
rzeR™ yeR™

n n
e L A

Using the optimality conditions of (@), the update of the
Proximal Point method can be written as:

Th1 = Tk — NV [ (Thp1, Yrt1),
Ykt1 = Yk + OV f(Thi1, Yrr1)-

As such, the Proximal Point method is an implicit method.
Although Implicit methods are known to be more stable
and to benefit from better convergence properties [6], [25],
implementing the above updates requires computing the
operators (I +nV,f)~! and (I +71V,f)~!, and therefore
may be computationally intractable. In contrast, the DGDA
algorithm is an explicit algorithm, which applies a vanilla
GDA update to the augmented objective function (3).

Thus, as shown in Table [[] and [[I} and in the next section,
we choose to compare the convergence of DGDA only
with other explicit algorithms for saddle point problems,
such as the GDA, Extra-Gradient (EG), and Optimistic
GDA (OGDA) methods which have comparable per-iteration
computational requirements; although the DGDA algorithm



has twice as many state variables, it only requires a single
gradient computation per update. Moreover, there is no need
for retaining and reemploying the extrapolated gradient,
which also sets it apart from the OGDA method.

Smoothed GDA We finalize this section compar-
ing DGDA with recent efforts leveraging Moreau-Yosida
smoothing techniques to solve nonconvex-concave [28]-[30],
nonconvex-nonconcave [31] min-max optimization prob-
lems. Unfortunately, the setting where such algorithm has
been studied is different from the one considered in this
paper, which difficult the comparison with the present work.
A thorough comparison with DGDA is subject of current
research.

IV. CONVERGENCE ANALYSIS

In this section, we provide a theoretical analysis of the
proposed algorithm. For the purpose of our analysis, we
consider a quadratic Lyapunov function to track the energy
dissipation of the DGDA updates

Vi o= llzn — 27112 + g — 7 [1% + 12k — 272 + s — 972,

which denotes the square 2-norm distance to the saddle point
at the k-th iteration. The goal is, therefore, to find some
Oto < ¢ < 1 such that:

Vg1 < aVy
where « denotes the linear convergence rate.

A. Convergence Analysis for Bilinear Functions

When applied to bilinear min-max optimization problem
f(z,y) = 2T Ay, the DGDA update () is equivalent to a lin-
ear dynamical system. Specifically, denote z = [z, y]T, 2 =
[#,9])T yields:

{zk+1—z*]:{(1—p)j—77M pl sz—z} (5)

2k+1_2* pI (1—p)[ ZA’k—i
where
0 A
M= [_ 0 0] .

As a result, the linear convergence of DGDA, as well as
its convergence rate can be derived from the analysis of the
spectrum of the associated matrix that defines the DGDA
update in (3). This yields the following theorem.

Theorem 2: (Linear convergence of DGDA, bilinear case)
Let Assumption [2] hold. Then the updates [2] of DGDA with
0 <n< Umif’ @) and p > 0 provide linearly converging
iterates. That is, there is a constant 5 > 0, independent of
Vo such that

k
V<O ((1—2,0+2p2+(1—p) 4p2—7720§1in(14)) ) Vo,
Particularly, setting p = 1/2 and 7 = 1/0max(A) we have
<o ((1-4)") v

Proof: The proof can be found in the appendix

The first important observation is that linear convergence
requires p > 0. This is not surprising since GDA could be
interpreted as DGDA method when p = 0. More importantly,
by choosing the optimal step size p = 1/2,m = 1/0max(A),
DGDA method achieves a better linear convergence rate than
the EG and OGDA methods (see Table [[). Specifically, the
above Theorem provides a linear convergence rate estimate
of O(1— L),

B. Strongly Convex Stronly Concave

We now consider the case of strongly convex-
strongly concave min-max problems. Let F(z;) :=
(Vaof(xr, yr), —Vyf(zk, yx)). The the DGDA updates can
be written as follows:

Ee e A

Because of the existence of the nonlinear term F'(zy),
we cannot analyze the spectrum as in the previous bilinear
case. This is indeed a common challenge in analyzing most
optimization algorithms beyond a neighborhood of the fixed
point. We circumvent this problem by leveraging recent
results on the analysis of variational mappings as F'(-) via
integral quadratic constraint [17]-[19]. More details can
be found in the Appendix where we prove the following
theorem.

Theorem 3: (Linear convergence of DGDA, strongly
convex-strongly concave case) Let Assumption [T] hold. Then
the updates Z) with p = 1/2 and n = 1/(L + p) of
the Dissipative GDA algorihtm provide linearly converging
iterates:

k
Vi < (1 -+ 0(m—2)> Vo (6)

Proof: The proof can be found in Appendix [C]

Similarly, as in the bilinear case, we remark on the
importance of the dissipation component. When p = 0 in
(2), a similar analysis as in the proof of the theorem recovers
the lower bound of the convergence rate of GDA (1 — k™ 2)
as shown in [20, 3.1]. Thus, our DGDA method provides
a better convergence rate estimate than GDA, since clearly
Kk € [1,00), and therefore k=2 < kL.

It is important to point out, however, that while the rate
obtain in Theorem[J]is clearly better than those of the EG and
OGDA methods for large condition numbers « (see Table @),
the theorem fails to quantify the comparative performance
of DGDA for small values of . The following corollary
shows that indeed, the rate of DGDA is provably better for
all k > 2.

Corollary 4 (SCSC, comparison with known rates): Let
Assumption E] hold, and suppose that L > 2m, i.e., K > 2.
Then, the linear convergence rate estimate of DGDA (6)
is smaller (better) than that of of EG and OGDA, i.e.,
1 — k= 1/4 (Theorem 6&7 [3] and Theorem 4&7 [2]).
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Fig. 2: Convergence of GDA, EG, OGDA, and DGDA
in terms of the number of gradient evaluations for the
bilinear problem in GDA diverges and the error is not
shown. All other three algorithms converge linearly, where
the DGDA method provides the best performance.

V. NUMERICAL EXPERIMENTS

In this section, we compare the performance of the pro-
posed Dissipative gradient descent (DGDA) method with the
Extra-gradient (EG), Gradient descent ascent (GDA), and
Optimistic gradient descent ascent (OGDA) methods.

A. Bilinear problem

We first consider the following bilinear min-max optimiza-

tion problem:

min max =7 Ay

zER™ yER™
where A € R™*"™ is full-rank. The simulation results are
illustrated in Figure [2| and Figure |3| In this experiment, we
set the dimension of the problem to m = n = 10 and the
iterates are initialized at xg, yg, which are randomly drawn
from the uniform distribution on the open interval (0,1).

We plot the errors (distance to saddle points) of DGDA,
EG, and OGDA versus the number of gradient evaluations
for this problem in Figure 2] The solid line and grey-shaded
error bars represent the average trajectories and standard
deviations of 20 trials, where in each trial the randomly
generated matrix A has a fixed condition number, i.e., k =
02 (A)/o2. (A) = 25. The key motivation is that all
three algorithms’ convergence rates critically depend on £~ 1,
and by fixing the condition number, we provide an explicit
comparison of their convergence speed.

We pick the step size for different methods according
to theoretical findings. That is, we select p = 1/2 and
n = 1/0max(A) for DGDA (Theorem [2), n = 1/4L =
1/40max(A) for EG and OGDA (Theorem 6&7 [3] and
Theorem 4&7 [2]). In Figure [2| we do not show the error of
GDA since it diverges for this bilinear saddle point problem.
All other three algorithms converge linearly, with the DGDA
method providing the best performance.

Finally, to provide a qualitative demonstration of how
DGDA fares with other existing algorithms, we further plot
the sample trajectories of GDA, EG, OGDA, and EGDA on

a simple 2D bilinear min-max problem, with m = n =
1. In Figure [3] we observe that while GDA diverges, the
trajectories of all other three algorithms converge linearly to
the saddle point (z*,y*) = (0, 0). Interestingly, our proposed
algorithm (DGDA) despite taking larger steps, exhibits faster
linear convergence.

2D Trajectory

Fig. 3: Trajectories of GDA, EG, OGDA, and DGDA for a
2d bilinear problem. GDA diverges and all other three algo-
rithms converge linearly, where the DGDA method provides
the best performance.

B. Strongly convex-strongly concave problem

In the second numerical example, we focus on a strongly
convex-strongly strongly-concave quadratic problem of the
following form:

min max leAx — 1yTBy +zTCy @)

zeR™ yeR™ 2 2 ’
where the matrices satisfy pal = A <X Lal, upl =
B = Lgl, p2I = CTC = L2I. As a result, the problem
satisfy Assumption |l} In this experiment, we set the
dimension of the problem to n = 50, m = 10, and the iterates
are initialized at xq, yo, which are randomly drawn from the
uniform distribution on the open interval (0,1). We plot the
errors (distance to saddle points) of GDA, DGDA, EG, and
OGDA versus the number of gradient evaluations for this
problem in Figure ] Again, the solid line and grey-shaded
error bars represent the average trajectories and standard
deviations of 20 trials, where in each trial the randomly

generated matrix
A C
-cT B

is chosen such that the condition number of remains
constant, i.e., K = L/pu = 31. Similarly as in the bilinear
problem in Section we pick the step size for the DGDA
method according to our theoretical finding in Theorem [3]
The step size of the GDA method is selected as n = yu/L?
(Theorem 5 [32]). The step sizes for EG and OGDA methods
are selected as 7 = 1/4L (Theorem 6&7 [3] and Theorem
4&7 [2]). According to the plots, all algorithms converge
linearly, and the DGDA method has the best performance.



Condition number 31

Distance to Saddle Point

DGDA
—— GDA
—e—EG
—— OGDA

n n . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000
Number of Gradient Evaluations

Fig. 4: Convergence of GDA, EG, OGDA, and DGDA
in terms of the number of gradient evaluations for the
strongly convex-strongly concave problem in [7] All algo-
rithms converge linearly, and the DGDA method has the best
performance.

VI. CONCLUSION AND FUTURE WORK

In this work, we present the Dissipative GDA (DGDA)
algorithm, a novel method for solving min-max optimiza-
tion problems. Drawing inspiration from dissipativity theory
and control theory, we address the challenge of diverg-
ing oscillations in bilinear min-max optimization problems
when using the Gradient Descent Ascent (GDA) method.
Particularly, we introduce a friction term into the GDA
updates aiming to dissipate the internal energy and drive
the system towards equilibrium. By incorporating a state-
augmented regularization, our proposed DGDA method can
be seen as performing standard GDA on an extended sad-
dle function without introducing additional convexity. We
further establish the superiority of the convergence rate of
the proposed DGDA method when compared with other
established methods including GDA, Extra-Gradient (EG),
and Optimistic GDA. The analysis is further supported by
two numerical examples, demonstrating its effectiveness in
solving saddle point problems. Our future work includes
studying the DGDA method in a stochastic setting and its
application in solving Constrained Reinforcement learning
problems in the policy space.
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APPENDIX
A. First Order Algorithms for Saddle Point Problems

In this section, we introduce several popular first-order
methods for solving the min-max problem [I] in the ma-
chine learning community. Precisely, we focus on Gra-
dient Descent-Ascent (GDA), Extra-gradient (EG), Opti-
mistic Gradient Descent-Ascent (OGDA), Proximal Point
and Smoothed-GDA methods.

Gradient descent ascent (GDA):

Tp1 = Tk — NV f(Tk, yi),
Yk+1 = Yk + 0V f(@r, yr)-

When the problem is strongly convex-strongly concave
and L-Lipschitz, the GDA method provides linear conver-
gence, with step size n = pu/L? and a know rate esti-
mate of 1 — 1/ k2 [20], [24]. However, when the problem
is bilinear, the standard GDA method fails to converge.
Therefore, variants of the gradient method such as Extra-
Gradient and Optimistic Gradient Descent-Ascent methods
have attracted much attention in recent literature because
of their superior empirical performance in solving min-max
optimization problems such as training GANs and solving
C-RL problems.

Extra-gradient (EG):

‘rk+l/2 =Tr — vaf($k7yk)7
Yk+1/2 = Uk + 0V f(2r, k),
Thy1 = T — NV [ (Tpt1/2: Yut1/2),
Yrt1 = Uk + NV f(Trs1/2, Ykt1/2)-
Extra-gradient is a classical method introduced in [33],
where its linear rate of convergence for bilinear functions
and smooth strongly convex-strongly concave functions have

been established in many recent works (see Table [I] and [I).
The Extra-gradient method first computes an extrapolated

point (Tg41/2,Yk+1/2) by performing a GDA update. Then
the gradients evaluated at the extrapolated point are used to
compute the new iterates (Zyy1, Yk+1)-

The linear convergence rate of EG for strongly convex-
strongly concave is established, with a standard known rate
of 1 — 1/4k; see e.g. [2], [3]. One issue with the Extra-
gradient method is that, as the name suggests, each update
requires evaluation of extra gradients at the extrapolated
point (Ty41/2,Yk+1/2), Which doubles the computational
complexity of EG method compared to vanilla GDA method.

Optimistic gradient descent ascent (OGDA):

Tpp1=2k — 20V f(Tr, yr) + NV f(@r—1, Yr—-1),
U1 =Yk + 20V f(2r, yx) = Vy f(Zr—1,Yr—1)-

The Optimistic gradient descent ascent (OGDA) method
adds a “negative-momentum” term to each of the updates,
which differentiates the OGDA method from the vanilla
GDA method. Meanwhile, the OGDA method stores and re-
uses the extrapolated gradient for the extrapolation, which
only requires a single gradient computation per update.

The convergence properties of OGDA were also recently
investigated in (refer to Table [I| and [l), demonstrating linear
convergence rates with smooth and bilinear functions, as well
as strongly convex-strongly concave functions.

Proximal Point (PP): The proximal point method for
convex minimization has been extensively studied [25], [34]
and extended to solve saddle point problems in [22]. Define
the iterates {11, yx+1} as the unique solution to the saddle
point problem

(Th+1, Yk+1) = prox, (Tk, Yx)

— ; e — 2nll2 = Dy — |12
= arg min max f(z,y) + o llz — @l = 5 lly — il
Using the optimality conditions of (@), the update of the
Proximal Point method can be written as:

Thy1 = Tk — NV [ (g1, Yrt1),
Yk+1 = Yk + MV [(Zrt1, Yt1)-

This expression shows that in contrast to explicit methods
such as GDA, EG, and OGDA methods, the Proximal Point
method is an implicit method. Although Implicit methods
are known to be more stable and to benefit from better
convergence properties [6], [25], implementing the above
updates requires computing the operators (I + 7V, f)~!
and (I +nV,f)~!, and therefore may be computationally
intractable. Notably, in [2], the authors show the EG and
OGDA methods can be interpreted as an approximation of
the PP method, and therefore exhibits similar convergence
performance.
Smoothed-GDA method.:

Tpr1 = T — Vo K (g, 215 Yk),

Ykt1 = Yk + OV (Tp1, 215 Yk)

Zhy1 = 2k + B(Try1 — 21)
where K (z,z;y) = f(z,y) + 5|z — 2||2.

The Smoothed-GDA was independently introduced by
Jiawei et al. in [35] and later [28]. It was originally motivated



by ADMM to solve the linearly constrained nonconvex
differentiable minimization problem [35], where they in-
troduce an extra quadratic proximal term for the equality
constraints and an extra sequence {zx}. They claim this
smoothing or exponential averaging scheme is necessary for
the convergence of the proximal ADMM when the objective
is nonconvex. Later on, this scheme is further extended to
solve the nonconvex-concave min-max optimization problem
[28].

B. Proof of Theorem

We consider, for ease of presentation, the case when
A € R"™™ s a square matrix. The extension for non-
square matrices is straightforward and has been covered in
the literature [36, Appendix GJ. Applylng the updates 2] to
f(x,y) = 2T Ay and denoting z = [x,y]T,2 = [&,9]"
yields:

[Zk+1 — z*} _ [zk — Mz, — p(z — 2;@)}
Zpp1 — 27 2k — p(2k — 21)
= p) I —nM pl 2 — 2*
a [ pl (1—p)1] [2}—2*} ’
3)

where

M

Il
=

)ﬂ
(=S

According to [3, Lemma 7]
Sp(M) = {+io|o* € Sp(AAT)}.

We will use opax and o, to denote the largest singular
value and smallest singular of matrix A, respectively. And
according to Assumption [2| we have o, > 0. Since M is
a normal matrix and diagonalizable, we can compute the
eigenvalues of the linear system (8) using the following
similarity transformation

[(1 —p)l—nM  pI } _
pl (I—p) ©
u-t o (1—-p)I—nA pl U o0
0o Ut ol (1—=p)I| |0 U|’
where A = diag(\1, ..., Aam), Agjm1 = +ioj, Ag; =

—io;, with +io; € Sp(M), j = {1, ...,m}. In order to show
hnear convergence, we want to show that max ;e | /1,]|

, where p; are the eigenvalues of the above matrlx ©
(i.e., the spectral radius of matrix (9)). As straight forward
computation leads to

1
i =5(2=2p =y £\ [0?AT + 4p%)

1 1
=1—p=+ z(énaj) + 3 4p2 —n’o3

Since, for complex number ¢, |c|?> = c¢, the magnitude of

eigenvalues |p;|?

> = (1 — p—&-z;noj + %1/4p — n%?) X
(1 —p— z%naj + % 4p2 — nzojz)
= (1-p)? +477 ol 4 I4p —n?os £ (1-p)R(y/4p%—n0?)
+ inoj\/ﬁlpz —n?0% F Znom/4p2 — 207

1-2p+2p%%(1—p)/4p%—n? 2 if4p2—n202-20

are given by,

1-2p+1n 02:t2170j n?o; —4p2 if n202—4p>>0
Suppose that for all j € [m], we choose 0<n< =<

% and p > 0, which implies 4p? — n? j > 0. Fronnln)@,
Vj € [m] we have,

3> =1—=2p+2p> + (1= p)y/4p> — n0?
<1—=2p+2p% + (1 - p)y/4p* — 203

<1 —=2p 420" + (1= p)y/4p® — nPoly,

<1—2p+2p*+ (1 —p)V/4p?
=1 .

According to classical linear system theory, e.g. [37, The-
orem 8.3], the above spectral radius analysis of the linear
system (8) results in the following linear convergence rate
estimate:

k
Vi, <O <<1—2p+2p2+(1—p)\/m) >V07

where Vi, = [lzi — 2 |2+ 1y — o |2+ [l — &2 + |13 —
7112

Furthermore, we want to select the optimal step size p, .
The immediate step is to substitute the optimal 1 = —22—,

which yields the following inequality: i

4p?
4p% — =

max

|1j? < 1=2p+2p"+(1 = p) o? \Vj € [ml.

The spectral radius is therefore given by choosing o; = omin
above, i.e.,

2
max\,u 2=2p% 20+ 1+ (1—p)2py /1 — Frmin
JjE[m Umax
_ p 2 2 1 InlIl ) p 2 2 1 IﬂlIl ) 1
max IIla.X

Sl—*l— 1— m1n
2




where the last inequality comes from selecting optimal p = %
of a quadratic polynomial of p. Using the fact that /1 — x <
1 —x/2, we have
2
12 <1 _ 2 %min
max " < 1= 7=

max

Again, this results in the following linear convergence rate
estimate:

<o ((1-45)") v

Remark 1: We could also choose n = i—pn such that
n?o% — 4p* > 0. And we could construct a similar linear
convergence rate by repeating the above process. However,
in practice, we found that the step sizes n = 03‘; -p=1/2
always perform better in numerical experiments. Therefore,
we choose this pair of step sizes by default.

Remark 2: Since GDA method could be interpreted as
a special case of DGDA method when selecting p = 0,
the above step proves that when 1 > 0, the GDA method
diverges for a bilinear objective function. Specifically, when

p=0,17>0, we have n°c? — 4p* > 0 and
1
2

il =1+
C. Proof of Theorem

The proof relies on the application of dissipativity theory
to construct Lyapunov functions and establish linear conver-
gence. For more detailed information, refer to [17].

According to [17], a linear dynamical system of the form:

(10)

Here, £ € R™¢ is the state, wy, € R™ is the input, A is the
state transition matrix and B is the input matrix. Suppose
that there exist a (Lyapunov) function V/, satisfying V' (§) >
0,V¢€ € R™, some 0 < o < 1 and a supply rate function
S (&g, wr) < 0,Vk such that

V(€rt1) — V(&) < S(&, wp). (11)

This dissipation inequality implies that V(&xq1) <
a?V (&), and the state will approach a minimum value ate
equilibrium no slower than the linear rate a?. The flowing
theorem states how to construct the dissipation inequality
by solving a semidefinite programming problem.
Theorem 5: [17][Theorem 2] Consider the following
quadratic supply rate with X € R(metnrw)x(netnw) apd

XT=X
s [ 5[g

If there exists matrix P € R™¢*"¢ with P > 0 such that
ATPA —o?P ATPB
BTpPA BTPB

2 2
77(7j7

Ekt1 = A&, + Bwy,

]—Xgo, (12)

then the dissipation inequality holds for all trajectories of
(T0) with V(¢) = ¢T P¢.

A major benefit of the proposed constructive dissipation
approach is that it replaces the trouble some component of a

dynamical system (e.g. the gradient term w = V¢ f(£)) by a
quadratic constraint on its inputs and outputs that is always
satisfied, namely the supply rate constraint S(&,w) < 0.
This leads to a two-step novel approach to the convergence
analysis of optimization algorithms.

1) Choose a proper quadratic supply rate function S such
that S(&x, wi) < 0,VEk, that depends on the specific
nonlinear term.

2) Solve the Linear Matrix Inequality (I2) to obtain a
storage function V' and finding the linear convergence
rate c.

We will apply this methodology to analyze the DGDA
update @). Let z = [z,9]7,2 = [2,9]7 and F(z,) =
(Vaof(xr,yr); —Vy f(zk, yx)), and rewrite ) as in the form

of (10):

] = [ o)

=[] [

where wy, = F'(z).

According to the previous discussion, the first step would
be to choose a proper quadratic supply rate function S such
that S(&, wi) < 0,Vk, where & = (zx; 2x) that depends
on the specific nonlinear term wy = F(z;). According to
the equations (7) in the work by Hu et al. (2017) [17] and
Lemma 6 from the research by Lessard et al. (2016) [19],
the following applies to the nonlinear operator F'(zj) that
meets the conditions specified in Assumption [T}

s = (3] 2 ]

The conditions in Assumption [I] are also commonly referred
to as being L-smooth and m-strongly monotone, as can be
found in related literature on variational inequality problems,
such as the works by [6], [20]]. Therefore, we could easily
extend the above LMI into the following supply rate function
for DGDA updates, by augmenting the states & = (zx; 2k ):

S(fkawk) =
w17 [ 2uLI 0 (—p+ L) [z
2k 0 0 0 Z| <0
Wk (—[L-I-L)I 0 21 Wk

as a proper quadratic supply rate function S(&,wy) < 0,
whenever wy, = F(zy).

Finally, according to Theorem [5| and the above discussion,
proving linear convergence reduces to finding a positive
definite a matrix P € R2(+m)x2(n+m) o € [0, 1) such that
(T2) is satisfied, where the problem parameters are given by

A:[lf’p p ]®I’B:{U}®L

1—p 0
ouL 0 (—p+1L)
X = 0 0 0 ®I,
(—p+L) 0 2



where ® is the Kronecker product. Due to the Kronecker
structure of this problem, this is equivalent to solving an
LMI problem of dimension 3 by 3, with design parameters
P=P®I, with P € R>*?, a2 € [0,1), p and 7. Because
this Linear Matrix Inequality is simple (3 by 3), it can be
solved using analytical methods. This, in turn, results in a
feasible solution for the LMI, denoted as follows:

_1 _ b
p_ 2? 77_ L+/14’
a2:3L2+2L,u+3u2+\/(L+u)4+16L2/ﬂ
4(L + p)? ’
(L +p)? 0
P= I.
0 (L + p)? @

After substituting the definition for condition number x :=
L/, the convergence rate o simplifies to:
o®=1-r"'+0((£))

D. Proof of Corollary

According to Theorem [3] the linear convergence rate
estimate of DGDA is

3L +2Lp+ 312 + /(L + p)* + 16 L2p2
4(L + p)?

_ 3K% 426+ 3+ /(K + 1) 4 16k2

4(k +1)2 ’

where k = L/ p.

According to Theorem 6&7 [3] and Theorem 4&7 [2], the
standard known linear convergence rate estimate of EG and
OGDA is

By simple algebraic calculation, it can be shown that as a
function of x, when x > 2, the following polynomial is
always nonnegative, i.e.,

1 3/@2+2m+3+\/(/€+l)4+16/€2>0

4K 4(k + 1)2
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