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Coherence and Concentration in Tightly-Connected Networks

Hancheng Min, Richard Pates and Enrique Mallada

Abstract—The ability to achieve coordinated behavior—
engineered or emergent—on networked systems has attracted
widespread interest over several fields. This interest has led to
remarkable advances in developing a theoretical understanding
of the conditions under which agents within a network can
reach an agreement (consensus) or develop coordinated behavior,
such as synchronization. However, much less understood is the
phenomenon of network coherence. Network coherence generally
refers to nodes’ ability in a network to have a similar dynamic
response despite heterogeneity in their individual behavior. In
this paper, we develop a general framework to analyze and
quantify the level of network coherence that a system exhibits
by relating coherence with a low-rank property of the system.
More precisely, for a networked system with linear dynamics and
coupling, we show that, as the network connectivity grows, the
system transfer matrix converges to a rank-one transfer matrix
representing the coherent behavior. Interestingly, the non-zero
eigenvalue of such a rank-one matrix is given by the harmonic
mean of individual nodal dynamics, and we refer to it as the
coherent dynamics. Our analysis unveils the frequency-dependent
nature of coherence and a non-trivial interplay between dynamics
and network topology. We further show that many networked
systems can exhibit similar coherent behavior by establishing a
concentration result in a setting with randomly chosen individual
nodal dynamics.

I. INTRODUCTION

Coordinated behavior in network systems has been a popular
subject of research in many fields, including physics [2],
chemistry [3], social sciences [4], and biology [5]. Within
engineering, coordination is essential for the proper operation
of many networked systems including power networks [6],
[7], data and sensor networks [8], [9], and autonomous trans-
portation [10]-[13]. While there exist many expressions of this
behavior, two forms of coordination have particularly received
thorough attention by the control community: Consensus and
synchronization.

Consensus [4], [11]-[16], on one hand, refers to the ability
of the network nodes to asymptotically reach a common value
over some quantities of interest. Many extensions of this
problem include the study of robustness and performance of
consensus networks in the presence of noise [12]-[14], time-
delay [15], [16], and switching graph topology [16]. Synchro-
nization [5], [8]-[10], [17]-[19], on the other hand, refers to
the ability of network nodes to follow a commonly defined
trajectory. Although for nonlinear systems synchronization is
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a structurally stable phenomenon, in the linear case [10],
[17]-[19], synchronization requires the existence of a common
internal model that acts as a virtual leader [18], [19].

A closely related notion of coordination emerges when look-
ing at how the network agents collectively respond to distur-
bances. In this setting, agents with noticeably different input-
output responses, can present a similar, i.e., coherent, response
when interconnected. A vast body of work, triggered by the
seminal paper [13], has quantitatively studied the role of the
network topology in the emergence of coherence. Examples
include, directed [14] and undirected [20] consensus networks,
transportation networks [13], and power networks [7], [21]-
[23]. The key technical approach amounts to quantify the
level of coherence by computing the H{2-norm of the system
for appropriately defined nodal disturbance and performance
signals. Broadly speaking, the analysis shows a reciprocal
dependence between the performance metrics and the non-
zero eigenvalues of the network graph Laplacian, validating
the fact that strong network coherence (low Hy-norm) results
from the high connectivity of the network (large Laplacian
eigenvalues). Unfortunately, the analysis strongly relies on
a homogeneity [13], [14], [20]-[23] or proportionality [7]
assumption of the nodal transfer functions, and thus fails
to characterize how individual heterogeneous node dynamics
affect the overall coherent network response.

In this paper, we seek to overcome these limitations by
formalizing network coherence by the presence of a low-rank
structure, of the system transfer matrix, that appears when
the network feedback gain is high. More precisely, we show
that for linear networks, as the network’s effective algebraic
connectivity (a frequency-dependent notion to be later defined)
grows, the system transfer matrix converges to a rank-one
transfer matrix with identical element-wise transfer functions.
Interestingly, this transfer function is given by the harmonic
mean of individual nodal dynamics, which we refer to as
coherent dynamics. Furthermore, we provide the concentration
result of such coherent dynamics in large-scale stochastic
networks where the node dynamics are given by random
transfer functions.

This frequency domain analysis provides a deeper char-
acterization of the role of both, network topology and node
dynamics, on the coherent behavior of the network. In par-
ticular, our results make substantial contributions towards
the understanding of coordinated and coherent behavior of
network systems in many ways:

e We present a general framework in frequency domain
to analyze the coherence of heterogeneous networks. We
show that network coherence emerges as a low rank
structure of the system transfer matrix as we increase
the effective algebraic connectivity—a frequency-varying



quantity that depends on the network coupling strength
and dynamics.

o Unlike previous works, our analysis applies to networks
with heterogeneous nodal dynamics, and further provides
an explicit characterization in the frequency domain of
the coherent response to disturbances. Thus, in this way,
our results highlight the contribution of individual nodal
dynamics to the network’s coherent behavior.

o The analysis further suggests that network coherence is
a frequency-dependent phenomenon. That is, the ability
for nodes to respond coherently depends on the frequency
composition of the input disturbance. We further ex-
plicitly connect our frequency domain analysis to time
domain notions of coherence.

o By providing an exact characterization of network’s co-
herent dynamics, our analysis can be further applied in
settings where only distributional information of the net-
wok composition is known. More precisely, we show that
the coherent dynamics of tightly-connected networks with
possibly random nodal dynamics are well approximated
by a deterministic transfer function that only depends on
the statistical distribution of node dynamics.

Prior works on coherence primarily study homogeneous
networks [13], [22], [23] and proportional networks [7], where
the network can be diagonalized into n individual dynamics,
each corresponding to one eigenvalue of the network Lapla-
cian. However, such techniques to study coherence cannot
be generalized to non-proportional heterogeneous networks.
In fact, in such setting, it is a priori unclear what a good
representation of the coherent response is. Our new frequency
domain framework allows one to analyze coherence in general
heterogeneous networks.

Notably, the problem of characterizing coherent dynamics
is unique to heterogeneous networks, since the coherent dy-
namics for homogeneous networks are exactly equal to the
common nodal dynamics. In real applications, however, such
as power networks, such characterization is relevant to model
reduction [24]-[26] and control design [27]. Our analysis
provides, in the asymptotic sense, the exact characterization
of coherent dynamics that can be used in control design for
heterogeneous networks.

The paper is organized as follows. In Section III and
Section IV we present respectively the point-wise and uniform
convergence results of network transfer matrix as the network
connectivity increases. In Section V, the dynamics concentra-
tion in large-scale networks is discussed. In Section VI, we
apply our analysis to consensus networks and synchronous
generator networks. Conclusions are presented in Section VII.

Notation: For a vector z, ||z|| = VaTx denotes the 2-
norm of z, and for a matrix A, o;(A) denotes the ith smallest
singular value of A, ||A]l denotes the spectral norm of A.
Particularly, if A is real symmetric, we let \;(A) denote the
ith smallest eigenvalue of A. For two sets S1, S2, we let S1\.52
denote the set difference.

We let I,, denote the identity matrix of order n, 1 denote
column vector [1,---,1]T, [n] denote the set {1,2,---,n}
and N denote the set of positive integers. Also, we write
complex numbers as a + jb, where j = /—1.

II. PROBLEM SETUP

Consider a network consisting of n nodes (n > 2), indexed
by i € [n] with the block diagram structure in Fig.1. L is
the Laplacian matrix of the weighted graph that describes
the network interconnection. We further use f(s) to denote
the transfer function representing the dynamics of network
coupling, and G(s) = diag{gi(s)} to denote the nodal
dynamics, with g;(s), @ € [n], being an SISO transfer function
representing the dynamics of node 3.

u 7:

Fig. 1. Block diagram of general networked dynamical systems

Under this setting, we can compactly express the transfer
matrix from the input signal vector u to the output signal
vector y by

T(s) = (In+G(s)f(s)L)"'G(s)

(I, + diag{gi(s)} f(s)L) "diag{gi(s)}. (1)

Many existing networks can be represented by this structure.
For example, for the first-order consensus network [11], [15],
f(s) =1, and the node dynamics are given by g;(s) = <. For
power networks [7], [22], f(s) = %, gi(s) are the dynamics
of the generators, and L is the Laplacian matrix representing
the sensitivity of power injection w.r.t. bus phase angles.
Finally, in transportation networks [11], [12], g;(s) represent
the vehicle dynamics whereas f(s)L describes local inter-
vehicle information transfer.

Throughout this paper, we make the following assumptions,
all of which are mild and commonly satisfied by several
models that analyze the above-mentioned applications.

Assumption 1. The closed-loop system (1) satisfies:
1) All g;(s), i = 1,---,n and f(s) are rational proper
transfer functions;
2) Laplacian matrix L is real symmetric;
3) Any pole of f(s) is not a zero of any of g;(s), i =
1, ,n.
A straight forward application of the symmetry assumption
in L comes from its eigendecomposition

L=VAVT, )
VTV = I,, and A =

s) as

where V = [% VL}, vvT —

diag{\;(L)} with 0 = A1 (L) < Ay
Using now (2) we can rewrite 7T'(

(In + diag{gi(s)} f(s)L) ™ 'diag{gi(s)}

(diag{g; " ()} + f(s)L) "

(diag{g; ()} + F(s)VAVT) !

= V(VTdiag{g; '(s)}V + f(s)N)"'VT. (3

T(s) =



As mentioned before, we are interested in characterizing
the behavior of the closed-loop system T'(s) of (1) as the
connectivity of L, i.e. A\o(L), increases. To gain some insight
we first consider the following simplified example.

A. Motivating Example: Homogeneous Node Dynamics

Suppose g;(s) are homogeneous, i.e., g;(s) = ¢(s). Then
using (3) one can decompose 7'(s) as follows

v,

“4)
where the network dynamics decouple into two terms: 1) the
dynamics % g(5)117 that is independent of network topology

and corresponds to the coherent behavior of the system; 2)
the remaining dynamics that are dependent on the network

T(s) = %9(3)11T+V¢diag {g—l(s) _|_1f(5))\i(L) }-2

structure via both, the eigenvalues \;(L),7 = 2,--- ,n and the
eigenvectors V. Notice that |f(s) 2(L)| < |f(s)\i(L)],i =
2,...,n, then 1g(s)117 is dominant in T(s) as long as

| f(s)A2(L)| (later referred as effective algbraic connectivity),
is large enough to make the norm of the second term in (4)
sufficiently small. Following such observation, we can find two
regimes where the coherent dynamics % g(s)117 is dominant:

1) (High network connectivity) for almost every sg € C,
except for the poles of g(s), the following holds:

lim =0.

1
T - = 117

Furthermore, one can verify that if a compact set S C C
contains neither zeros nor poles of g(s), the following
holds:
1
T(s) — —g(s)11"
n

lim sup =0.

A2(L)—o0 se8

2) (High gain in coupling dynamics) If s is a pole of f(s),
and A2(L) # 0, then

lim =0.
S—So

T(s) — %g(s)llT

Such convergence results suggest that if 1) the network
has high algebraic connectivity, or 2) our point of interest in
frequency domain is close to pole of f(s), the response of the
entire system is close to one of £ g(s)117. We refer 1g(s)117
as the coherent dynamics' in the sense that in such system,
the inputs are aggregated, and all nodes have exactly the same
response to the aggregate input. Therefore, coherence of the
network corresponds, in the frequency domain, to the property
that the network’s transfer matrix approximately having a
particular rank-one structure, and thus coherence increases
as we increase the network connectivity, as depicted in Fig. 2.

The aforementioned analysis can be extended to the case
with proportionality assumption, i.e., g;(s) = p;g(s) for some
g(s) and p; > 0,i = 1,--- ,n, where one can still obtain
decoupled dynamics through proper coordinate transforma-
tion [7]. However, it is challenging to characterize the coherent

'We also refer g(s) as the coherent dynamics since transfer matrix of the
form % 9(5)117 is uniquely determined by its non-zero eigenvalue g(s).
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Fig. 2. The network coherence can be understood as approximating (left) the
closed-loop networks dynamics 7T'(s) by (right) a coherent dynamics governed
by an SISO dynamics §(s).
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dynamics without the proportionality assumption. Our work
precisely aims at understanding the coherent dynamics of non-
proportional heterogeneous networks.

Remark 1. In this paper, we write most of our convergence re-
sults in the high connectivity regime as the limit of differences
in norm when \o(L) — oo for simplicity. However, one does
not require infinitely high connectivity to achieve coherence.
These limits suggests, under sufficiently high connectivity, the
transfer matrix T(s) is, in some sense, close to coherent
dynamics %g(s)llT. The precise non-asymptotic result is
presented in Lemma 4. Moreover, notice that in the other
regime around pole of f(s), we only requires the network to
be connected.

B. The Goal of This Work

In this paper, we would like to show that even when g;(s)
are heterogeneous, similar convergence result still holds. More
precisely, we will, in the following sections, discuss the point-
wise and uniform convergence of T'(s) to a transfer matrix
of the form % G(5)117, as the effective algebraic connectiv-
ity |f(s)A2(L)| increases. However, unlike the homogeneous
node dynamics case where the coherent behavior is driven by
g(s) = g(s), we will show that the coherent dynamics g(s)
are given by the harmonic mean of g;(s),i =1, -+ ,n, i.e.,

i(s) = (iZgﬂ(s)) : )

Such asymptotic analyses under high connectivity serve two
main purposes. Firstly, using the coherent dynamics g(s),
one can infer the point-wise convergence of T'(s) as Az(L)
increases. In particular, we show that

1) For a point that is neither a pole nor a zero of g(s), T'(s)
converges to +g(s)117;

2) Poles of g(s) are asymptotically poles of T'(s);

3) Zeros of g(s) are asymptotically zeros of T'(s).

Secondly, uniform convergence of T'(s) explains the coherent
behavior/response of a tightly-connected network subject to
disturbances. To see the connection, recall the Inverse Laplace
Transform [28, Theorem 3.20] computes the system time-
domain response by integration on the line {0 + jw : w €
[—00,+o0]} in frequency domain with a suitable o. Then
uniform convergence of T'(s) on this line would show that
time-domain response of the network converges to one of
the coherent dynamics % G(5)117 as network connectivity
increases. However, we will see that such convergence does



not hold for most networks through our analysis and subse-
quent examples, which suggests that the coherence we analyze
here is a frequency-dependent phenomenon. On that note,
one generally resort to weaker convergence results on a line
segment {0 + jw : w € [~we, +w,]} for some w, > 0, which,
once established, justifies the coherent behavior of tightly-
connected networks subject to low-frequency disturbances (see
Section IV-D). Since the set above is a compact subset of C,
we are mostly discussing the uniform convergence results over
compact sets. Moreover, we also show the convergence in the
other regime: 7'(s) is coherent around the pole of f(s). This
suggests that the network responses coherently, when subject
to input signals that has its frequency component concentrate
around pole of f(s), and we show such an example in power
networks in Section VL.

One additional feature of our analysis is that it can be
further applied in settings where the composition of the
network is unknown and only distributional information is
present. More precisely, we will extend such convergence
results by considering a tightly-connected network where node
dynamics are given by random transfer functions. As the
network size grows, the coherent dynamics §(s) converges in
probability to a deterministic transfer function. We term such a
phenomenon, where a family of uncertain large-scale tightly-
connected systems concentrates to a common deterministic
system, dynamics concentration.

Remark 2. In order for the frequency domain analysis pro-
vided to be meaningful, it is necessary that both the transfer
functions T(s) and T(s) — 117§(s) are stable. Since our
primary focus is on the interpretation of the frequency domain
results, we are largely working under the tacit assumption that
these transfer functions are stable whenever required. Some
simple passivity motivated criteria that ensure stability even
as \o(L) becomes arbitrarily large are given in Theorem 2.
It should also be noted that there exist a range of scalable
stability criteria in the literature that can be used to guarantee
internal stability of the feedback setup in Figure 2. Perhaps
the most well known is that if each g;(s) is strictly positive
real, and f(s) is positive real, then the transfer functions g(s)
and

s e e 1

are stable (see e.g. [29]). Alternative approaches that can be
easily adapted to our framework that give criteria that allow
for different classes of transfer functions include [30]-[32].

C. Preliminaries

Before presenting our results, we first state a few facts and
preliminary results that are used in later proofs.
1) Basic Results on Vectors and Matrices: The following
results can be found in [33].
o Norm Inequalities: Let x,y € R™ and A, B € R™*", we
have

2-Norm compatibility: Az|| < ||Allllz]|, (6)

2-Norm sub-multiplicativity: || AB| < [|A||||B]|, (7)

2Tyl < Jl=llllyll- ®)

A B

C D
with A, D being square matrices, its inverse can be
written as

Cauchy-Schwarz:

o Inverse of Block Matrix: For block matrix M =

—-S~1BD™!
D! +D16’SlBD1} 7
9)
A — BD7'C, provided that all relevant

1 St
M= =1_p1ps
where S =
inverses exist.
2) Inequalities for singular values: We also provide several
inequalities for matrix singular values from [33, 7.3.P16]
which will be used in our proofs.

Lemma 1 (Weyl’s Inequality). Let A, B be square matrices
of order n, the following inequalities hold:

IAB| = [[Allow(B), (10a)
01(AB) < ||Allo1(B), (10b)

Lemma 1 allows us to obtain a useful bound on the spectral
norm of (A + B)~!. We state it as another Lemma as it will
be repeatedly used in sections III and IV:

Lemma 2. Let A, B be square matrices of order n. If o1(A) >
|B|| > 0, then the following inequality holds:
1
I(A+B) ™| € -
o1(A) - ||B]|
Proof. By (10c), we have
01(A) <o1(A+B)+| — BJ.
Then as long as 01(A) > ||B]| > 0, it leads to
1 1
< ;
o1(A+B) = o1(4) — || B|
and the left-hand side is exactly ||(A + B)~!||. O

3) Grounded Laplacian Matrix: For a n x n Laplacian
matrix L, we select an index set I C [n]. Then the grounded
Laplacian L is the principal submatrix of L obtained by
removing the rows and columns corresponding to the index
set I. The following lemma relates the eigenvalues of L and
L.

Lemma 3. Given a n x n symmetric Laplacian matrix L, let
L be its grounded Laplacian corresponding to a index set 1
with |I| = m < n. Then for the least eigenvalue of L, the
following inequality holds:

(L) 2 T X (L)

The proof is shown in the Appendix.A. This lower bound
shows that for weighted graphs with fixed network size n, as
A2(L) — oo, we also have \;(L) — oo. This result is used in
section III and IV when we present the convergence analysis
regarding zeros of g(s).

Now we are ready for the main results of this paper, and
we start with the exact characterization of coherent dynam-
ics of tightly-connected networks by proving the point-wise

convergence of T'(s).



III. POINT-WISE COHERENCE Also, by Lemma 2, when | f(so)|A2(L) > Mo, the following

In this section, we analyze the strength of network coher- holds:
ence at a single point in the frequency domain. We start with ||H2}1|| = H(f(so)]\ + Vfdiag{g{l(so)}VL)_lﬂ
an important lemma revealing how such coherence is related 1
to algebraic connectivity A\o(L) and feedback dynamics f(s). < o1 (f(s0)A) — [VTdiaglg, (s0)} VLl
Lemma 4. Let T(s) and g(s) be defined as in (1) and (5), < 1 < ' 1 (14)
respectively. Suppose that for sy € C that is not a pole of - Ul(f(So)A) — My ~ |f(s0)|Aa(L) — My~

, we h .
J(s). we have Again (14) uses the fact that |V || = 1, the function y%T is

13(s0)| < My,and max |g; ' (so)| < Mo, decreasing in y and increasing in z, and, by our assumption,

tsisn |diag{g; ! — <n |95 (50)] < M.

g{g; " (s0)} = maxicicn |g; " (s0)| < M.
for some My, My > 0. Then for large enough A\3(L), the Lastly, when |f(so)[Ma(L) > My + M2ZM,, a similar
following inequality holds: reasoning as above, using (13) (14), and our assumption

1 (My My +1)? |g(s0)| < My, gives
|7(60) - Latson1a?]| < . I
n |f(s0)|A2(L) — Mg — My M; la| < — |
(11) 197 (s0)| — [hay Hay haa
1
Proof. Let H = V' diag{g; ' (s0)}V + f(s0)A, such that (3) < p= T
becomes g ' (s0)| = ha1[I*[| Hay ||
T(s)=VH VT, < 1
- My
Then it is easy to see that My [f(so)[xa(L)— Mo
L _ (S Gs0)[Aa(L) — M) My (15)
HT(SO) - ng(so)llTH = [T (s0) — g(s0)Veref V| |f(s0)[A2(L) — My — My M3’

1 N T where in the second inequality, we used norm compati-
= |V (#H™" = g(s0)erer ) V'] bility and Cauchy-Schwarz inequality (8) to upper-bound
= [|[E7" —g(so)esel || . (12) AT, Hozhan .

Now we bound the norm of H~! — g(sqg)ejef by the sum

where e is the first column of identity matrix I,,. The first of norms of all its blocks:

equality holds by noticing that % is the first column of V, . .
and the last equality comes from the fact that multiplying by [H™" —g(so)ereq ||
a unitary matrix V' preserves the spectral norm. ag(so)hd Hyy' hoy —ahd, Hy'

We now write H in block matrix form: —aH3 hoy Hy' + aHyy hot h Hyt

H = VTdiag{g; '(s0)}V + f(s0)A < |ag(so)hgy Hoy' hot| + 2||aH s, ho |
EES + [ Hay' + aHyy horhgy Hy' |
= | V| diag{g; ‘(s {i VJ_} + f(s0)A - _
Vi ] sl [vm ]+ i) < 155" N o) o+ 20|+ o 2175511
-1
§71(so) %diag{g;l(so)}‘ﬂ + HHQQ Ha (16)
Vfdiag{g;l(so)}% VI diag{g; ' (s0)}VL + f(SO)A Using (13)(14)(15), we can further upper bound (16) as
— [?71(30) h2T1] |H™! — g(so)eret |
= I Hool My M3
Lo e o MEMS 420 My + rpiat-in
where A = diag{A\2(L),- -, A\(L)}, and we use the fact that - |f(s0)|A2(L) — My — My M3
A1(A) = 0. 1
Inverting H in its block form as in (9), we have T |f(50)[Xa(L) — My
H'= [ “ L ohe 1] = (84, + 1) : (17)
—aHyy hoy Hyy' +aHyy hothdy Hyy' | |f(50)|A2(L) — Mz — My M;
where @ = —— L This bound holds as long as |f(so)|A2(L) > My + MZM;.
s0)— o L . T .
Notice that [V 21 123 nd ||1]| = v/, we have Combining (12) and (17) gives the desired inequality. L]

1 Lemma 4 provides an upper bound for the incoherence
Vfdiag{ g; ! (s0)}—= H measure we are interested in, namely how far apart the system

v transfer matrix is, at a particular point in the frequency domain,
V]| Hdiag{gi_l (50)}l @ < M,, (13) from being rank-one with coherent direction 1117, Notice

| ho1l| =

IN

n
that this incoherence measure also provide upper bounds for

where (13) follows from the norm compatibility (6) and that

_ 1_ T
matrix 2-norm is sub-multiplicative (7). mgx T35 (s0) — g(so)| < ’ T'(so0) — 59(50)11




i

1
macx (T3 (50) — Tia(s0)] < 2 HT<50> ~ Lgtsa”

2,9

thus the transfer function from any input channel to any node
output is approximately g(s), if the incoherence measure is
small.

We make following additional remarks:

Lemma 4 provides a non-asymptotic rate for our incoher-
ence measure

Teomem) 1Y
A large value of |f(sg)|A2(L) is sufficient to have the inco-
herence measure small, and we term this quantity as effective
algebraic connectivity. We see that there are two possible
ways to achieve such point-wise coherence: Fither we increase
the network algebraic connectivity \2(L), by adding edges to
the network and increasing edge weights, etc., or we move
our point of interest sp to a pole of f(s). This point-wise
coherence via effective connectivity provides the basis of
our subsequent analysis. Moreover, such coherence could be
achieved by practical networks, and in Section VI, we apply
our results to understand the coherent response of power
generator networks.

Secondly, the upper bound is frequency-dependent since
it is provided at a single point sy in the s-domain. To see
such dependence, notice that sy near a pole of f(s) has
large effective algebraic connectivity, hence the system is more
coherent around poles of f(s); On the contrary, so near a pole
of g(s) requires large M; for the condition of Lemma 4 to
hold, and readers can check that sq near a zero of g(s) requires
large M, therefore for at these points, it is more difficult for us
to upper bound the incoherence measure by Lemma 4. Such
dependence makes it challenging to understand the network
coherence uniformly in the entire frequency domain.

Last but not least, Although Lemma 4 provides a sufficient
condition for the network coherence to emerge, i.e. the in-
creasing effective algebraic connectivity, it is still unknown
whether such a condition is necessary. In other words, we do
not know whether low effective algebraic connectivity means
some kind of incoherence. This problem seems trivial for
the extreme case: if |f(sg)] = 0 or L = 0, the feedback
loop vanishes, and every node responses independently, but
certainly not otherwise.

When the condition in Lemma 4 is satisfied, the system
is asymptotically coherent, i.e. T(sy) converges to Lg(so)
as the effective algebraic connectivity |f(so)|A2(L) increases.
As we mentioned above, we can achieve this by increasing
either Ao(L) or |f(so)|, provided that the other value is
fixed and non-zero. Subsection III-A considers the former and
Subsection III-B the latter.

Before presenting with the results, we define

1 M2M?2
o | 0530

Definition 1. For transfer function g(s) and sy € C, sq is a
generic point of g(s) if sg is neither a pole nor a zero of g(s).

As we have seen through the discussions above, we always
require some generic point assumptions for either g(s), f(s),
or both. Those points are of the most interest in this paper but

we will provide some results for the cases where the generic
assumption fails.

A. Convergence at Generic Points of f(s)

In this section we keep sg fixed and present the point-wise
convergence result of T'(sg) as A2(L) increases. This requires
S0 to be a generic point of f(s).

Notice that for any s that is also a generic point of g(s), we
can always find such Mj, M5 > 0 and large enough Ao (L) for
the upper bound in (11) to hold. Furthermore, given fixed M;
and Mo, one can let the upper bound be arbitrarily small by
increasing A2(L), which leads to the point-wise convergence
of T'(sp), as stated in the following theorem.

Theorem 1. Let T'(s) and G(s) be defined as in (1) and (5),
respectively. If so € C is a generic point of both g(s) and
f(s), then

lim =0.

1
T(so) — —g(s0)117
i 7e0) = Lt

Proof. Since sq is not a pole of §(s), |g(so)| is trivially upper
bounded by some M; > 0. Also, it is easy to see that sq is
not a zero of g(s) if and only if sq is not a zero of any g;(s).
Then max;<;<n |§~*(s0)| is upper bounded by some My > 0.
Therefore the conditions of Lemma 4 are satisfied. We finish
the proof by taking \o(L) — +o0o on both sides of (11). O

Theorem 1 establishes the emergence of coherence at
generic points of g(s). This forms the basis of our analysis,
yet requires such sp satisfying generic conditions. A more
careful analysis shows that, as A\o(L) — +oo, the pole of
g(s) is asymptotically a pole of T'(s), and the zero of g(s) is
asymptotically a zero of T'(s), as stated in the following two
theorems.

Theorem 2. Let T'(s) and g(s) be defined as in (1) and (5),
respectively. If so € C is a pole of g(s) and a generic point
of f(s), then

lim

T = +00.
Llim T Gso)] = 4o

Proof. Similarly to the proof of Lemma 4, we define H =

VTdiag{g; *(s0)}V + f(s0)A and now we need to show that

IT(s0)|| = |[H!|| grows unbounded as Az(L) — +oc.
Write H in block matrix form:

" 9" (s0) Jrdiag{g; " (s0)} V1
VIdiag{g; '(s0)} 7 VI diag{g; '(50)}VL + f(s0)A
_ [0 ng
' h21 H22 ’

by noticing that g~1(sp) = 0 because s is a pole of g(s).
Inverting H in its block form gives

H ' = { o = _ahnglH;QIT 1}
—aHyy oy Hyy + aHyy hoihyy Hyy

- 1 PP [
=a |:_H221h21:| 1 —h3 Hy'| + [0 le} ,

1

where a now is given by ¢ = ———+—1—.
& y hleH221h21



Then from (19), when Ao(L) is large enough, we can lower
bound ||[H | by

T
H—l > _ _ — —
H H = |:H221h21] |:H221h21:| H |:O H221:| ‘
N g
|h3, Hay o | || [~ Hzz' b .
1
D ||H71||
|h2TlH221h21| ”
1 _
1H35, (20)

= T BIH=N
1oz 2] H 37

where in the second inequality, we simply use the fact that the
norm of a vector is lower bounded by its first entry.

Because s( is a pole of g(s), it cannot be a zero of any
gi(s); otherwise this would lead to the contradiction g(sg) =
0. Therefore, max;<;<y, |g; '(s)| is upper bounded by some
M > 0. Similarly to (13) and (14), we have ||ho1|| < M and
EH{;H < m Then (20) can be lower bounded

_ 1
Y > e —
[h21][*[| Ha |
1 1
S T [flso)ba(l) — M
TG0 A2 (L)~ 0/172
(If (s0)[A2(L) = M)* — M*
M2(|f(s0)[X2(L) — M)
This lower bound holds when | f(sg)|A2(L) > M, and it grows
unbounded as A\3(L) — +oo, which finishes the proof. O

1"

Remark 3. Theorem 2 does not suggest whether the network
is asymptotically coherent at poles of g(s). Our incoherence
measure ||T(so) — 2g(so)117 || is undefined at such poles.
Alternatively, for so the pole of g(s), one can prove that
when 1~\/)\2(L) — Ajm as Mo(L) — oo, we have the
”;Ezzg” — %’y(Alim)llTH — 0, for some y(Ajm) € C
determined by Ay with |y(Alim)| = 1. We leave the formal
statement to Appendix.B. This suggests that T'(so) has the de-
sired rank-one structure for coherence. While the normalized
transfer matrix is not discussed in this paper due to the space
constraints, such formulation is better for understanding the
network coherence at the poles of §(s).

limit H

Next, the convergence result regarding the zeros of g(s) is
stated as

Theorem 3. Let T'(s) and G(s) be defined as in (1) and (5),
respectively. If so € C is a zero of g(s) and a generic point
of f(s), then

lim

T(s =0.
Lm0l

Proof. Since sq is a zero of g(s), it is the zero of at least
one g;(s). Without loss of generality, suppose g;(so) = 0 for
1<i<mand gi(sg) #0 form+1<i<n.

If m = n, then T'(sg) = 0. We only consider the non-trivial
case when m < n. The transfer matrix is now given by

T(s0) = (In+ G(s0)f(s0)L)~'G(s0)

I 0 -
_ m mXx(n—m) B G
|:O(nm)><m In—m + G(So)f(SO)L:| (80)
_ |: Omxm ~Om><(n7m)~ B :|
O(n—m)xm (Infm + G(SO)f(SO)L)_lG(SO) 7
(21

where G(s) = diag{gmi1(s), - ,gn(s)} and L is the
grounded Laplacian of L by removing the first m rows and
columns.

By Lemma 3, when \; (L) is large enough, we have

1T Cso)l = I(n—rm + é(So)f({o)fz)’lé(SO)ll
= (G (s0) + f(s0)L) 7"

<

[f(s0) A (L) =[G~ (s0)ll
Since g;(so) # 0 for m + 1 <4 < n, maxX,4i<i<n \gi_l(so)|
is upper bounded by some M > 0. Then we have
1
\f(80)|>\1(i) - M

By Lemma 3, we know that A\, (L) — +o00 as Ay(L) — oo,
then

1T (s0)l| < (22)

lim 1 =
Aa(L)=oo | f(s0)[A1(L) — M

We finishes the proof by taking Ay(L) — +oo on both sides
of (22) O

Remark 4. The limit in Theorem 3 can still be written as
limy, (1) +oo | T(s0) — £5(s0)117 || = 0, because sy is a
zero of §(s). However, we here emphasize the fact that the
system is not coherent at sg under normalization because
T(s0)/|IT(s0)| does not converge to Ly117 for any v € C.

So far, we have shown point-wise convergence of T'(s)
towards the transfer function % g(s)117, from which we assess
how network coherence emerges as connectivity increases.
In Remark 3 and 4 we see that the incoherence measure
|17 (s0) — 2g(s0)117|| is insufficient for understanding the
asymptotic behavior at zeros or poles of g(s), and that the al-

ternative measure H I\;Ezggl\ — %vllTH is a good complement
for such purpose.? The latter measure, \I£E§33H - %yllT’ ,

focuses more on the relative scale of eigenvalues of T'(s). In
this paper, we mostly use the former, ||T(so) — 1§(s0)117],
and particularly when presenting the uniform convergence
results; because we are interested in connecting these results
to the network time-domain response.

B. Convergence Regarding Poles of f(s)

As mentioned before, when sg is a pole of f(s), it is a
singularity of 7'(s). Under certain conditions, one can observe

2As A2(L) increases, for pole of g(s), the latter measure converges to 0
given suitable conditions but not for the former; for zero of g(s), the opposite
result holds; for generic point of g(s), both incoherence measures converge
to 0.



that high-gain in f(s) plays a role similar to Ao(L). The result
uses Lemma 4 and is stated as follows.

Theorem 4. Let T(s) and §(s) be defined as in (1) and (5),
respectively. Suppose Ao(L) > 0. If s € C is a generic point
of g(s) and sq is a pole of f(s), then

lim =0.
S$—So

T(s) ~ Tg(s)11"

Proof. Since s is neither a zero nor a pole of g(s), 36 > 0
such that Vs € U(sg,0) = {s : |s — so| < d}, we have
1574 (s)] < M; and maxj<i<,|g; *(s)] < My for some
My, My > 0.

By Lemma 4, Vs € U(sg, ), the following holds

_ (M M; + 1)
~|f(s)[ X2 (L) — My — My MG
Taking s — s on both side, notice that lim_, 5, | f(s)| = +o0,
the limit of right-hand side is O.

|766) - Lot

In other words, at pole of f(s), the network effect
is infinitely amplified. The effective algebraic connectivity
|7 (s)|A2(L) grows unbounded as s approaching the pole of
f(s). As aresult, the frequency response of T'(s) is exactly the
one of %g(s)llT. Hence network coherence naturally arises
around poles of f(s).

IV. UNIFORM COHERENCE

We now leverage the point-wise convergence results of
Section III to characterize conditions for uniform convergence.
This will allow us to connect our analysis with time domain
implications, as discussed in II-B.

We start by showing uniform convergence of T'(s) over
compact regions that do not contain any zero or pole of g(s).
While the uniform convergence does not hold over regions
containing such zeros or poles in general, we prove that in
some special cases, the uniform convergence around zeros of
g(s) does hold. Finally, we provide a sufficient condition for
uniform convergence of T'(s) on the right-half plane, which
implies the system converges in H, norm.

A. Uniform Convergence Around Generic Points of §(s)

Again, similarly to the point-wise convergence, we discuss
uniform convergence of T'(s) over set S that satisfies the
following assumption

Assumption 2. S C C satisfies sup,cg|f(s)] < oo and
infses [f(s)] > 0.

Such an assumption guarantees all points in the closure
of S are generic points of f(s). This property prevents
any sequence of points in S that asymptotically eliminates
or amplifies the network effect on the boundary of S. In
subsequent sections, we denote Fj, := sup,cg|f(s)| and
F; :=infses |f(s)| > 0.

Recall that in Section III, point-wise convergence is proved
by choosing M7, Ms > 0 such that the conditions in Lemma
4 are satisfied at a particular point sg. Then, finding universal
My, Ms > 0 that work for every sp in a set S C C suffices

to show uniform convergence over S. Such a process is
straightforward if S is compact:

Theorem 5. Let T'(s) and g(s) be defined as in (1) and (5),
respectively. Then given a compact set S C C, if S satisfies
Assumption 2 and does not contain any zero or pole of §(s),
we have

=0.

lim  sup

1
T(s) — —g(s)11T
o, Sup (s) ng(s)

Proof. On the one hand, since S does not contain any pole
of g(s), g(s) is continuous on the compact set S, and hence
bounded [35, Theorem 4.15]. On the other hand, because S
does not contain any zero of g(s), every g; '(s) must be
continuous on S, and hence bounded as well. It follwos that
max;<;<y |g; '(s)| is bounded on S, and the conditions of
Lemma 4 are satisfied for all s € S with a uniform choice of
M and M,. By (11), we have

_ (MM +1)?
= Fido(L) — My — My M2’

where F; = infscg|f(s)]. We finish the proof by taking
A2(L) — 400 on both sides. O

sup
ses

T(s) — %g(s)llT

As we already discussed in Remark 3, if S contains poles of
g(s), sup,cg || T(s) — £5(s)117 || is not a good incoherence
measure as it is undefined. The rest of the section mainly
discusses the uniform convergence result around zeros of g(s).

B. Uniform Convergence Around Zeros of g(s)

We first define the notion of Nodal Multiplicity of a point
in complex plane w.r.t. a given network.

Definition 2. Given {g;(s),i € [n]}, the Nodal Multiplicity of
so € C is defined as

N(s0) := [{i € [n] : gi(s0) = 0},
where | - | denotes the set cardinality.

By definition, any zero of g(s) must have positive nodal
multiplicity. Our finding is that zeros with nodal multiplicity
exactly 1 have a special property, which is shown in the
following Lemma.

Lemma 5. Let T(s),g(s) be defined as in (1) and (5),
respectively. If so € C is a zero of §(s) with nodal multiplicity
N(so) = 1, and we assume that 36y such that Assumption 2
holds for U(sg,dp) := {s € C: |s — so| < do}. Then Ye > 0,
36 < 6o, A > 0 such that whenever L satisfies Aa(L) > A\, we
have

sup g(s)117

seU(so,0)

< €.

1
n

’T(s) -

The proof is shown in Appendix D. Notice that for given
e > 0, the € bound is valid for any Ao(L) > A, therefore
we can prove uniform convergence over compact regions that
only contain zeros of g(s) with nodal multiplicity 1.

Theorem 6 (Uniform convergence around points with
N(sg) = 1). Let T(s),g(s) be defined as in (1) and (5),
respectively. For a compact set S C C satisfying Assumption 2,



if S does not contain any pole of §(s), and N'(s) <1,Vs € S,
then we have

T(s) — —g(s)117|| = 0.

lim  sup
A2(L)—+00 se8

1
n

Proof. Firstly, let {s,1 < k < m} be the set of all the zeros
of g(s) within S. Then N(s;) = 1, 1 < k < m, and by
Lemma 5,Ve > 0 and every 1 < k < m, 36,,,As, > 0 such
that VL satisfying A2(L) > A, , the following holds:

sup <eE€.

s€U(sk,0s,,)

‘T(s) - lg(s)llT

n

Let S := S\ (Uj, U(sk,0s,)), then we know that S is a
compact set that does not contain any pole or zero of g. By
Theorem 5, I\ such that

sup <eE€.

1
T(s) — fg(s)llT
565' n

Let A = max {5\, Asis s As,, } then VL satisfying Ao (L) >

A, we have:
L T
sup ||T(s) — —g(s)11
seS n
1 T
= max < sup [|T(s) — —g(s)11" ||,
s€S n
1 T
sup T(s) — —g(s)11 <€,
selUrs, U(skﬁSk) n
which proves the limit. O

For zeros with nodal multiplicity strictly larger than 1, the
analysis is rather complicated. We first look once again at the
homogeneous node dynamics setting of Section II to provide
some insight.

Example 1. Consider again a homogeneous network with
node dynamics g(s) and f(s) = 1, where the transfer matrix
is given by

1
T(s) = Eg(s)llT + VLdiag{ — Vf .

1 n

g (s) + Ai(L) }i=2
The poles of T(s) include 1) the poles of g(s), and 2) any point
so that satisfies g~ (so) +\i(L) = 0 for a particular i. Notice
that if \;(L) is large, every solution to g~ (so)+X;(L) = 0 is
close to one of the zeros of g(s). As we increase \o(L), which
effectively increases every \;(L),2 < i < n, one can check
that at most n — 1 poles asymptotically approach each zero
of g(s), provided that \;(L) are distinct. As a result, uniform
convergence around any zero of g(s) cannot be obtained due
to the presence of poles of T'(s) close to them.

Such observation also seems to hold in general for networks
with heterogeneous node dynamics g;(s). That is, if a zero of
g(s) is a zero with nodal multiplicity strictly larger than 1,
then we expect it to “attract” poles of T'(s). But it is difficult
to formally prove it since we cannot exactly locate the poles of

T(s) in the absence of homogeneity.> Surprisingly, there are
certain cases where we can still quantify the effect of those
poles of T'(s) approaching a zero of g(s). This essentially
disproves the uniform convergence for such cases.

Theorem 7 (Uniform Convergence Failure). Let T'(s), g(s) be
defined as in (1) and (5), respectively. Let f(s) = 1. Suppose
z € Ris a real zero of all g;(s),i € [n] with multiplicity I,
ie. Vi € [n), gi(z) = 0,lim,_,, %) £ 0. Then for any set

s§—z

S containing z in its interior, 3A, M > 0 such that, for all
Laplacian matrices L satisfying Ao(L) > )\, we have

1

sup ||T'(s) — ﬁg(s)llT > M.

ses

The proof is shown in Appendix C. Although Theorem 7
only disproves the uniform convergence around one particular
type of zero of g(s), namely, such zero must have nodal
multiplicity n and it must be a real zero with multiplicity
1 for all g;(s), we believe a similar result holds for any zero
that is “shared” by multiple g;(s). However, a complete proof
is left for future research.

We now provide another point of view of this phenomenon.
Suppose in a network of size 2, z is exclusively zero of ¢ (s)
and z5 exclusively zero of go(s). If 21 and 29 are close enough,
there must be p a pole of g(s) in the small neighborhood of
z1 or z9. To be more clear, see the following example.

Example 2. Let gi(s) = 5%, go(s) = L4, then 2y = —a

and zo = —a — € are the zeros respectively. The coherent
dynamics is given by
d(s) = 2 _(s+a)(s+a+te)
g (s)+gy ' (s)  2%(s+atef2)

g(s) has a pole p = —a — €/2 that is in both €/2-
neighborhoods of z1 and z.

By Theorem 2, we know that p is asymptotically a pole of
T'(s), in other words, there is a pole of T'(s) approaching p,
as the network connectivity increases. Moreover, z; and z;
being close enough suggests that p is close to z; and z9, as
we see in the example. Consequently, two zeros 21, 2o being
close introduces a pole of T'(s) asymptotically approaching a
small neighborhood of 21, zo. Consider the limit case where
the two zeros collapse into a shared zero of ¢1(s), g2(s), we
should expect a pole of T'(s) approaching this shared zero.

A similar argument can be made for m zeros of different
nodes being close to each other, introducing m — 1 poles
of g(s) in the small neighborhood that asymptotically attract
poles of T'(s). This is by no means a rigorous proof of how
uniform convergence fails around a zero “shared” by multiple
gi(s), but rather a discussion providing intuition behind such
behavior.

At this point, we have proved uniform convergence of 7'(s)
on a compact set .S that does not include 1) zeros of g(s) with
Nodal Multiplicity larger than 1, or 2) poles of g(s).

3We can still exactly locate the poles of T'(s) when proportionality is
assumed, i.e. g;(s) = fig(s),? € [n] for some f; > 0 and rational transfer
function g(s). Such a case can be regarded as the homogeneous case by
considering a scaled version of L.



In particular, we find that zero with Nodal Multiplicity
larger than 1, i.e. it is “shared” by multiple g;(s), attracts
pole of T'(s) as network connectivity increases, which suggests
that uniform convergence of T'(s) fails around such point.
Although we only provide the proof for special cases as in
Theorem 7, we conjecture such a statement is true in general
and we left more careful analysis for future research.

C. Uniform Convergence on Right-Half Complex Plane

Aside from uniform convergence on compact sets, uniform
convergence over the closed right-half plane {s: Re(s) > 0}
is of great interest as well. If we were to establish uniform
convergence over the right-half plane for a certain 7'(s), then
given g(s) to be stable, the convergence in H,-norm of 7'(s)
towards +g(s)117 could be guaranteed, i.e., T'(s) converges
to % G(s)117 as a system. One trivial consequence is that we
can infer the stability of T'(s) with a large enough A2 (L) by the
stability of g(s). Furthermore, given any Lo input signal, we
can make the L, difference between output responses of 7'(s)
and 1g(s)117 arbitrarily small by increasing the network
connectivity.

Unfortunately, for most networks, we encounter with the
same issue we have seen when dealing with zeros of g(s):
When g;(s) is strictly proper, g;(s) — 0 as |s|] — oo,
thus, co can be viewed as a zero of g;(s) by regarding g;(s)
as functions defined on extended complex plane C U {co}.
Then for networks that include more than one node whose
transfer functions are strictly proper, there will be poles of
T(s) approaching {oo} as A2(L) increases. Notice that those
poles could approach {oo} either from the left-half or right-
half plane. Apparently, the uniform convergence on the right-
half plane will not hold if the latter happens, but even when
the former happens, we still need to quantify the effect of such
poles because they are approaching the boundary of our set
{s: Re(s) > 0}. A similar argument can be made for any set
of the form {s : Re(s) = 0} = {0 + jw : w € [—00, +0]},
which we mentioned in II-B.

Although proving (or disproving) uniform convergence on
the right-half plane for general networks is quite challenging,
it is much more straightforward for networks consist of only
non-strictly proper nodes, as shown in the following theorem:

Theorem 8 (Sufficient condition for uniform convergence on
right-half plane). Let T'(s), g(s) be defined as in (1) and (5),
respectively. Suppose g;(s),i € [n] are not strictly proper, g(s)
is stable, and N (s) < 1,VRe(s) > 0, then we have

=0.

1
lim sup [|T(s) — ﬁg(s)llT

A2(L)—+00 Re(s)>0

Proof. Given R > 0, we define the following sets:

S1:={se€C:Re(s) >0,|s| <R},
Sy :={se€C: Re(s) >0,|s| > R}.

Apparently, S1|JS2 = {s € C : Re(s) > 0}. Then we
can show uniform convergence on right-half plane by proving
uniform convergence on S1, So respectively:

Firstly, because all g;(s) are not strictly proper, each g;(s)
converges to some non-zero value as |s| — +oo. Then we
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can choose R large enough so that maxi<;<, |g; *(s)| <
M, Vs € Sy for some My > 0. Moreover, |g(s)| < Mi,Vs €
Sy for some M; > 0 because g(s) is stable. Then the
conditions in Lemma 4 are satisfied, we have

(MM, +1)°
= EF)o(L) — My — My M2’
(23)
where F; = infcg | f(s)]. Taking A2(L) — +o0o on both side
of (23), we have the uniform convergence on S5.
Secondly, notice that S7 is compact, contains no pole of
g(s) and has N(s) < 1,Vs € Sy, the uniform convergence is
shown by Theorem 6. O

sup [|T'(s) —

SESy

D. Connection to Time Domain Response

As discussed in Section II-B, we are interested in the
uniform convergence of network transfer matrix 7'(s) because
uniform convergence result on the line {o + jw : w €
[—00,+00]} would allow us to show coherence in time-
domain response through the inverse Laplace transform [28,
Theorem 3.20]
o+jw

e F(s)ds.

oc—jw

1 [
£(8) = £7HE ()} 0) = 5= Jim,
However, we have seen in Section IV-C establishing such
uniform convergence is challenging when g;(s) are strictly
proper. Nonetheless, if we assume the input signal decays
sufficiently fast in high frequency range, we can prove the
following:

Theorem 9. Given € > 0 and a real input signal vector with
its Laplace transform U (s). Suppose for some v > 0, o > 0,
wo > 0, we have

1) suppe(o)so [U(s)| is finite;
2)
otjw

ds <
U(s)lds < -

. 2me
lim
w00
3) 1g(s)llaee <
4) || T(8)|lno, <, for any Laplacian matrix L;

b
o+jwo

Let y;(t) be the response of i-th node when the network input
T

is U(s), and let §(t) be the response of g(s) to 1-U\(s). Then

there exists \ = (9(6%’), such that If \o(L) > A\, we have

sup |yi(t) —y(t)| <.
t>0

The proof is shown in Appendix F. The non-asymptotic
rate O(e%’) has hidden constant that implicitly depends on
9i(s).f(s),U(s) and the choice of wy. It is yet independent of
L.

Theorem 9 made several assumptions: The first one makes
sure we can integrate on {0 + jw : w € [—00,400|}. The
second condition requires the input signal decays sufficiently
fast in high-frequency range. The third assumption relies on
the stability of g(s) and can be verified easily. The last
assumption is generally hard to verify, but it holds when the
network satisfies additional properties. To present the result,
we first define the following



Definition 3. A rational transfer function g(s) is positive real
(PR) if
Re(g(s)) > 0,VRe(s) > 0.

A rational transfer function g(s) is output strictly passive
(OSP) if
Re(g(s)) > elg(s)|?,VRe(s) > 0,

for some € > 0.
With these definition, we have

Theorem 10. Suppose all g;(s),i = 1,--- ,n are OSP, and
f(s) is PR. There exists v > 0, such that given any positive
semidefinite matrix L, we have

1T ()30 <7

The proof is shown in Appendix F. This theorem shows
the stability of the network when g;(s) are OSP and f(s) is
PR, regardless of the network connectivity. The coherence in
time-domain response for such network can be understood by
Theorem 9.

V. COHERENCE AND DYNAMICS CONCENTRATION IN
LARGE-SCALE NETWORKS

Until now we looked into convergence results of T'(s) for
networks with fixed size n. However, one could easily see
that such coherence does not depend on the network size n.
In particular, the right-hand side of (11) only depends on n
via Ao(L) as long as the bounds regarding g¢;(s), i.e. M; and
M5 do not scale with respect to n. This implies that coherence
can emerge as the network size increases. This is the topic of
this section.

More interestingly, in a stochastic setting where all g;(s)
are unknown transfer functions independently drawn from
some distribution, their harmonic mean eventually converges
in probability to a deterministic transfer function as the
network size increases. Consequently, a large-scale stochastic
network concentrates to deterministic a system. We term this
phenomenon dynamics concentration.

A. Coherence in Large-scale Networks

To start with, we revise the problem settings to account
for variable network size: Let {g;(s),7 € N4} be a sequence
of transfer functions, and {L,,n € Ny} be a sequence of
real symmetric Laplacian matrices such that L,, has order n,
particularly, let L; = 0. Then we define a sequence of transfer
matrix T),(s) as

To(s) = (In + Gn(s)Ln)71 Gn(s),

where G, (s) = diag{g1(s), -, gn(s)}. This is exactly the
same transfer matrix shown in Fig.1 for a network of size n.
We can then define the coherent dynamics for every T,,(s) as

uls) = (;Zgi%s)) .

For certain family {L,,,n € N4} of large-scale networks,
the network algebraic connectivity A\o(L,) increases as n

(24)

(25)
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grows. For example, when L, is the Laplacian of a com-
plete graph of size n with all edge weights being 1, we
have A\y(L,) = n. As a result, network coherence naturally
emerges as the network size grows. Recall that to prove
the convergence of T,(s) to g, (s)117 for fixed n, we
essentially seek for My, Ms > 0, such that |g,(s)] < M;
and max;<;<, |g; '(s)] < My for s in a certain set. If it
is possible to find a universal My, My > 0 for all n, then
the convergence results should be extended to arbitrarily large
networks, provided that network connectivity increases as n
grows. To state this condition formally, we need the notion of
uniform boundedness for a family of functions.

Definition 4. Let {g;(s),i € I} be a family of complex
functions indexed by I. Given S C C, {gi(s),i € I} is
uniformly bounded on S if

IM >0 st |gi(s)| <M, Viel, VseS.

Now we are ready to show uniform convergence of 7, (s):

Theorem 11. Let T),(s) and g, (s) be defined as in (24) and
(25), respectively. Suppose Aa(Lp) — 400 as n — oo. If
both {g;'(s),i € N1} and {gn(s),n € N.} are uniformly
bounded on a set S C C. then we have

lim sup =0.

n—oo sES

T,(s) — %gn(s)llT

Proof. Since both {g; *(s),i € Ny} and {g,(s),n € N, } are
uniformly bounded on .S, M7, Ma > 0 s.t. |gn(s)| < M and
maxi<;<y |g; '(s)| < My for every n € N; and s € S. By
Lemma 4, Vn € N4,

2
< (MM +1)

s = Fida(Ln) — My — M1M§2’6

seS

T (s) — %gn(s)llT

where F; = infcg | f(s)]. We already assumed that \o(L,,) —
400 as n — 400, therefore the proof is finished by taking
n — 400 on both sides of (26). O]

Remark 5. Similarly to Theorem 5, uniform convergence is
achieved on a set away from zeros or poles of G(s). The
uniform boundedness condition is preventing any point in the
closure of S from asymptotically becoming a zero of any
g; '(s) or a pole of g(s) as n increases.

B. Dynamics Concentration in Large-scale Networks

Now we consider the cases where the node dynamics are
unknown (stochastic). For simplicity, we constraint our analy-
sis to the setting where the node dynamics are independently
sampled from the same random rational transfer function with
all or part of the coefficients are random variables, i.e. the
nodal transfer functions are of the form

bm5m+...bls+b0
gi(s) ~

ast+...a18+ ao
for some m,l > 0, where bg, - - -
variables.
To formalize the setting, we firstly define the random
transfer function to be sampled. Let @ = R? be the sample
space, F the Borel o-field of (2, and P a probability measure

27)

)

ybm, ag, - -+ ,a; are random



on 2. A sample w € 2 thus represents a d-dimensional vector
of coefficients. We then define a random rational transfer
function g(s,w) on (Q,F,P) such that all or part of the
coefficients of g(s,w) are random variables. Then for any
wo € €, g(s,wp) is a rational transfer function.

Now consider the probability space (2°°, F°° P°). Every
w € 2 give an instance of samples drawn from our random
transfer function:

gi(sawi) = g(Suwi)ai S N+a

where w; is the ¢-th element of w. By construction,
gi(s,w;),i € Np are ii.d. random transfer functions. More-
over, for every sg € C, ¢;(so,w;),i € N4 are i.i.d. random
complex variables taking values in the extended complex plane
(presumably taking value o).

Now given {L,,n € Nj} a sequence of n x n real
symmetric Laplacian matrices, consider the random network
of size n whose nodes are associated with the dynamics
gi(s,w;),i=1,2,--- ,n and coupled through L,,. The trans-
fer matrix of such a network is given by

To(5,W) = (I + Go(s, W) Lo) G, W), (28)

where G,,(s,w) = diag{g1(s,w1), - , gn(s, wn)}-
Then under this setting, the coherent dynamics of the
network is given by

(s, w) = (; ngs,wi)) .

Now given a compact set S C C of interest, and assuming
suitable conditions on the distribution of g(s,w), we expect
that the random coherent dynamics g(s,w) would converge
uniformly in probability to its expectation

(f g1<s,w>dP<w>)_1 |

(30)
for all s € S, as n — oo. The following Lemma provides a
sufficient condition for this to hold.

(29)

g(s) = (Egil(s, w))) -

Lemma 6. Consider the probability space (2°°,F > P>).
Let Gn(s,w) and §(s) be defined as in (29) and (30), re-
spectively, and given a compact set S C C, let the following
conditions hold:

1) g~ (s, w) is uniformly bounded on S x §);

2) {gn(s,w),n € Ny} are uniformly bounded on S x *°;

3) 3L > 0 s.t. |g7  (s1,w) — g7 “(s2,w)| < Llsy — sal,
Yw € Q,Vs1,89 € S,

4) G(s) is uniformly continuous.

Then, Ye > 0, we have

(Sup > e) =0.
seS

The proof is shown in Appendix E. This lemma suggests
that our coherent dynamics gy, (s, w), as n increases, converges
uniformly on S to its expected version §(s). Then provided
that the coherence is obtained as the network size grows, we
would expect that the random transfer matrix 7, (s, w) to

lim P

n—oo

1
—Gnl(S, 11T_
—gn(s,w)

L. T
ﬁg(s)ll
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concentrate to a deterministic one % §(5)117, as the following
theorem shows.

Theorem 12. Given probability space (2°°,F° P>). Let
T,.(s,w) and §(s) be defined as in (28) and (30), respectively.
Suppose A\a(Lp) — +00 as n — +oo. Given a compact set
S C C, if all the conditions in Lemma 6 hold, then Ve > 0,

we have
1
lim P (sup To(s,w) — —g(s)11T7|| > 6) =0.
n—oo SGS n
Proof. Firstly, notice that
1. T
P sup||Tn(s,w) — —g(s)11" || > ¢
seS n
1
<P <sup To(s,w) — —gn(s)llT +
seS n
1_ r 1, T
sup || —=gn(s,w)11' — —g(s)11° || > €
ses || n
1
<P (sup Th(s,w) — —gn(s,w)117|| > 6) +
seS n 2
P (sup || Zgn(s, w)11T — Lg(s)117|| > <
seIS) ngn s ng =5

The second term converges to 0 as n — 400 by Lemma 6.
For the first term, we show below that it becomes exactly 0 for
large enough . Still, we assume {g, (s, w)} and {g; ' (s, w)}
are uniformly bounded on S by M7, My > 0 respectively. By
Lemma 4, choosing large enough n s.t.

P (sup > —
s€S

)
- )

then we can choose even larger n such that the probability
on the right-hand side is 0 because Ao(L,) — +o0 as n —
0. O

1
Ty (s, W) — —gn(s,w)117 ‘
n

(MlMg + 1)2 E
Ln) — My — My M2 = 2

Remark 6. Lemma 6 requires g~'(s,w) to be uniformly
bounded on S x Q. That is, for so € S, g~ (so,w) is a
bounded complex random variable. In [1], a weaker condition,
that g~ (so,w) is a sub-Gaussian complex random variable,
is considered. This allows to show that point-wise convergence
in probability can be achieved whenever \y(Ly,) grows poly-
nomially in n.

In summary, because the coherent dynamics of the tightly-
connected network is given by the harmonic mean of all node
dynamics g;(s), it concentrates to its harmonic expectation
J(s) as the network size grows. As a result, in practice, the
coherent behavior of large-scale tightly-connected networks
depends on the empirical distribution of g;(s), i.e. a collective
effect of all node dynamics rather than every individual
node dynamics. For example, two different realizations of
large-scale network with dynamics T, (s, w) exhibit similar
coherent behavior with high probability, in spite of the possible
substantial differences in individual node dynamics.



VI. APPLICATION: AGGREGATE DYNAMICS OF
SYNCHRONOUS GENERATOR NETWORKS

In this section, we apply our analysis to investigate co-
herence in power networks. For coherent generator groups,
we find that %g(s) generalized typical aggregate generator
models which are often used for model reduction in power
networks [37]. Moreover, we show that heterogeneity in
generator dynamics usually leads to high-order aggregate
dynamics, making it challenging to find a reasonably low-
order approximation.

Consider the transfer matrix of power generator net-
works [7] linearized around its steady-state point, given by the
following block diagram: This is exactly the block structure

— O diag{gi(s)}

Fig. 3. Block Diagram of Linearized Power Networks

shown in Fig. 1 with f(s) = % Here, the network output,
i.e., the frequency deviation of each generator, is denoted by
w. Generally, the g;(s) are modeled as strictly positive real
transfer functions and we assume L is connected.

A. Coherence Analysis

We utilize the convergence results from previous sections to
characterize the coherent behavior of such networks. We still
denote the coherent dynamics as g(s) defined in (5).

Firstly, Notice that s = 0 is a pole of f(s) = %, then by
Theorem 4, T'(0) is exactly 25(0)117, which suggests that in
steady state, frequency outputs are the same for all generators.
Moreover, another consequence of Theorem 4 is as follows.

Claim 1. Given fixed L, Ye > 0, 3In. > 0 such that

sup <E€.

. 1_.
T(jn) — —g(jn)11”
ﬁe[_nmnc] n

Proof. This is the direct application of Theorem 4 according
to the definition of the limit. O

The claim suggests that the network is naturally coherent
in the low-frequency range. In other words, for any fixed
network L, there is a low-frequency range such that the
network responds coherently to disturbances in that frequency
range. Additionally, we know that such frequency range can be
arbitrarily wide, given sufficiently large network connectivity,
suggested by the following claim.

Claim 2. V. > 0, we have

=0.

lim

su
AQ(L)A)OO p

. 1_.
T(jn) — —g(jn)11”
NE[—Nec,Me] n

Proof. Provided that g;(s) are strictly positive real [38], this
is a direct application of Theorem 5. O
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Loosely speaking, the generator network is coherent for
certain low-frequency range and the width of such frequency
range increases when the network is more connected (A2(L)
increases).

Furthermore, notice that co can be regarded as a zero
of f(s), around which the network effect diminishes, i.e.
for sufficiently large 7, the effective algebraic connectivity
1FGmA2(L)| = 225) can be arbitrarily small. Hence given
any fixed L, there 1s a high-frequency range such that the
network does not exhibit coherence under disturbances within
such range.

200 200
¥ oo
g\
% 200} &
= -200 \
= |
o \’ b
] -
T, T
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0 10 . 20 30 40 10 .20 30 40
Time (s) Tims (s)

Fig. 4. Step responses of Icelandic Grid without (Left) and with (Right)
connectivity A2 (L) scaled up. The responses of coherent dynamics g(s) are
shown in red dashed lines.
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Fig. 5. Responses of Icelandic Grid under sinusoidal disturbances of fre-
quency wigy = 0.lrad/s (Left) and wpign = 0.25rad/s (Right). The
responses of coherent dynamics g(s) are shown in red dashed lines.

We verify our analysis with simulations on the Icelandic
power grid [39]. As shown in Fig. 4, the network step response
is more coherent, i.e. response of every single node (generator)
is getting closer to the one of the coherent dynamics g(s),
when the network connectivity is scaled up. For the plot on
the right, the connectivity A(L) is scaled up to 10 times the
original. Then Fig. 5 shows such coherence is also frequency-
dependent, where the generators respond less coherently under
disturbances of higher frequency.

The discussions and simulations above suggest that the
coherent dynamics §(s) characterize well the overall re-
sponse/behavior of generators. This leads to a general method-
ology to analyze the aggregate dynamics of such networks, that
we describe next.

B. Aggregate Dynamics of Generator Networks
Let

1
gaggr(s) = ﬁg

() =D 0
i=1



Our analysis suggests that the transfer function 7'(s) repre-
senting a network of generators is close gaggr(s)llT within
the low-frequency range, for sufficiently high network con-
nectivity A2(L). We can also view gagq(s) as the aggregate
generator dynamics, in the sense that it takes the sum of
disturbances 17w = Y7  w; as its input, and its output
represents the coherent response of all generators.

Such a notion of aggregate dynamics is important in mod-
eling large-scale power networks [37]. Generally speaking,
one seeks to find an aggregate dynamic model for a group
of generators using the same structure (transfer function) as
individual generator dynamics, i.e. when generator dynamics
are modeled as g¢;(s) = g(s;0;), where 6; is a vector of
parameters representing physical properties of each generator,
existing works [24]-[26] propose methods to find aggregate
dynamics of the form ¢(s;0.ge:) for certain structures of
9(5;0). OUr gage:(s) justifies their choices of €ygqr, as shown
in the following example.

Example 3. For generators given by the swing model g;(s)
m , where m;, d; are the inertia and damping of gener-
ator 1, respectively. The aggregate dynamics are

1

b)
Maggrs + daggr

gaggr(s) = (31)

n

n
where Mager = > i1 My and daggr = >, d;.

Here the parameters are § = {m,d}. The aggregate model
given by (31) is consistent with the existing approach of
choosing inertia m and damping d as the respective sums over
all the coherent generators.

However, as we show in the next example, when one
considers more involved models, it is challenging to find
parameters 0,q., that accurately fit the aggregate dynamics.

Example 4. For generators given by the swing model with

turbine droop

1

(32)

gl(s) - 1

Ti$+1

)

mgs + d; +

where T; Y and 1; are the droop coefficient and turbine time
constant of generator 1, respectively. The aggregate dynamics
are given by

1
Maggrs + daggr + Z?:l

gaggr(s) = (33)

’I‘i_ 1
Tis+1

Here the parameters are § = {m,d,r~!,7}. This example
illustrates, in particular, the difficulty in aggregating generators
with heterogeneous turbine time constants. When all genera-
tors have the same turbine time constant 7, = 7, then gager(s)
in (33) reduces to the typical effective machine model

1

Jager(8) = o1
.

Ts+1

)

Maggrs + daggr +

where 1. = YT 1. je. the aggregation model is still
obtained by choosing parameters {m, d,r~'} as the respective

sums of their individual values.
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If the 7; are heterogeneous, then g.ger(s) is a high-order
transfer function and cannot be accurately represented by a sin-
gle generator model. The aggregation of generators essentially
asks for a low-order approximation of gage(s). Our analysis
reveals the fundamental limitation of using conventional ap-
proaches seeking aggregate dynamics with the same structure
of individual generators. Furthermore, by characterizing the
aggregate dynamics in the explicit form gagq(s), one can
develop more accurate low-order approximation [40]. Lastly,
we emphasize that our analysis does not depend on a specific
model of generator dynamics g;(s), hence it provides a general
methodology to aggregate coherent generator networks.

VII. CONCLUSIONS

This paper provides various convergence results of the
transfer matrix 7'(s) for a tightly-connected network. The
analysis leads to useful characterizations of coordinated be-
havior and justifies the relation between network coherence
and network effective algebraic connectivity. Our results sug-
gest that network coherence is also a frequency-dependent
phenomenon, which is numerically illustrated in generator
networks. Lastly, concentration results for large-scale tightly-
connected networks are presented, revealing the exclusive role
of the statistical distribution of node dynamics in determining
the coherent dynamics of such networks.

As we already see from the numerical example of syn-
chronous generator networks, when the network is coherent,
the entire network can be represented by its aggregate dynam-
ics, because the network has all non-zero eigenvalue being
sufficiently large to make the dynamics associated with these
eigenvalues negligible. One could extend such observation to
less coherent networks which has large eigenvalues except for
a few small eigenvalues. We can utilize the same frequency
domain analysis to these networks, but instead of only keeping
the coherent dynamics, we retain the dynamic associated
with all the small eigenvalues (These dynamics are generally
coupled due to the heterogeneity in node dynamics). In this
way, we can accurately capture the important modes in the
network dynamics while significantly reduce the complexity
of our model.

Furthermore, for large-scale networks with multiple coher-
ent groups, or communities in a more general sense, one
could model the inter-community interactions by replacing
the dynamics of each community with its coherent one, or
more generally, a reduced one. Although clustering, i.e. finding
communities, for homogeneous networks can be efficiently
done by various methods such as spectral clustering [41] [42],
it is still open for research to find multiple coherent groups in
heterogeneous dynamical networks.

APPENDIX
A. Proof of Lemma 3

Proof. To avoid confusion, here we let 1, denote all one
vector 1 of length n.

Without loss of generality, assume Z = {1,---,m}. Then
L is the principal submatrix of L by removing first m rows
and columns.



By [?, 3.5], the matrix

L — (L) (I — 11n1§> ,
n

1
unit eigenvector correspoding to Ay (L), we have

T (L — Xa2(L) (1 - 7111”15» v

. . . . 0 I
is positive semi-definite. Now let v = [{) } where v is the

= o7 Loy — \o(L) <1 — i(lfmﬂl)Q)
=M\ (L) — Xao(L) (1 — i(1£m61)2> >0.

We also have 17, 91 < [[1, . ||[|01]| = v/n —m, then the
desired lower bound on A\ (L) is obtained:

)2 %a(t) wi)?)

B. Convergence of Normalized Transfer Function at Poles of
g(s)

We present here the formal statement regarding the Remark
3 on the convergence of normalized transfer function at poles

of g(s).

Proposition 13. Let T'(s) and g(s) be defined as in (1) and
(5), respectively. If so € C is a pole of §(s) and a generic point

> " o(L).

1
1-=@1r
n

n

A (L

O

of f(s), and additionally, we assume ||A/Xa(L) — Ajim|| — 0
as /\2(L) — 400, then
A im 11T = Oa
ey )
N w
Where ’Y(Ahrn) |h12A11mh12‘

Here 7(Ajim) is well-defined since Aj;,, must be positive
definite, otherwise it contradicts the fact that A/Ao(L)—1 > 0.

Proof. Since

T(so) _ T(so0) |al a

IT(s0)ll 1T (so0)
where a is defined as in (19). The desired result follows once
we show that (SO) 1 11TH — 0, ”T|(“| p— Land (4 —
~(Ajim). Recall that T(so) =

)

a lal

VH VT and
1

“al

1
22 ha1

_ 0 0
R Ra

For the first limit, we have
T(So) 1

H71

~117
a n
H—l
= | e
0 0 0
= - 0 —nlH _
|:H221h,21:| [ 21 ] |:O H221:| /(L
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= |3, Hy |* + ||h3y Hyy hot Hay' |

< oo P P < 2 S0
= A = (s e (D) - M2
The second limit comes from
1T (s0)ll/]al
1 0 0
= - 1 —hT HDN + [ _ } ‘
a |:_H221h21:| [ 21 22] 0 H221 /|a|
1 _ _
< H |:H2_21h21:| 1 _h2TlH221] +11Hs,' || /]al
<1+ [[Hyy har|? + [|Hy' |12 hos |17
and
1T (s0)ll/]al
1
> - 1 —hL B = | H
=8 I L S R
> 1+ |[Hy' har|I? = || Hyg 1P| has |

along with the fact that both the upper and the lower bound
converge to 1. To see the limit, notice that

[ Hoa o 1 + ([ oy | e 7] < 201 Hp' |1 o ||

|| Hoy' hon[|* = (| H3s' [ har |?] < (| Hag hoa||? + || Hag' ||| Bz ||
< 2| Hyy'[|*[|hoa |12

and

2M?
2| Hyg 1P| har |)* < —0.
Wz 2= e — a2

The last limit is obtained from

a  hHy hs

| |hfyHa,' hasl

() M 1 oA (DA,
F=H(s0) A5 (L)RTG A hao |1y H ' has
h12H22 hiz
and the fact that TG (DR, A s

To show the limit of the ratio in the end, notice that
/112H2_2 hio
f 1(50))\ ( )h?QAhmh12
W (VEG(s0)ViL + f(s0)A) " hia
S (s0)A5 H(L)RI AL B

Wl {(

-1

lim

—1
A
+ Az(L)) ha2 _

! hia
)_

Lhio

VIG(s0)VL
f(s0)A2(L)

R AL

lim

VL G(S())VL +
f(s0)A2(L) >\2(L)

hT, AL
VIG(s0)VL
f(s0)Xa(L)
[hi2 ]l AP IA]
2T Aiimhaz| 1 — [[AZL]1A]

lim

|72
~ |h127 Atimha2|

lim



where ~ ~
o VEG(S())VL A

f(s0)A2(L) — A2(L)

Here we use the fact that for some invertible square matrices
A, B, we have

I(A+B)™ - A7 =

- Alim .

[(A+B)"*(A+B—-A)AY|

< (A< B)IBA7
(Lemma2) < — A ypypayy
T A5
lAB)
T [A ]

provided that 1 — ||A~!{||| B]| > 0. To finish the proof, we see
that

VTG(s0)V A
la) < || GElsvs = A
f(s0)A2(L) A2 (L)
< M + A A —0
= flsoha(D) Ay T
This shows that
hiy Hy hao .
S (s0) A5 H(L)RTG A e
| hi2l? AL IPIA] .
T P2 Mimbao| 1 [AGLIAL
which is the desired limit. O

C. Proof of Theorem 7

Proof. Let U(sg, R) := {s € C: |sy — s| < R} be the open
ball centered at sy with radius R.

Notice that z is a zero of g(s) and it is in the interior of
S, then given M > 0, 3Ry > 0, s.t. U(z,Ry) C S, and
SUD,cu(z,Ry) [9(5)] < M.

Suppose the above is true for some M > 0, then

1

sup ||T(s) — —g(s)11T
seS n

1
> sup \T<s>—g<s>11T
seU(z,R1) n

1

> sup <||T(S)|| sup E(S')11T>
seU(z,R1) s'€U(z,R1) 11T

= sup <||T(5)|| sup §(5’)|>
seU(z,R1) s’€U(z,R1)

IT(s)|| = M.

v

sup
seU(z,R1)

Apparently we only need to find such M and also show that

Is* € U(z,Ry), st.  sup || T(s)]| > ||T(s")|| > 2M .
s€eU(z,R1)
By the assumption, every g;(s), i = 1,--- ,n can be written

as

Here, h;(s) is rational and we denote
where h;g € Rand hyg # 0,71 = 1,--- ,n. We let Ay =
maX;e(y) |hio| and hmin = minge(,) [hiol > 0.

Since for i € [n], h;(s) is rational and z is not a pole of
hi(s), 3Ry > 0 s.t. hy(s),i = 1,--- ,n are holomorphic on
U(z, Rs), i.e. every h;(s) has expansion

3 PG
hl(s) = hio + %l (S — Z) "= hio + 7”1(8) ,
k=1

i=1,--,n,

where hgk)( -) is the k-th derivative of h;(-). For every i € [n],
expand 7;(s) in Taylor series, then using Cauchy’s estimation
formula [?], we have Vs € U(z, %)

o0 |S—Z|
M, L My M,
ri(s <E — s —z|¥ = 2 < ‘s —z
| Z( )‘ = — R]2€ ‘ ‘ 1— |s§;‘ - R2 | |7

where M}, = max|s_.|—g, |hi(s)|.
For s € U(z, %), diag{gi(s)} can be expanded as
diag{gi(s)} = (s — 2)diag{hi(s)} = (s — 2)(Ho + R(s)),

where Hy = diag{hio}, R(s) = diag{r;(s)}. And we also
have
1R(s)]| < maxciri(s)] < Mals — 21,

where M), = max;c[p 2]\;—;‘
Now for T'(s), we start from
1T (s)
= |[(I + diag{g:(s)} L)' diag{g:(s)} |
= |s — 2| (I + diag{gi(s)} L) ~"diag{hi(s)}
(10a) > |5 — 2| (7 + din{g: (5)} L) ora(ding i (s)})
i)
o1 (I + diag{gi(s)}L)
For s € U(z, %), the numerator can be lower bounded by
1 (ding{u(s)}) = o1(Ho + R(s))
(106) 2 hi ~ [ R(5)|
> hmin - Mh|5 — Z‘ .

(C.1)

(C.2)

Then, let
Ly = HY*LHY?,

which is semi-positive definite. the denominator can be upper
bounded by

o1(I + diag{gi(s)}L)
=o01(I+ (s—2)HoL+ (s —2)R(s)L)
= oy (H)?[I + (s — 2)Ly
+ (s —2)Hy " R(s)Hy /L) Hy %)
(10b)
< hal2, —1/2 —1/2
< gy (I + (s —2) Ly + (s — 2)Hy Y2 R(s)H, LH)

(10c)



1/2
max
= 1/2

min

(Ul (I+(s—2z)Ly)+|s—z|| Lyl ||R(s)||) )

hrmin
(C.3)
Suppose A, (Lg) = || Lyl > max{g-, &}, then for s* =
z— ﬁ € U(z,min{Ry, £2}), we have
DI+ (s*—2)Ly=1- ﬁ is symmetric and has
eigenvalue 0. Then o (I + (s* —2)Lg) = 0;
2) [s* = z[[[Lall = 1.
From (C.3) and (10c), we have

o1 (I + diag{g;(s*)} L)
I . ) IR(s)
<5 (al (I+ (5" —2)L) +]s —z|||LH|hEm>

min h1/2
<[s* —z||| Ll 372 IR(s™)|
hlln/zx * hl}n/fx «

Combing (C.1)(C.2)(C.4), let A, (Ly) large enough such
that A, (Lyr) > max{#22, 2-, 2.1 | we have

hmin ® R1’
o1 (diag{hi(s*)})

o1 (1 + diag{g;(s*)} L)
13/

min

IT(s™) = [s* ==

B 2hrln/a?xMh '

Since
An(LH) Z An(L)hmin Z AZ(L)hmina

by (10a), we can have A, (Ly) arbitrarily large by increasing
Aa(L).
In summary, we can pick Ry for the expansion of h;(s) to
5/2

min
1/2

exist, then pick M =

, which also determines R,

4hmaxMh
and let
\ 1 2M, 1 2
= max<q§ ——, =, — .
hmin hmin Rl RZ

Then we conclude that VL s.t. Ao(L) > A,

ds* =z —

— LT (s™)|| > 2M
)\n(LH)GU(Z,Rl)C&S IT(s™)l = 2M

which implies

sup
ses

T(s) - > sup

seU(z,R1)

IT(s) = M > M.
O

D. Proof of Lemma 5

Proof. We denote U(sg,R) := {s € C: |sp — s| < R} the
open ball centered at sy with radius R.

By assumptions, we have I} = inf,cr(s.5,) f(5) > 0 and
Fl = SUD,es(s9,5) f(8) < 0o. Without loss of generality, we
assume F; = 1. For s € U(sq, dp), we have

L<|f(s)] < Fi. D.1)

Consider any set S, we have

sup

T(s) — Lg(s)107
seS n

< sup || T(s)| + sup|g(s)| .
seS seS

For the second term, since g(s) is rational and sq is a zero of

g(s), by continuity of g(s), 351 > 0 such that
€

g < -—-.

9] < 5

sup (D.2)

s€U(s0,01)

Now we bound the first term. To start with, notice that

N(sp) = 1. Without loss of generality, assume g;(sg) = 0

and g¢;(so) # 0,2 < i < n. Then again by continuity of
97'(s),2 < i < n, 365, M > 0 such that

sup  max |g; *(s)| < M.

D.
s€U(s0,02) 2si=n ( 3)

On the other hand, since sg is a zero of g1(s), one can pick
63 > 0 such that

€

L — D.4
= Son+ 2enM F? 0

sup  |g1(s)

s€U(s0,03)
We let § = min{dy, d1,d2,03} and we would like to bound
SUPser(so,0) |1 T(8)[| by § under sufficiently large A2(L). This
would imply, together with (D.2), that
1
sup ’T(s) — —g(s)117
s€U (s0,9) n

<eE.

The remaining of this proof is to bound sup,cy(s,,4) |1 7(5)]]

by 5. .

We write L in block form as {lll L~21

Ly L

its first row and column from the rest. Here Lisa grounded

Laplacian of L, and L is invertible as long as Ao(L) # 0
according to Lemma 3.

Since L1, = 0, we have Lo + I~/1n_1 = 0, which gives

} , by separating

L7 Ly = —1,4, (D.52)

LI L Loy = —LE1, 1 =11y (D.5b)

We use these equalities later. y
We define G(s) = diag{ga(s), -+ ,gn(s)} and T'(s) =
(In—1+ G(s)f(s)L)"'G(s). Through some computation, we

can write T'(s) in the following block form

Als)  A)LRT(s) ]
—A(s)f(s)T(s)Lar  T(s) + A(s)f*()T(s) Lar L3, T(5)]
where

A(s) = 91(5)

1 ai(s) (£ — FAOLET(5) L)

Then an upper bound of ||T'(s)|| is given by

= HA(S) [f(s)fl(S)Lm fQ(S)fT(S()S;:Lgfé;;BT(S)}H




+T(s)|

1 T
H s)La [f(S)T(S)Lzl}
(14 1s)T <>L21|\) + |17 (s)]]-

Now we bound every term in (D.6) for s € U(sgp,d) through
following steps:
1) We firstly bound | A(s)|. By Woodbury matrix identity [33,
0.7.4], we have

< |A(s) (D.6)

F)T(s) = f(5) (In-1 + G (5) ) G(s)
- (B
I (f (5)G(s) + £71) I

By (D.7) and (D.5), we have
111 — f(S)Lgl’f(S)Lgl
— iy - LT <£1 _ it (f*l(s)é(s) + E*l)_l E1> Loy

= (1 — LL L7 Ly))
-1

v I L (f—l(s)(;(s) n i—l) L71Ly,
(D.5b)
— Lt (f—l(s)(;(s) + i—l)f L7'Lo
(D.5a)
- ~ —1
=17, (f—l(s)G(s) + L—l) 11, (D.8)
When X\ (L) > 2M F},, the following holds:
1 (£ 0006 + 27) 7 1
(-0 (rede + 1)
(Lemma 2) < = n-1 =
o (G(s)If(s)7 = IL71
(D.1)(D.3) < n-1 <onMF,, (D.9)

1/ (MFp) = 1/M(L) ~
which when combined with (D.4) gives the following bound
on |A(s)|:
[A(s)]
|g1(s)]
L 1(3) () (11 = LT F(5)T(5) L1 )|
(D.8)

91(5)]
L+ () 1, (F &0 + L) 1,

|91(5)]
(

1(f_1

IN

LIS [ (51 666) + E71) T 1y

(D.4)(D.9)(D.1)

€
36n+2neM F? €

< DOTmEeT R
- 2enMF? 36n

T 36n+t2neMF}

2) For || f(s)T(s)La1||, when (L) > 2M, we have:

(D.10)

HT(S)L21H - (é—l(s) + f(s)i)i Lot
- H s)[+L71G- ())_1E‘1L21
(D.5a) < WH ()] + LG~ ())_1

emma2) < Vi (1) ~ L7167 ))

.3 < Vi (1~ M/N (D) <2V <3V 1.
(D.11)

3) Lastly, for ||T(s)||, when A;(L) > M + £, we have
-1
(s) + F(s)L)

- ~ -1
(Lemma 2) < (If(s)Au(L) = G (5)])

(D.1)(D.3) < (Al(i) - M>_1 <

1(s)] = H

(D.12)

Apply three bounds obtained from (D.10)(D.11)(D.12) to
(D.6), we have:

€

sup |T(s)] < 5 9n+ == £,

s€U(s0,9)

which holds when Ay (L) > max{2MF},, M + 4}, According
to Lemma 3, We can guarantee it by letting Ao(L) > A =
nmax{2M Fy,, M + 1}. We therefore found the desired ¢ and
A, which finish the proof. O

E. Proof of Lemma 6
Proof. 1t suffices to show that Ve > 0,

Sl > ) — '
Jin P (swplu(s.w) -~ (9] =€) =0, ED
since |gn (s, w) — g(s)| = (s,w)11T — L4

By the assumptions, {gn(s,w),n € N+,w 6 Q }, and
{g;7 (s,w),i € Ny,w € Q} are uniformly bounded by
M; > 0 and M, > 0, respectively on S. Then, at any
s € S, both Re (g; ' (s,w)) and Im (g; ' (s,w)) are random
variables bounded within [—Mas, Ms]. We can simply bound
their variances by

Var (Re (g; ' (s,w))) < (2M>)* = 4M3

Var (Im (g; (s, w))) < (2M>)* = 4M3 .
Then it follows that

Var (Re (g, ' (s,w)))

Var( ( 1291 sw>>§4M22/n,

Var (Im (ggl(s, w)))

and



= Var (Im <n_1 zn:gil(s,w)>> < A4AMZ/n.

By definition of g(s) in (29), we have ERe (g, (s, w))
Re (g(s)) and EI'm (g, ' (s,w)) = Im (§(s)), then by Cheby-
shev’s inequality, for ¢ > 0, we have

P (g, (s,w) =37 (s)| = ¢)
<P (|Re(g,"(s,w)) — Re (g7 "(s

)|+

|Im (g;l(s,w)) —Im (g_l(s))| > e)
P (|Re (G2 (s, w)) — Re(“l(s))’ >¢/2) +
P ([Tm (g, (s,w)) — Im (57'(s))| = €/2)
4Var (Re (gnl(s,w))) 4Var (Im (gn (s, )))
< 33%2 . (E.2)
On the other hand, we have
|gn (s, w)| < My
= | o] = 5
e
= |3, " (s, w) 19 (s)+9 ' (s)| = 7
gt — = Ys,w) — g s .
= 076z gy~ o s w) =g )] €3
Then given ¢ > 0, Vn € Ny ,Vs € S, the following holds:
P(|g(s) = gn(s,w)| > )
= P(’gn(s,w)g( )(gn ( S5 >_g_1(8))’ = 6)
<P (Ign(s, wW)l13()] g (5, w) = 571 (5)| > ¢)
<P (M }§;1<s,w) g7 ()] 2 elg™ (5)])
(E3) <P (Mg, " (s,w) =3 "'(s)| >
i el 7))
= (la: 6w =070 = 35 )
E2) < 32MIM3Z (M + €)?

eZn

By taking n — +oo on both sides, we prove that g, (s, w)
converges point-wise to G(s) on S.

We now show that g, (s, w) is also stochastic equicontin-
uous on S. For the definition of stochastic equicontinuity,
please refer to [36]. We already assumed that g, (s, w) < My,
Yw € Q°° s € S. Then Vw € Q°°,Vsy,s0 € S, we have

‘gn(shw) - gn(s%w)‘

< ’gn(sbW)Hgn(‘s??W)Hg;l(shw)

n

_9771(827“7)’

< ]\412 (gfl(slﬂwi) —9;1(82,101))

) — g; ' (s2,wi)| < nM7L|s1 — sof,

where the last inequality is from our third assumption and also
the fact that g; *(s,w) = gy '(s,w) (identically distributed
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as random functions). By [36, Corollary 2.2], the inequality
above is sufficient to establish stochatic equicontinuity of
Jn(s,w) on S, and combining point-wise convergence and the
fourth assumption that §(s) is uniform continuous, we get the
uniform convergence of g,(s,w) to g(s) on S, which gives
(E.1). O

FE. Proofs of Theorem 9 and 10

Proof of Theorem 9. When the input to the network is U(s),
the output response of the i-th node is

Yils) = I T(s)U (s),

where e; is the ¢-th column of the identity matrix I,,.
Using Mellin’s inverse formula [28, Theorem 3.20], we have

lyi(t) — 5 (t)]
L [T et (o0 — Tasn v ) d
"o S, O\ TR T g G s
e’ o+jw T - 17
< 1 — el il
<5 wl;rr;o o e; T(s)U(s) —e; g(s)l - U(s)|ds
< im [T r) - Lgear | wsia
— lim - =
 2M w—oo o—juw 5 n 5
60'
=—((A B
(A B+ (C),
where
o+jwo 1 T
W= [ 76 - Lo [Us)ds.
o—jwo
otjw 1
(B) = lim T(s) — —g(s)117|| U ()| ds ,
w0 Jotjwo n
o= tim [ |7 Ls)117|| [T (s)1a
(€)= lim - (5) = —g(s) 1U(s)llds ,
By our assumption,
. o+jw 1 T
(B) = lim y T(s) = ~g(s)117 | [U(s)llds
o+jwo
otjw 1 T
<t [ (i | L] ) e
w—00 o+jwo n
o+jw 2
< 2y lim Us)lds < 52
WO J o+ jwo 3e
Similarly, we have (C) < 32;:,6

For the remaining term, we have

o+jwo 1 -
W= [ 1) - caem”| )
U—ng n
1
< sup T(o + jw) — —g(o + jw)11"
n

wE[—wo,wo]

o+jwo
>< /
o—jwo

Since [0 — jwo, o + jwo| is a compact set that satisfies the

1U(s)llds

assumption in Theorem 6, we have

1
lim sup T(o + jw) — —g(o + jw)11”
n

Az2(L)—o0 wE [—wo,wo)




Therefore, for sufficienly large A2(L), we have

2me

< .
(4) = 3e%7y

Combining the upperbounds for (A), (B), (C'), we have

lyi(t) = 5(t)] <.

Notice that the choice of A2(L) does not depends on time ¢,
hence this inequality holds for all £ > 0. O

Proof of Theorem 10. For each g;(s),i
by the OSP property,

1,---,n, we have,

Re(gi(s)) > €ilgi(s)|?,VRe(s) > 0.
Let e =min{e; : i =1--- ,n}, we have

Re(G(s)) = eG*(s)G(s),

(vl

Since g;(s) are all OSP, then g;(s) is positive real [38]. A
positive real function that is not zero function has no zero nor
pole on the left half plane. Therefore g;(s) are invertible for
all Re(s) > 0, which ensures that G(s) is invertible for all
Re(s) > 0. Then

or equivalently,

{Ggs

G(s)

] -0

(G*(s))~! [GA(TS)T {_IGI ﬂ {Gﬁs)] G1(s) 5 0,
which is
o T et 20w

Notice that
T(s) = (I+G(s)f(s)L) 7' G(s) = (GT(s) + f(s)L) 7",
then from (F.4) and the fact that f(s) is PR, we have

q %

1 [—el T I
TYs)| [ T o) [T'(s)
0 I el T I
TGS+ ()L | I 0] |[GTH(s)+ f(s)L
[T (" [—el I|[] I .
~letw) |7 o) [aie| + e+ st
[T el I I
=les) |1 0 _G—l(s)] = 0.
Now for sufficiently large v > 0, we have
I Il [s1 0 ] _[-% I
BRI O e e
since its Schur complement (—§ + 6%)I = 0 for large .
Therefore,
I 1"[-s1 o I
T7Y(s) 0 2SI [T Y(s)
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I " [—el I I
= {Tl(s)} [ I o} {Tl(s)} =0,

which is exactly,

€, . €

P () (T ) = 5T
This shows that
1
ofm-n(T_l(s)) > FNRe(S) >0,

which is equivalent to

[T(s)ll2 < v,YRe(s) >0.
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